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PREFACE. 


In the following pages an attempt has been made to present 
the elements of the Calculus in a way that will appeal to 
comparatively immature students. The reasoning is based 
essentially on the graphical representation of a function, and 
it is hoped that students who have obtained a firm grasp of 
the meaning of such representation will be able to gain, with¬ 
out serious difficulty, a right apprehension of the meaning of 
a differential coefficient. I have deliberately abstained from 
crowding the book with diagrams, because I assume that 
before the studerit begins the study of the Calculus he will 
be quite familiar with the methods of graphing the ordinary 
functions and will have reached the stage at which he can 
at once form a mental picture of such graphs. From the 
educational point of view the graph is not so much an end 
in itself as an aid to the comprehension of the variation of 
a function. 

In all practical applications of tlie Calculus the consider¬ 
ation of a differential coefficient as the measure of a rate of 
variation is of the utmost importance, and this aspect of a 
differential coefficient can be very readily understood by 
any one who is familiar with graphical work. The only 
satisfactory way, however, by which the conception of a 
rate can be adapted to practical uses is, in my judgment, 
the method of limits; I have therefore used that method 
throughout the book. 
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PREFACE. 


The first eight chapters treat of algebraic functions alone, 
and they contain many of the simpler applications of the 
Calculus; the chapter on Graphical Integration may, if 
desired, be taken up as soon as these chapters have been 
mastered. The discussion of the circular and exponential 
functions will probably be found distinctly harder; but 
long experience has convinced me that the difiiculties are 
due not to the nature of the Calculus but to the student s 
imperfect knowledge of trigonometry. It seems to me that 
a student who has not a firm grasp of the Addition Theorem 
should postpone his study of the differentiation and integra¬ 
tion of circular functions till he has obtained that grasp; 
the Theorem is absolutely necessary for many of the most 
important applications of trigonometry and is, after all, 
very easy to understand and apply. 

I have included a short discussion of the Fourier Series, 
because of the numerous applications it is now receiving in 
elementary work; in the sections that treat of the decom¬ 
position of an empirical function I have given a solution, 
due to Professor Runge, which seems to me to be thoroughly 
practical. 

It may seem to many that I have tried to build on too 
alight a foundation of elementary mathematics. I am well 
aware that a thorough knowledge of the Calculus can only 
be obtained by those who have had a broader training in 
the elements of mathematics than I assume in my readers; 
but I have for several years given courses on the Calculus 
to large classes of evening students and I have found that 
it is quite possible to do much good work on the lines 
followed in this lx)ok. A student, however, who wishes to 
profit by the course laid down must work many of the 
examples in the various sets of Exercises; the principal 
results in differentiation and integration must be as familiar 
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as the multiplication table, and the best way of acquiring 
that familiarity is by working numerous examples. The 
time required for this purpose is by no means so great as 
many people suppose ; in any case, that familiarity must be 
acquired if the Calculus is to be the instrument and not the 
master of the student. 

In conclusion I desire to tender my cordial thanks to 
several friends who have encouraged me in the production 
of the book: to Mr. P. Bennett, Mr. W. A. Lindsay, Mr. P. 
Pinkerton and Mr. A. T. Simmons for very efficient help in 
proof-reading; to Mr. J. Dougall and Mr. J. Miller for the 
solutions of the examples ; and to Professor R. A. Gregory 
for his most helpful advice at all stages of the progress of 
the book, I must also thank the printing staff of Messrs. 
MacLehose for the excellence of their share of the work. 

GEORGE A. GIBSON. 


8 Sandyford Place, 
Glasgow, W., Nov. 1904. 


To this reprint 1 have added a chapter on Maclaurins 
Theorem and Differential Equations. In the treatment of 
Maclauriffs Theorem my object has been to make the 
student familiar with its more useful applications rather 
than to exercise him in rigorous mathematical proof; for 
the beginner it is more important to be able to expand 
a function and to test whether the series is convergent than 
to prove the conditions under which an expansion is pos¬ 
sible. The types of Differential Equations discussed are 
such as occur most frequently in everyday work ; special 
attention is given to linear equations of the second order 
with constant coefficients. It is hoped that the Note on 
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Partial Differentiation will be of some use to elementary 
students who have wisdom enough to extend their reading 
beyond the bare minimum of Engineering Physics. 

For the collection of Miscellaneous Exercises I am in¬ 
debted to Dr. John M'Whan, Lecturer in Mathematics in 
this University; I am also indebted to him for a careful 
revision of the MS. and the proofs of the new matter. 

The Universitt, 

Glasgow, September, 
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CHAPTER L 

INTRODUCTION. 

1. Graphs. In the following pages the processes of 
differentiation and integration are so closely connected with 
the graphical representation of functions that it seems 
proper to begin with a short reference to graphical methods. 
These methods, however, have in recent years been so 
widely adopted, even in elementary teaching, that a very 
brief reference to them will be sufficient. In this chapter 
we summarise the more important properties of a graph 
and explain the meaning of various technical terms that 
are constantly used. 

If pairs of numbers are chosen at random and the points 
plotted which have these numbers as coordinates, there 
will be no orderly arrangement among the points: they 
will be scattered all over the diagram. If, however, the 
coordinates are connected by an ecjuation the case is altered; 
the points will how be arranged in a manner that suggests 
a definite curve on which they all lie. This curve is called 
the graph of the equation while, in reference to the curve, 
the equation is Ciilled the equation of the graph. Other 
phrases are often used to express the connection between 
the equation and the graph. Thus, the equation is said to 
be represented by the graph, while the graph is said to be 
given by the equation; the curve is, so to speak, the 
geometrical counterpart, or picture, of the equation. 

In graphical work a point is specified by its coordinates, 
and the point is said to be given when its coordinates are 
a i.c. .A (S 
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known. The fundamental connection between a point and 
the graph of an equation may be stated thus: a point does 
or does not lie on the graph of an equa^n according as its co¬ 
ordinates do or do not satisfy the equatidi)^ the graph. 

(^y Variables and Constants. Tlie €^|Ltton 

y = + ...1^.. (\) 

which is of the first degree in the coordinates i^nd y, has 
for itsgT’aph a straight line; from this property an equation 
of the first degree is often called a linear equation. It is 
important that the student should thoroughly understand 
the parts played by the symbols a, b on the one hand and 
the symbols cc, y on the other. 

The letters a, b fix the position of the line; to each set 
of values of a, b there corresponds one line and to each line 
there corresponds one set or values of a, b. For any one 
line the letters a, b denote fixed or constant numl^ers and 
are called constants. 

On the other hand, when a definite line has been chosen 
by means of the values selected for a, b the two numlxirs 
X, y may be any two numbers that satisfy equation (1). 
the only restriction on our choice of x and y is this, that 
they must satisfy (1); and every such pair of numbers 
determines a point on the line. 

The relation which the equation establishes between x 
and y may be considered in a slightly diflferent way. As 
a point moves along the line given by (1), the x of the 
point goes through, or takes, a succession of values; the y 
of the point also goes through a succession of values, but 
the values that y t^k(3s can ho calculated from the equation 
when those of x are known. In other words, cc is a variable; 
so is y, but, since the equation fixes the value of y as s(K>n 
as a definite value is assipied to x, the variable y is said to 
be dependent on the variable x. The succession of values 
has been supposed to be first assigned to x\ x in therefore 
called the independent variable of the equation. 

We might, of course, first assign values to y and then 
calculate the corresponding values of x from the equation; 
y would now be the independent and x the dependent 
variable. It is usually a mere matter of convenience which 
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is taken as independent; that variable whose values are 
the objects of inquiry or calculation is the dependent one. 

In general, the letters that occur in an equation belong 
to one or other of the two classes, constants and variables; 
the constants fix the position of the curve with respect to 
the coordinate axes, while the variables are the coordinates 
of a point on the curve. It is customary to denote constants 
by the earlier letters of the alphabet, a, 6, c,..., and variables 
b}' the later letters z,y,x, ...; but this custom need not be 
observed unless it be convenient. 

3- ^ Function and Argument. Another way of stating the 
coiinecEion between two variables, one of which is dependent 
on the other, is to say that the d ependeni^ varjaplg_ia-a 
function of the other ..vajiiaJ)!^^ is then often called 

the argument of the fur^ction. 

The graph of an equation shows very clearly how the 
function varies as the argument changes. The abscissa is 
usually taken as the argument or independent variable, 
and the ordinate then represents the function; the .^^h 
is therefore often called the graph of the ftinction. ^ 

The graph of the function ax+b is a straight line and 
therefore ax + b is often called a linear function of x. 

As a rule, we shall suppose the relation of a function to 
its argument to be expressed by an equation; in expfefi- 
mental work, however, the relation is often expressed in 
the first instance by a graph, and it is an important, and 
often a difficult, problem to find the equation of the graph 
and thus express the connection between the function and 
its argument by an equation. 

The following examples illustrate various matters of 
terminology. 

Example 1. The variables x and y are connected by the equation 
5,ry-4A’-7y 4*3=0; 
exm’ess y explicitly as a function o f jf. 

^e equation clearly makes y dependent on x, for if we give to x 
any value we can calculate the value of y; in mathematical language, 
the equation is said to define y as a function of x. To see more plainly 
^ how y depends upon solve the equation fory in terms of x. We find 
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y is now said to be expressed exMcitUf as a function of .r, while, so 
long as the equation is not solved for y, it is only impUvithf expressed 
as a function of x ; in the unsolved form of the equation y is said to 
be an implicit function of .r, while in the solved form it is said to be 
an explicit function of x. 

The equation also defines x as a function of y, namely, 

* 5y - 4’ 

as may be seen by solving the equation for x\ Both functions are 
fractional functions of their arguments. 

Example 2. A stone is thrown vertically upwards with a velocity 
of r feet per second ; assuming that the resistance of the air may be 
left out of account, express the distance travelled in a given time Jis a 
function of the time. 

Suppose that in t seconds the atone has risen s feet above the point 
of proiection ; then it is shown in books on mechanics that 

where y is a constant, equal to 32'2 approximately. The distance 
travelled is therefore a function of the time; since the time t enters 
into the expression of the function in the second and no higlnr degree, 
the distince s is a quadratic function of the time t. 

The velocity v at time ^ is a linear function of the time, because 

V-gt. „ 

In this example v are variables ; 1^, g are consUints. 

Example 3. A point moves in a circle of radius 5 witli its centre at 
the origin of coordinates ; express the ordinate of the jK)int as a 
function of its abscissa. 

Let .r, y be the coordinates of the point in any one of its position.s ; 


then :r^4-y^ —25,.(i) 

and therefore y r=: N/(25-.r2) . (ii) 


To express y fully, we must remember that the root may be either 
positive or negative; the symbol is (ivo-valuedy namely, is 

either +^/(25 -j:‘-) or — The + sign goes with points 

above the .r-axis, the - sign with points Ixjlow that axis. 

Equation (i) delines y implicitly «'i8 a function of x. It often 
happens, as in this case, that there correspond two (or more) values 
of the function to any one value of the argument. We must, nf 
course, restrict ourselves to one of these values at a time ; we may in 
fact consider y to be made up of the two functions 

y -f V(2r> - x^) and y = - ^^(25 - 

each of which is iingle^valu/idy that is, has only one value of y for any 
one value of x. 

It is also to be noted that y is only defined for values of x from 
-6 to x^6. For values of x greater (numerically) than 6 the 
values of y are imaginary. 





GRADIENTS. 


5 


4. Inverse Functions. As we have seen in §3, example 1, 

an equation between x and y not only defines y as a 
function of x but also defines i^as a funct ion oj ^y. Two 
frrrS^ons thus defined Hby oiie equation are said to be 
inverse to each other. Thus, as another example, the 
e(]uation when solved for x, gives x — l}y, and there¬ 

fore defines two functions which are inverse to each other, 
namely ihe^ cube and the cube root. 

A function and its inverse are represented by the same 
graph, but when the inverse function is not single-valued 
care must bo taken to select the proper part of the graph 
when considering the invei'se function. We shall return to 
tins matter when we come to discuss the differentiation of 
the inverse circular functions. 

5. 'gradients. The coefficient a of a; in the equation 

y — ax + h .(1) 

is called the gradient (sometimes, the slope) of the straight 
line given by the equation. 

The following ways of inten)reting the gradient are 
important. 

Geometrically, the rr-axis being supposed horizontal and 
the y-axis vertical, the gradient a measures the rate at which 
the Hne rises or falls. 

When a is positive, the line has a right-hand upward 
slope; a point rises as it moves to the right along the line. 




In Fig. 1 the gradient is OAfCO or RQ/PR; the rise RQ 
is a times the horizontal advance PR. 

When a is negative, the line has a right-hand downwaid 



6 


INTRODUCTION TO THE CALCULUS. 


slope; a point falls as it moves to the right along the line. 
In Fig. 2 the gradient is AOjOC or RQIPR ; the fall RQ is 
— a times the horizontal advance PR. 

When a = 0 the line is horizontal. The greater a is 
(numerically) the greater is the angle the line makes with 
the horizontal; when the angle is 90"" the gradient is said 
to be inlinite. 

Trigonometrically, the gradient a is the tangent of the 
angle which the line makes with the o^-axis. 

When the line htous a right-hand downward slope (Fig. 2), 
the angle may be taken to be the negative angle XCB or 
the obtuse angle XCA \ ianXCB and tanXCA are both 
negative. In graphical work it is usually better to take 
the angle of the gradient as negative in this case. 

Algebraically, the gmdient a measures the rate at which 
the function ax+b varies as x varies. 

If X increases from any value x^ to the value x^ + k, then 
y changes from cuCj + 6 to a{x^+h)-\‘h\ the increase of y is 
ah, that is, a times the increase of x. The increase of 
cur+ 6 is thus always in simple proportion to the increase 
of X, and the linear function is therefore called a uniformly 
varying function of its argument; the rate at which the 
function changes is constant and equal to a. If a is nega¬ 
tive, y decreases as x increases; a decrease is considered to 
be a negative increase. 

The gradient of any straight line which is at right angles 
to the line given by equation (1) is — 1/a. 

6. Increments. As a point moves from P to Q along the 
line AB (Figs. 1, 2) the amount MN or PR by which the x 
of the point changes is usually called the increment of x. 
When X takes the increment MN or PR, y takes the 
increment RQ \ in Fig, 2 the step RQ is negative and the 
increnient is expressed by a negative number. 

In all cases the gradient of a straight line is obtained by 
dividing any increment of the ordinate by the corresponding 
increment of the abscissa. When the quotient is positive, 
the ordinate increases as the abscissa increases; the function 
represented by the ordinate is then an increasing ftinction of 
its argument. When the quotient is negative, the ordinate 
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decreases as the abscissa increases; the function repre¬ 
sented by the ordinate is then a decreasing ftmction of its 
argument. 

7. Average Gradient. Rates. The gradient of a straight 
line is the same for every portion of it, long or short. If, 
however, we take two points P and Q on a curved line 
(Fig. 3) and divide the increment RQ which y takes, as a 
point moves along the curve from P to Q, by the corre¬ 
sponding increment PR of x*, the quotient obtained will 
manifestly depend on the positions both of P and of Q, 
We must therefore consider what is meant when we speak 
of the gradient of a curved line. 



The increment of the ordinate of a point which moves 
from P to Q is the same whether the point travels along 
the arc PQ or along the chord PQ ; hence the gradient of 
the chord PQ, namely RQjPR, is called the average gradient 
of the arc PQ. When Q is very close to P, the direction of 
the chord PQ will differ very little fix)m that of the tangent 
PT to the curve at P; the closer Q is to P the less does the 
direction of the chord PQ differ from that of the tangent 
P2\ Tlie gradient of the tangent PT is therefore taken as 
the gradient of the curve at P. 

If MP, NQ denote two values of the function represented 
by the curve (Fig. 3), then the gradient of the chord PQ 
measures the average rate at which the function changes as 
its argument changes from OM to ON, (It is easy to see 
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that if, as the argument changes from OM to ON, the 
function were to change at the uniform rate RQ/PR it 
would receive the increment RQ, which is tlie increment it 
actually takes.) Just as the gradient of the tangent PT is 
taken as the gradient of the curve at P, so the gradient of 
the tangent PT is taken as the rate at w’hich the function 
is changing when its argument is equal to OM, the abscissa 
of P. 

A rate of change is t/ie ratio of two amounts of change. When one 
magnitude is a function of another, anv increase in this other magni¬ 
tude will produce an increase, or a decrease, in the function ; the 
ratio of the change in the function to the corresponding change in the 
argument is the number which has been defined as the average rate 
of change for that change of the argument. 

For the linear function ar-ft, the average rate of change is the 
same whatever be the value, .r, saj, /rom irhich the argument changes, 
and whatever be the amount, k say, hif ichick the argument changes ; 
the ratio of the two amounts of change is always a, and therefore 
the linear function is one which changes at a constant, or uniform, 
rate. 

In general, however, the average rate of change of a function 
depends both on the value of the argument from which the change 
begins and on the amount by whicli the argument clianges. W^hen 
the amount by which the argument changes is very small, the average 
rate will clearly give a good approximation to the mte at which tlie 
function is changing for that value of the argument from which the 
change begins ; the smaller the change in the argument the better 
will be the measure of the rate. 

A rate of change, then, always implies two variables ; an inde¬ 
pendent (change causing) variable, or argument, and a dependent 
variable, or function, TTbe rate of change of the function is a rate 
“with respect to” or “relative to” its argument; for brevity, how¬ 
ever, the phrase specifying the independent variable is often omitted. 
When the argument is specified, such phi'ases as “the x-rate of 
change,” “the or-gradient,” “the <-rate of change,” “the ^-gradient” 
are often employ^, according as the argument is x or U 

In calculating gradients we shall usually suppose the 
abscissa (or argument) to increase algebraically; in other 
words, the increment of the abscissa will be taken to be 
positive. The sign of the corresponding increment of the 
ordinate (or function) will show whether the ordinate 
increases or decreases for this increment of the abscissa. 
There is, of course, no reason except that of convenience 
for choosing the increment of the abscissa to be positive. 
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Example 1 . Find the average gradient of the graph of y—oiP‘^ 
(i) as X increases from 2 to 2*5, (ii) as x increases from 2 to 2+A. 

(i) When j: — 2 , ^ = 4, and when ;r = 2'5, y = G'25. The increment of 
X is 0*5, and the corresponding increment of y is 2*25. Therefore, 


av. grad.= 


(2*5)2-22 _ 2*25 


2*5-2 


0*5 


= 4*5. 


(ii) When .r =2 + A y^{2-¥hy. Therefore, 


grad. = 


(2+A)2-22 4A+A2 


= 4 + A. 


(2 + ^)-2 A 

Example 2 . I’ind tlie average gradient of the graph of y—x^, (i) as 
X increases from - 2 to - 1*5, (ii) as x increases from - 2 to - 2 +A. 

(i) In this case the increment of .r is —1*5-( — 2 ), that is, 0*5 ; the 
corresponding increment of y is (-1*5)2 —(— 2)2, —1*75. 

'rherefore, ^ _ | -75 


av. grad.= 


“3*5. 

0*0 


(ii) The increment of x is ( —2 4 */<)“(“2), that is, A; 
responding increment of ?/ is (- 2-f A)2-(-2)2, that is. 

Therefore, - 4 A 4 -A* , , 

av. grad. — - - -= -4 +A. 


the cor- 
- 4A -f A2. 


Note that tlie increment is always calculated by sub¬ 
tracting the \^^\x<^from which the variable changes from 
the value to which it clianges. 


Example What is the average rate at which the function 16^2 
changes, (i) as t changes from 2 to 2-f A ; (ii) as t changes from -2 to 
-2-fA? 


(i) 


a\.rate- ^2+A)-2 


64 + 16A; 


(ii) 


av. rate = 


lC>(-2 + A)--16(-2)* 
(-2 + A)-(-2) 


= -64-f 16A. 


Let 16^2 1)0 the numl>er of feet a stone falls in t seconds ; then the 
increment of 16 ^ 2 ^ as t increases from 2 to 2-f A (namely, 64A-f 16^2)^ 
is the distance in feet which the stone falls during the fraction A of a 
second succeeding the first two seconds of its fall. The quotient of 
this increment by the corre 8 [)onding increment A of ^ measures the 
averagre velocity during the interval ; the average velocity is there- 
forQ 64-f 16A feet per second. 


8. Turning Points. Maxima and Minima. The simplest 
way of studying the properties of a function is often by 
examination of its graph. Suppose a point to start from 
A and to move along the curve ABC... (Fig. 4), and con- 
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sider in the first place how the ordinate changes during the 
motion of the point; the variation of the function is, of 
course, represented by the variation of the ordinate. 

As the point moves from A to £ it rises, and the ordinate 
increases; when the point pavsses B it begins to descend, 
and the ordinate begins to decrease. The point B is called 
a turning point of the graph, and the ordinate at B, namely 
B'By is called a turning value of the ordinate; hy analogy, 
the value of the function represented by B'B is called a 
turning value of the function. 

As the point moves further along tlie curve it continues 
to descend till it reaches A but on passing D it begins to 
ascend. D is therefore another turning point of the curve, 



and lyD a turning value of the ordinate, or of the function 
which the curve represents. 

Other turning points are F, //, L, A, P. 

The ordinate at B is greater than any other ordinate 
near it and on either side of it \ the value of the ordinate 
at B is therefore said to lie a maximum. At Z), on the other 
hand, the ordinate is less than any other ordinate near it 
and on either side of it; the value of the ordinate at D is 
therefore said to be a minimum. 

The ordinates at F, P, and P are maximum ordinates; 
those at H and N are minimuin ordinates. 

The meaning just given of the words “ maximum ” and 
‘‘ minimum is that usually assigned to them in mathe¬ 
matics. A maximum ordinate is not necessarily, though it 


VARIATION OF THE GRADIENT. 


11 


sometimes is, the greatest ordinate of the curve; an ordinate 
is a maximum if it is greater than any other ordinate near 
it and on either side of it. A maximum may even be less 
than a minimum ordinate; thus L'L is a maximum ordinate 
but it is less than the minimum ordinate D'D, 

For the values of x corresponding to the arcs ABy DF ,... 
the function is said to be an increasing function; as x in¬ 
creases from OA' to OB', or from OD' to 0F\ the value of 
the function increases. On the other hand, for the values 
of X corresponding to the arcs BD, FH, ... the function is 
said to be a decreasing function; as x increases from OB' to 
OD'y or from OF' to OH', the function decreases. A turning 
value of a function is a value at which the function either 
ceases to increase and begins to decrease, or else ceases to 
decrease and begins to increase. 

9. Variation of the Gradient. Point of Inflexion. We 

shall now consider how the gradient of the curve varies, 
and in this discussion we shall think of the gradient at 
any point of the curve as the (trigonometrical) tangent 
of the angle that the tangent to the curve at the point 
makes with the cr-axis, which we suppose to be horizontal. 

Let us first make clear what is meant by the angle that 
a tangent makes with the ar-axis. ^ By the angle between 
a tangent and the a:-axis we mean the acute angle between 
the tangent and i\\(i positive- direction of the a:-axis. If we 
suppase the line An in Figs. 1, 2 to be the tangent to a 
curve at the point P then, in both figures, the angle that 
AB makes with the a?-axis is tlie angle XCB or its equal, 
the angle RPQ. In Fig. 2, however, AB has a right-hand 
downward slope and the angle XCB is negative', the 
gradient, which is equal to tan is also negative. 

Another point to be attended to is this, that we are 
concerned not merely with numerical but with algebraical 
increase. When the angle XCB is negative so is tan XCB ; 
as XCB increases numerically, the gradient tern XCB 
decreases algebraically. In other words, when a line has 
a right-hand downward slope, the ^eater (numerically^ the 
angle of the slope the less (algebraically) is the gradient of 
the line. 
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Let us now suppose that, as a point moves along the 
curve AB,,, (Fig. 4), the tangent is drawn to the curve at 
each position of the moving point, and let us notice how 
the gradient of the tangent changes. It will bo convenient 
to think of a moving line accompanying the moving j)oint; 
when the point is at A we shall suppose the line to coincide 
wdth the tangent at A and, as the point moves along the 
curve, we shall suppose the line to move with it in such a 
way as to coincide always with the tangent to the curve 
in each position of the moving point. 

As the point moves from A to B the angle of slope 
is positive but decreasing, and therefore the gradient is 
positive and decreasing; the moving line rotates clockwise. 
At B the moving line is horizontal and the gradient is zero. 
As the point moves from B to C the angle of slope is 
negative and increasing numericallyy but the gradient, 
being now negative, is still decreasing (ilyehraically ; the 
moving line continues to rotate clockwise. 

When the point passes (7, the angle of slope begins to 
decrease numerically and therefore (since the angle of slope 
is negative) the gradient begins to increase algebraically; 
the moving line now rotates anticlockxuLse, At Cy therefore, 
the gradient ceases to decrease and begins to increase; 
the gradient has a turning value at C, and this value is a 
minimum. 

As the point moves from C to D the angle of slope 
decreases numerically and the gradient increases alge¬ 
braically ; the moving line rotates anticlockwise. At D 
the moving line is horizontal and the gradient is zero. As 
the point moves from I) to the angle of slope is now 
positive and increasing and the gradient, which is now also 
positive, continues to increase; the moving line also con¬ 
tinues to rotate anticlockwise. 

When the point passes Ey however, the angle of slope 
and the gradient begin to itecreane while the rotation of 
the moving line again becomes clockwise. At E therefore 
the ^^adient ceases to increase and begins to decrease; the 
gradient has a turning value at Ey just as it has at (7, but 
at E the turning value is a maximum. 

Proceeding in this way, we see that turning values of the 
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gradient occur at /, (?, K, M. At G the moving line is 
horizontal. 

Definition. A point on a curve at which the gradient 
has a turning value is called a point of inflexion, and the 
tangent at a point of inflexion is called an inflectional 
tangent. 

It will \)e noticed that at a point of inflexion the curve 
C7'os8es the tangent; the character of the curve near a 
point of inflexion is shown more clearly in Fig. 5. 



We may further note that the portion ABC of the 
graph (Fig. 4) is convex upwards, while the portion ODE 
is concave upwards. So long as the gradient is a decreasing 
function, tlie curve is convex upwards, while so long as 
the gradient is an increasing function the curve is concave 
upwards. The point where tlie change from convexity 
to concavity takes place is a point of inflexion. 

10. Continuity, In tracing curves from their equations 
tlie student must have observed, that near their turning 
points the ordinate usually changes very slowly, and that 
at the turning points thv gradient is zero. It is, however, 
(juite possible to have a turning point near which the 
ordinate does not change slowly and at which the gradient 
is not zero. The point r (Fig. 4) is such a point. 

From the graphical point of view, a curve which has a 
sharp peak like P is simple enough; but, as a matter of 
fact, no curve given by an ordinary equation such as we 
shall deal witli ever shows such peaks. The occurrence of 
a peak is usually associated with a discontinuity of the 
gradient. We shall refer very briefly to the question of 
continuity. 

Ill all ordinary functions (except, it may be, near a 
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limited number of values of the argument) a small change 
in the argument produces only a small change in the 
function. This property is reflected in the graph; the 
graph as a rule forms a continuous, uninterrupted line. 
Suppose, however, that we consider the variation of the 
g'iXidient of Fig. 4. As a point moves along the curve the 
gradient changes steadily till the point approaches P; as 
it approaches F the gradient is positive, but when it passes 
through P the gradient suddenly, becomes negative. The 
gradient passes from a pasitive to a negative value, jumping 
over (so to speak) a whole series of values. In mathematical 
language the gradient is said to be discontinuous at P. 

The ordinate of the curve, on the other hand, is con¬ 
tinuous all along the curve; in passing from any one value 
to any other value, from A'A to Q'Q say, it takes once at 
least every value between A'A and Q'Qy and it makes no 
jump anywhere. 

It will always be assumed that every variable is a con¬ 
tinuous variable. This assumption implies (i) that a small 
increment of the argument of a function produces only a 
small increment of the function, and (ii) that as the variable 
changes, say from a to 6, it assumes once at least every 
value between a and 6. 

11. Notation for Functions. A function of a variable is 
often denoted by enclosing the variable in a bracket and 
prefixing a letter ; thus,/(cc), F{x\ denote functions 
of X. T^e letters /, P, ^ are functional symbols, not multi¬ 
pliers: the symbol /{x) must be taken as a whole and 
means simply ‘‘ some function of x** the context or an ex¬ 
plicit statement determining which particular function is 
meant. For different functions occurring in the same in¬ 
vestigation different functional symbols must, of course, be 
used. 

/(a) means "the value of the function f(x) when x has 
the value a," or " the value of the function f(x) when x is 
replaced by a.” Thus, if f(x) denotes the function 

.So;—4, 

then /(0)=-4, /(2)=:--2, /(-2)==10, 

fix,) « 2x,^ ar, - 4, fix,+h)^2ix, + hY ^3ix,+h)^ 4. 
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The beginner should note that an accent or a suffix 
attached to tlie functional letter indicates a different 
function from that denoted by the same letter without the 
accent or suffix; f{x), f\x), ffx) denote three different 
functions. An accent or suffix is often used to indicate 
that, though the function whose letter bears the accent or 
suffix is a different function, yet it has some special con¬ 
nection with the function denoted by the same letter 
without an accent or suffix. 

12. Notation for Increments. If P is the point 
and Q the point {x^y y.y) thi*n, as a point passes along the 
arc PQy the x of the point changes from x^ to x^y and the 
difference x^-^x^ (not x^ — xf) has been called (§6) the in¬ 
crement of x; similarly, 2/2~“2/i increment of y. We 

shall frequently have occasion to deal with increments, and 
it is convenient to have a notation for them. We may, 
if wo please, denote x^’-Xj^ by a single letter, say h, and 
—2/i^y ^ single letter, say k; then 

x^ x^ = hy X2^x^-{“hy 2/2 

The coordinates of Q (those of P being x^y yf} are now 
x^ + h, yi+k, and the gradient of the chord PQ is k/h. 

There is, however, a more suggestive notation for an 
increment, namely, the letter ^ or A* prefixed to the value 
oi x or y from which the increment begins: thus, Sx^ or 
Ax^y Syi or The symbol Sx^y pronounced ‘‘delta 

must be taken us a whole \ S is not a multiplier. The 
square, cube, ... of Sx^ are written • 

In this notation the gradient of the chord PQ is SyJSx^ 
We shall now work some examples ; after reading these, 
the student should try Exercises I. It is necessary for him 
to be quite familiar with the notation. 

Example 1. If /(.r)==.r^-3.r-f 1, find the value of /(O), /(!),/(- 1), 
and write down /(a + A) in ascending power's of A. 

/(.r) means the expression or function 1 ; /(O) means the 

value of fiyx) when j?==0. Hence 

/(0)=0-0+l-l. 


$ and A are the forms in the Greek alphabet of the small and capital dy 
the first letter of the word “differenoa,” 
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Similarly, /(1)-1-3x 1+1 - -1, 

and ' /(-l)-(-iy-3x(-l) + l-3. 

Again, to find /(a +A) replace x in f(x) by a+A ; therefor© 
y^(a4-A) = (a -f-A)^ ~3(c« + A) +1 

= 4- 3a Vi 4- ’^aK^ 4- — 3a - 3A 4-1. 

Arranging in ascending powers of A, we find 

/(a 4- A) = — 3a 4-14- 3(a2 — 1) A 4- 3aA- 4- A\ 

The terms independent of A are simply/(a); we may therefor© write 
f{a 4- A) =/(a) 4- 3(a- — 1 )A 4- SaA^ 4- /r\ 

How could we show, without calculation, that the terms independent 
of A must be /(a) ? 


Example 2. If AX-r)■= -3r- 4, find the gradient of the chord 

joining the |x)ints on the graph of ''^'hose abscissae are 1 and 1*5. 

/Xl)=-5 and /^(l*5)“-4. 

Incr. of abscissa = 1‘5 — 1 =0*5 ; incr. of ordinate = —4~( —6)==1. 


Hence 


grad.= 


incr, of ord. 
incr, of abs. 


1 

05 


= 2. 


ExaynpleZ. If /’(.r) = 2jr’-3.r-4, find the gradient of the chord 
joining the points on the gi'aph of F{x) whose abscissae are and 

.ri4-6.ri. 

F{x^ 4 S,rj) 2(.r^ 4- )- -Z(xi + - 4 

- 2.rj2 - 3,ri - 4 +(4.ri - 3)dri 4- 2(Sx^y 
= F{xy) 4*(4jri - 3)6a:i 4“ 2(6^4)1 


The increment of the ordinate, corresponding to the increment 
of the abscissa, is F{x\ + ^Xy) - F(xy) or, in the notation of increments, 
BF{xy). Now 


BF{Xy)^F{Xy + BXy) - F(Xy)^{4Xy - B)BXy + 2{BXyy, 


and therefore grad. ~ - 3 + 2Sa'p 


Example 4. If in Example 3 we give to Bxy in succession the values 
1, O'l, OOl, what are the successive values of the gmdient? 

If E is the point wlu^se abscissa is ,?‘j, and y the |X)int whose abscissa 
is .r.4-dri, the question is e<jui valent to this : what ai*e the gradients 
of tne three chords obtainea by joining P to the three positions of y ? 
The third position of Q is very close to /\ and therefore the gra<iient 
of P(i in this case must l>e very nearly equal to the gradient of the 
tangent at P, 

To obtain the required values, we have merely to substitute 1, OT, 
0*01 for Sxy in the expression for the gradient. We find 

4^1-28, 4;r,-2*08. 
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Example 5. If y=loga7 find the value of when ;rj = 20 and 

—2, 0*5, using four-figure logarithms. 

^1 = 2, Sy, = log22-log20, = = 0-0207, 

&r,= l, S?/| = log21-log20, |’(‘ = !^-^f^=0 0212, 

o.rj 1 

fKr^ — 0*5, 8 //1 = log 20*5 - log 20, = 2 -9 .. ^9? — 0*0216. 

U’O 

When the value of x is large, say .r—500, and the values of 8^ are 
small integers or proper fractions the four-figure tables are not 
sufiiciently accurate to show the relative magnitudes of the gradients. 


EXERCISES. I. 

1. If/(.r) = 5A’2--7*r + 2, calculate/(0), /(l), /(2),/(-1). Show that 

J (.r j • {- 8.r 1 ) —/(.r J -f- (10.rj - 7) 8.ri -f 5 (o.^’j)-. 

2. If/(.r) =-■=.<r-h 1, calculate /(O),/(4),/(-^). Show that 
/(.r *4- i\i\) ---/(.r,) ■h(3.ri2 + 2.ri 4- 

3. If /'^(.r)" 3.r-4-2.r - 1 write down F{ax + h)^ F{:F). 

4. If /(.r)--sin .c, the angle l^eing measured in degrees, calculate 

/(O), /(30), /(47*5), ./-(OO). 

5. If—3 sin.r-f tcos.r, the angle being measured in radians, 
oak-ul;ito J\0), /(tt; 2), /(x), /(I), /(O'o). 

6. If log .r show that 

t\..) + Fiu) = F(r X F{.r) - F(^>= F^i). 

Calculate the gradient of the chord joining the points (.rj, yi) and 
(vri4*8,rj, on each of the curves given by equations 7-14. 

7. 3^"3.r. 8. ^^ax + h, 9. y — aF + bx-^c, 

10 . ^^^^((.i^ + hx'^ + cx+d, 11 . 

12. ?/-logr. 13. y-10*. 14. i/=l0-*. 

15. Calculate Sf/JBx^y when y^sina*, for the following values of 
Xi and ; the angle is measured in radians. 

(i) 0^1 = 0*5236 ; ari=0*0524, 0*0349, 0*0175 ; 

(ii) .?;i = 2*3090 ; &r,=0*0524, 0*0349, 0*0175. 

16. The same problem as in example 15 fory=co8j:. 

17. The sjvme problem as in example 16 fory=«tan^. 

U.I.C. B 
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18. If /(.r)=a 4- hx^ + cx^ show that /(- or) =/(x). 

[When /(“jr)=/(j:), the function f{x) is said to be an even function 
of its argument. The simplest case of an even function is a rational, 
integral function which contains only even powers of its argument.] 

19. If f(x)=ax^ bx^ -f cjr* show that /(- .r) ~ -/(r). 

[When-/(r), the function /(t) is said to l)e an odd function 
of its argument. The simplest case of an odd function is a rational, 
integml function which contains only odd j)ower8 of its argument.] 

20. State which of the following functions are even, and which 
fKld : sin.r, co8.r, tan.i’, cosec a.', secx, cot.r, 10*+lO"-*', 10*-10"*, 
(10*-10-*)/.r. 



CHAPTER II. 


DIFFERENTIATION OF POWERS. MAXIMA AND MINIMA. 

13. Tangent to a Curve. The ordinary conception of tlie 
tangent to a curve at a point P on it is probably this: 
the tangent is a straight line which meets the curve at P 
l)ut which, if turned ever so little about P as a pivot, will 
again cut the curve near P. We sliall put this conception 
in a slightly different form which will lead to a method of 
calculating the gradient of the tangent, and therefore of 
drawing the tangent itself. 

Suppose the tangent PT at the point P (Fig. 6) to have 
Ixien drawn, and consider its relation to any secant PS 
drawn through P and a neighbouring point Q on the 
curve. We do not assume that we know how to draw 



tlie tangent; we merely make a hypothetical construction 
for the sake of the argument. We can, however, always 
draw a secant; we merely have to take a point Q on the 
curve distinct from P and to join PQ. 

Now, if Q is very near to P the angle TPQ will be very 
small, and the position of the secant PS will differ very 
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little from that of the tangent PT, Further, we can draw 
through P a secant tluit will make as small an angle as 
we please with PT ; because we can take Q as close to P as 
we please and, so long as Q is distinct from P, no matter 
how close to it, we can draw tlie secant PS. (This last 
statement corresponds to the property of the tangent PP, 
that the rotation of PT through any angle, however small, 
will cause it to cut the curve again near P.) 

The tangent P7'is thus the line that limits the position 
of the secant PQ as (*) approaches P —limits in this sense, 
that the angle TPQ becomes small as Q gets near to P and 
can be made as small we please by taking Q close enough 
to P. Hence we may define a tiingent as follows: 

Definition. The tangent at a point P on a curve is a liiu^ 
PT sucli that the angle TPQ between PT and the secant 
PQ, through P and a neighbouring point Q on tlie curve, is 
small wlieti Q is near to P and can be made* as small as we 
please by taking Q near iuiough t » P. 

The following examples sliow the practical nature of the 
definition 

Example 1 . Show how to draw the tangent at the point T( 2 , 4) on 
the parabola y ~ j 

Let ; let Q l>e a point neai- P on the curve and dniw 

PR parallel to the a'-axin to meet tiie ordinate at R (Fig. 7). 



Calculate the gradient RQ(PR of the secant PQ ; we have 
and therefore ^ 4 + 
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Now, the closer Q is to Pthe leas is the line MN\ further, by taking 
N close enough to J/, that is, by diminishing the length of MN far 
enough we can bring y as close to I* as we like. But tlie smaller MN 
becomes, the more nearly does the gradient RQjPU become equal to 4. 

Di-aw, then, through P the straight line PT whose gradient is 4. 
PT will be the tangent at P\ because, the gradient of PT is 4, the 
gradient of PQ is 4-f J/xV, and we can take Q so close to P that the 
ditlerence between these two gradients, namely MN^ shall be as small 
as we pleiise. In other w'ords, we have found a line P^Tsuch that the 
angle TPQ am be made as small as we please by taking Q near enough 
to P ; therefore PT is, by definition, the tangent at P. 

Example 2. Find the gradient of the tangent at the point (jCj, 
on the parabola y= 0 ^ 2 . 

In Fig. 7 let P be the point (tj, ;/i) and Q the point + yi + Syj) ; 
then the gradient of the secant PQ is given by the equation 

^- - + 

Now, when ^ is close to P the increment which is equal to MN^ 
is small, and by making small enough we can bring Q as close to 
P as we please. Let PT oe the line through P whose gi'adient is 

PT is the tangent at P ; because, the gradient of PT is 2.ri, the 
gradient of PQ is 2.rj4*3jr|, and we can take Q so close to P that the 
ditference between these two gradients, namely &rj, shall be as small 
as we please. The gradient of the tangent at (a’j, y^ is therefore 2a:j. 

14. Gradient of a Curve. By the gradient of a curve at 
a point P on it is meant (§7) tlie gi'adient of the tangent 
at P \ it will, of course, except when the curve is a straight 
line, vary from point to point on the curve.* The definition 
of a tangent given in §13 leads, as the examples worked 
in that article show, to a simple method of finding the 
gi'adient. 

The process for obtaining the gradient of the tangent at 
P is the following: 

First, we find the average gradient of the arc PQ (§ 7). 

Secondly, we find the number to which the average 
gradient tends as the difference between the abscissae 
of P and Q becomes smaller and smaller. In most cases, 
as in the examples of §13, this number is evident when 
has been reduced to its simplest fonn. 

may be well to warn the l>eginner that the word **carve” indiiddi^ 
straight unea as well as curved lines. 
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As another example, find the gradient at the point P on the graph 
of f{x\ where1, tlie abscissa of P being Jj. 
in this case (Exercises 1. 2) 

f{x, + ar,) -f{x,) - + 2.r, + (ar, +1 )(ar,)‘^ + 

and therefore the average gradient of the arc PQ is 

~a?^ “ 3.rj“ -f liCj 4-1 + (3.^•J 4-1) a^’| 4- (arj)^. 

The terms containing acj and (arj)- can clearly l>e made as small as 
we please by making arj sufficiently small. In other words, (j can 
taken so near to P that the angle between PQ and the line thioiigh 
P whose gradient is 3 / 424 . 4*1 shall be its small as we please. The 

gradient of the tangent at P is therefore 3.rj2 4 -Orj 4 -1. 


16. Limits. The proceas by whicli we pans from the 
cjradient Syjcx^ of the secant PQ to the gradient of tin* 
tangent at P is called the method of limits. When 
is equal to + the gradient of the tangent, namely 
2xj, is said to be *‘the limit of the gradient 2,rj-f for 
approaching zero as its limit.’' 

It might seem at first sight as if we were merely taking 
a roundabout wa}^ of saying that + is ecpial to 2.r, 
wlien SxAs equal to zero; but it is not so. Let us see how 
we founa the average gradient + we obtained it 
from the equation 


dx. ox, 1 1 


( 1 ) 


Now, 2xj + o.rj is obtained from the fraction by dividing 
its numerator and denominator by Sx^, Tins division is 
possible provided ox^ is not zero, and not otherwise; 
division by zero is expressly excluded from the operations 
of alget)ra,* We cannot talce a single step in our work if 
we suppose Sxy^ to bo zero; graphically, we should have 
only one point P and not two points P, Q through which 
to draw a straight line 

If the student reads §13 over again he will see that we 
nowhere assume that Q ever c^nncides with P ; rather, we 


* It is surely a violation of common Rcnse to perform a division on the 
express understanding that the divisor is nut zero and then to assume that 
we are at liberty, after the division has been effected, to make the divisor 
zero. Such a proceeding is a mere juggling with symbols. 
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base oar definition of a tangent on what seems to be a fair 
view of the ordinary conception of a tangent. PT will be 
the tangent at P provided we can show that the angle 
TPQ becomes as small as we please by taking Q sufficiently 
near to P. 

In equation (1) we have a quantity which we suppose 
t<j take smaller and smaller values, tending towards zero ; 
in other wonls, is a variable wliich tends to zero. The 
(juantity + tends, as Sx^ tends to zero, to the definite 
value ; this statement means simply that we can take 
6.i\ so small that (and therefore also SyJSx^) shall 

(lifter from by as little as we please. The technical 
form of this last statement is “the limit of 2Xy + Sx^ is 2x^ 
when the limit of is zero.*' 

Tlie variable which, in this process of finding the limit, 
acts as the independent variable, namely may tend to 
some other numlK^r than zero as its limit. For example, 
the equation 

- - =:x + a 

x--a 

is an identity so long as x is different from a. If we 
suppose X ecpial to a the fraction takes the form 0/0, and 
this is a mere symbol without definite meaning. On the 
other hand, the fraction has a definite limit when x tends 
towards a as its limit. For, the equation has meaning and 
is true so long as x is different from «, and by taking x 
n(*ar enough to a we can make a (and therefore also 
the fraction) as nearly equal to 2a as we please. The limit 
of the fraction, when x approaches a as its limit, is there¬ 
fore 2a. 

16. Definition of a Limit. Notation. \\"e shall now give 
a formal definition of a limit. 

Definition. When it is possible to make the argument of 
a given function so nearly equal to a definite number a 
that the function will differ from another definite number 
-d by as little as we please, that difference remaining as 
small as we please when the argument is taken still nearer 
to a, then A is called the limit of the function for the 
argument tending to (or converging to, or approaching) a 
as its limit. 
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The notation for a limit is the letter L, or the first three 
letters of the word limit, namely lira. The statement that 
a function y of x has A for its limit, when x has a for its 
limit, is represented thus: 

= A when IjX = a, 
or, more usually, L y = A. 

x-a 

This last efjiiatlon is read “the limit of 7/ for x equal to 
a is ^ it must be rememlx.‘rod, however, that tlie phrase 
“the limit... for x equal to f//* is a mere contraction for 
“the limit ... for x corivtu-^in^ to a as its limit.” 


In this notation we have, for exaTnj)lc, 


(.r, 4-tlt j )- 


-2^1 ; 



It may happen that the argument Ix^comcs infinite, that 
is, becomes ami remains greater than any assigned numbej* 
iV, no matter how large iV may be. We thus have such 
eases as the following: 


L " ---0, L tan~ tr= 

Jtssrxa’ Jt-sX ^ 

Tl 7 

j ® 4- 5,r 7 j .r ^ , 

- 8.r 4- 3 ^ ^ 


Practically, the only theoixun for working with limits 
that we shall need is this: wlien the limit of is zero the 
limit of 2 I X Sx^ is also zero, where ^4 is finite and either 
does not contain Sx^ at all or, if it does contain Sx^, remains 
finite as Sx^ tends to zero. 

The theorem hardly reguireft proof, bat we may give a formal 
demonstration. To show tnat the limit of is zero when the limit 
of 8 x 1 is zero, we must show that we can take ar, so small (not equal 
to zero, but only so nearly equal to zero) that will lie as small as 
we please. Suppose, for example, that we want to have less 

than 1/10*. If /I itself varies with &rj let A* be its greaUist nunjerieal 
value for any of the values that takes. Tlion, to make less 
than I/IO* we need only take &r, less than l/y<'lO“ ; this choice of Ar, 
la possible because, since the limit of &rj is zero, we can take &r, as 
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small as we please. Note that unless A is zero we cannot make /I&Ti 
zero, because zero is not a value that takes in the process. 


Exam-plc 1. Show that 


Wo have 


h=0 A 

= 3^.2+3/,^, + /,2 = ar2 + (3a- +/i)L 


The term (3u;-}-/<) A can be made as small as we please by diminishing 
h ; the limit, when A converges to zero, is therefore 


Example 2. What is the value of (.-c^-f u; — 2 )'( 2 a: 2 — 3) wdien jr = 1 ? 
When .r=l w’e find that 

. 1 ’*' 4-.r - 2 1+1“2 0 

2 , 1 ^ + .r ~ 3 2 -f I 3 " o’ 


Nearly every beginner says that the synilx)! wo have obtained for 
the fraction represents 1, probably Wcause a fraction whose numerator 
and denominator are ecjual is equal to 1. But such a conclusion 
implies that the numerator and denominator aie not zero. What 
then is the value of the fraction when .r=l ? The correct answer is 
that the fraction has not any value ; this does not mean that the 
fraction has the value which is called noth but that its value is 
not defined. The symbol 0 0 has in itself no meaning whatsoever. 

The fraction has, how'ever, a definite limit when x converges to 1 as 
its limit. For, Ixith numerator and denominator contain the factor 
.(• -1 and, so long as .r is different from 1, we may divide them Ixith 
by j?- 1. Hence, if x is not equal to 1, 

x2 + x~2 _ (.r-l)(.r + 2) _ .r+2 
2 . 1 ^"+a--‘3*”(.r - l)(2.r-|-3)“‘ir-f 3 

Tlie fraction (j:4-2)/(2r+3) is equal to 3/i> when .r = l, and can be 
made as nearly equal as wo please to 3 5 by making .r sufhciently 
nearly equal to 1 ; therefore its limit for x converging 1 is 3 5, the 
siiine as its value when x is e<iual to 1. The given fraction is equal to 
fj;-f2)/(2a;-h 3) so long as x is not equal to 1 ; therefore the given 
iraction may be made as nearly ecj^ual as w^e please to 3/5, by taking x 
sufficiently nearly equal to 1. In other w^oras, the limit of the given 
fraction is 3/5. 


17. Qrodient of the Graph of Powers of x. We shall now 
find the gradient when y or/(a?) is of the form 

+fcc+i.(1) 

The abscissa of the ]X)int P at which the gradient is oah 
culated is rKj and that of the point Q, near t>o P, is 
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(i) Take first the case y = f(x)^cc?. The average gradient 
of the arc PQ is 

Sxi SXi 

When the fraction is reduced we find 


= 3.r ,2 + 3x,<5.Ci+(ox, )* = 3x,2+ 
and therefore the gradient at P is 

L L {:}xv + (:}x, + 6x,)&-,}=3x,2.(2) 

5x1 = 0 5x1=0 

(ii) Let y=:/(x) = ir”, where u is a pasitive integer. 

Here /(x^ + = (./^ 4- o*r,)" 

= .r/» -h nx/^" + A (Sx^)^;.(3) 

where x4 contains x, and ox^ and their powers; the third 
term of the binomial expansion contains (Sxj)^, the fourth 
term contains and so on, and therefore every term 

after the second contains the second power of We 

now liave 


Sx^ ”” SXi 


— r « 

’ ^ =71X^^-^ + ASx^, 


(4) 


aiul therefore the gradient at P is 


L — L (7ix,''*' -f i4(5x,) = 77Xj**"*.(5) 

5xi=0<^‘^l &ri=0 


We will assume that this result holds also when n is 
fractional or negative ; a complete proof will l)e found in 
the author’s Calculus, § 57. 

(iii) Let y=f{^i:) — ax^+hx-+cx + (l. In this case 

/hr, + ox^) = «(®, + ox, f+b{Xy + Sx^- +c(x,+fo,)+(f, 
/(x, 4- ox,) —/(x,)=(3axi2 + 2/>x, + c)&, 

4 (3ax, 4 l>)(Sx^f 4 ('-(At,)*, 
= 3«Xi2 4 21>x, 4 c 4 (Sox, 4 + aSx-^x ^,. .(6) 
and therefore the gradient at P is 

L f;^i = 3ax,2426x,4c. 

5xi»0 


( 7 ) 








GRADIENT OF THE GRAPH OF POWERS OF J*. 


27 


Wlten there are more terms tlie process and results are 
similar. 

Notice that the constant ienn d does not appear in the 
gradient, but that the constant factors a, h, c remain as 
factors. The geometrical reason for the absence of d from 
th(^ gradient is obvious. 

The reasoning is the siime whatever particular value of 
.r, such tis iTj, we take. If we use the phrase gradient of 
the function ” instead of “ gradient of the graph ” we may 
stiite the results we have obtained as follows: 

gra<l. of = gi\ad. of . (a) 

grad, of (fx^ + bx- + (\7' + d — Sax-+2hx'{-c : .(n) 

and for the function (1) 

grad, of aoc^ + t.r”’^ ,., + kx + l 

= naxJ^+ — l )6.r"~+ (ri — 2)c.r^‘‘+... + /c. ...(c) 

Example, Write down the gradients in the following cases : 

(i) (ii) 3.1'^-4a'^-|-5.r-h7, (iii) 

The results are : 

(i) grad, of — ; 

(ii) grad, of 3a^ - -f 5.r + 7 = - Kr + 5 ; 

(iii) grad, of 3.r^ + Sjr" - — lx 3.r^ * + (-?•)>< ^^ 

18. Derivatives. Differentiation. The gradient is itself 
a function of the argument x and it has received various 
names; as, “the derivative of y or f{x) with resjx^ct to x*' 
“ the differential coefficient of y with respect to a,” “ the 
derived function of y with respect to xT Tlie phrase 

“ .r-dcrivative'' may be use<l instead of “ derivative with 

respect to xJ' 

Of course when the argument is not x but some other 
variable, say t or u, the derivative is a f-derivative or a 
a-derivative. The argument need not be named when it is 
quite clear what it is. 

Tlie process of finding the derivative is called differentia¬ 
tion; to differentiate a function means to find its derivative. 

There are several notations for tlie derivative. A very 
simple one is a capital D (the first letter of the word) 
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prefixed to the function ; thus, Di/, Df(x), J9(3a;®+2x—1). 
When tlio argument has to be specified it is placed as a 
suffix to D ; tiius, Djij, D^y. 

A more common notation is that which represents the 
derivative as a fraction; thus, 

(ly <lf{^ <f(3a-4-2.r-l) 
d,c’ dx ' 'U' 


This notation is suggested by the quotient of the incre¬ 
ments, namely The sym1x)l ^ must for the present 

be taken as a whole; we .shall afterwards (§ 22) as.Hign 
a meaning to the symbols dy and dx. When the function 
consi.sts of several terms the derivative is sometimes 
written thus; , 

^^(3xH2.-l). 

In this form the symlx)l (which munt bo taken as a 

vjhob', just iis the form clyjdx must bo taken as a whole) 
is equivalent to the other symbol Dj^. 

Lastly, when the function is represented by the symlx)! 
fix), or Fix), the derivative is often indicated by putting 
an accent over the functional letter; thus,/'(u:*), F'{x). 

To indicate the value of a derivative for a particular 
value oi x, the following notations are used: 





; fial 


The last of these is specially convenient. 

The diversity of names and notations is apt to perplex 
the beginner, but they are all in use and have their own 
advantages. It is best therefore to master them at once; 
the difficulty is after all more apparent than real. 

We shall now work some examples, but we note specially 
the following results, proved in § 17. 

I. To find the derivative of multiply by the index n 
and then subtr^ 1 from the index n (§ 17, A). 

II. The derivative of the sum of two or more tenns is 
equal to the sum of the derivatives of the terms (§ 17, B, c). 
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III. A constant term in the function does not appear in 
the derivative. We luaj^ say that the derivative of a constant 
is zero. 

IV. A constant factor of a term remains as a factor of the 
corresponding term in tlie derivative (§ 17 , B, c). 

The following result is often useful: 

V. D{ax + b)^^ria(aa: + b)'^'^. In words, to find the de¬ 
rivative of the power of the linear function ax + b, 
multiply by the index n and by the coefficient a and then 
subtract 1 from the index n (see example 5 below). 

Example 1. Find the derivati^ e when y ^ ~ 7. 

Dy = 2>(4.r- - - 7) = - 8 ; or, /'(.r) = Rr - 8. 

Tlic gradients of the graph for the values 0, 1, 2, —I of x are given 
by the equations 

/(0)= -8, /(2) = 8, /(-!)= -16. 

When A' —0, the tangent ha.s a right-hand downward slope of 8 in 
I ; when .r=l, the tangent is horiztmial ; when .r = 2, it has a right- 
hand upward 8loj)e of 8 in 1 ; when x~ - 1, it has a right-hand down¬ 
ward slope of 16 in 1. (Compare Fig. 8.) 



Fig. 8. 

Note. To draw the tantjeiit at P when its gradient is 
•*8, move to the right one horhovtal unit, then downwards 
8 vertical units; or, move to the right one-tenth of the 
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horizontal unit: then downwards eight-tenths of the vertical 
unit, etc, and join P to the point so found. In drawing 
the tangent attention to the scales of the figure is necessary. 

03 4 

Example 2. Differentiate — - .3 + ~r;:6’ 

Write 1 / = + 2x~' - 3x~- + ; 

then 3^1r4.( _ i)2^-s_ ( _ 2)3 j-3-|.(- |) 4 r -^ 


-3 I'* 

The student should make sure that he knows the working rules of 
indices, A coiutuon blunder is to add 1 when the index is negative, 
making, for example, Dx~‘^ equal to ~2.i ~^ instead of - 2.r~\ 

A frequently occurring result is that of tlie derivative of Jx ; 


'^JExample 3. Find dp/dr when (i) pv—(\ (ii) 


(>) > 
(ii) p = -^=Cr-T: 




dv 
dp 
dv 




Example 4. 


If Yt~hgt'^y find dsjdt, 
ds 

wr ' 


Example 5. If y==(€f.r + 6)", find dgldx. 

Here 4- — {«(^i -f &r,) + 6}" = < {ax^ 4 ft) 4 aSa’iT? 

80 that i^i433^i=(cwri4ft)”4?:(a,r, 4ft)”-^cf8.rj4.‘l(8ri)2, 

and therefore, exactly as in § 17 (4), 

= na{axy^ 4 ft)”-^ 4 AS-rj. 

Hence = 

The result of this example is very useful ; it holds for all values of 
tt. As particular cases we have, for instance, 

i)(ar4 2y* = 2x3(3j:42) = iar4l2. 

/)V(4^ - 7) = Z)(4r- 7)i = 4 X 4(4r- 7)-'i^ = ^^yy 
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We can verify the first of these hy expanding the square ; thus, 

(3.r + 2)2-ar-+12.r + 4; />(9.r2+12.r + 4)== IRr + lS. 

Example 6. Find a function of x whose derivative is + 

To solve this little proljleni, we must remember the rules of 
differentiation. If after difl'erentiation, the index of x is 2, then before 
differentiation it must have been 3; but in differentiating x^ Ave 
multiply by 3, and therefore we must put in the factor Thus to 
get oTf we differentiate Similarly U) get Xy we differentiate 

and to get 1 we differentiate x. Hence 

.r 

is a function whose derivative is 1, as may at once be tested 

by differentiation ; this function is called an integn^al of x^ — x-¥ \ and 
the process of finding it is called integrratiozL Integration is taken up 
in Chapter V., but the student will find it to be good practice in 
differentiation to go through the inverse process of integiation. 

If any constant term, C sjiy, be added to the function found above, 
this new function will still have as its derivative (S18^ III.). 

Tlie function conbiining this constant is called the general integral. 
For the present, the (‘onstant term need not be added to the integral. 

Example 7. Write down the integral of (i) —(ii) ^fx. 

We find (i) Integral of ^=Int. of .r~*= 

(ii) Integral of v^.r = Int. of 

Test the results by differentiating the functions obtained ; thus, 


EXERCISES. II. 


Write down the derivatives of the functions of .<■ in examples 1-30. 


1. O.C. 

4. 4a-*-10. 

7. + 

10. (3x-2)(2.r4-3). 

13. j;+l 


16. ax+b -{—. 

a; 

19. (2 j;+1 )». 

1 


22 . 


x+1 


2. 5x+7. 3. 4,<-*. 

5. 7,r*-12.--+6. 6. 3 + ll.r-2j:*. 

8. 3 — 2.r* + 4.>r’- 5.ri. 9. (j-+l)(j- + 2). 
11. (j:+l)(x+2)(.r + 3). 12. (o.r+6)(cx+/). 

14. J^+4- 15. 4r + 3--. 

X^ X 


17 , 18 . (2.r+l)*. 

20 . (l-a->\ 21. (3-j-)< 

^ (2^+3y 
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28. i/{2-Sx). 29. 30. 

Ditfereiitiate with res{)ect to the variables ty iiy v the functions 
31-40. 

31. \Ot-Zt‘K 32. —. 33. 34. 

V r-f*3 

35. <i + bi + cil 36. v'(3i<-4). 37. 7 -^ 3 ^ _ 

38. 3,((«-5). 39. ctf + b+y 40. -fv 

Integrate with res{)ect to .i* the functions 41-50, testing the results 
in each case by ditferentiation. 

41. 3.r-+-.»-l. 42. a+ 1 -^.. 43. + 44. -U 

Ar'-Tir + O' 

19. Rates. Variation of a Function. Before reading this 
article the student should glance again over §8; the 

substance of that article will now be presented in a more 
definite form: the results obtained from insj)ection of the 
figure will be expressed in terms of numbei*s. 

When X increases from x^ to a\ + Sx^y the function 
/(x) changes from /(x^) to /(x^ + Sx^); the change in the 
function is therefore 

/(Xi + Sxi)-/(Xj^l that is, S/(x^). 

The average rate at which /(x) changes, as x increases 
from to x^ + Sxi, When/(x) is represented 

by a graph this average rate is the gradient of the chord 
PQ of the graph, where P is the point on the graph whose 
abscissa is x. and Q the point whose abscissa is x. + ix.. 
(See §7.) 

The gradient of the tangent at P, that is, is the 

number which measures the rate at which f{x) is changiitg 
when X is equal to Xy (§ 7.) 
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In order therefore to find out hoiv a function f{x) changes 
as X increases from one value, a say, to another value 6, we 
have merely to examine the value of its derivative/'(it*) for 
the values of x from x^a to x==h. We go on to show that 
the mere sign of /'(x) gives much information. 

When f {x) is positive, the tangent has a right-hand 
upward slope; as the graphic point P moves to the right it 
also rises, and the value of the ordinate or function increases 
algebraicall}^ (If the point P is below the rr-axis a rise of 
P means tliat its ordinate decreases numerically but, since 
the ordinate is negative, this means that it increases 
algebraically.) 

When f\x) is negative, the tangent has a right-hand 
downward slope; as P moves to the right it also falls, and 
the value of the ordinate or function decreases algebraically. 

Hence, the sign of the derivative f\x) tells whether the 
function /(a*) is increasing or decreasing. To test liow f(x) 
chang(‘s as x increases from any value, a say, we fii’st cal¬ 
culate /'{(t). If /(«) in a positive number, then f{x) 
increases when x becomes greater than a: but if /'(a) is a 
negative numl)er, then/(a*) decreases when x becomes greater 
than a. If we suppose x to become less tlian a, then 
fix) will decrease when /'(</) is positive, but will increase 
wh(Mi /'(a) is negative. 

We have still to consider the case for which f\x) is zero. 
When fix) = 0y the tangent is horizontal; the rate at which 
P is rising or falling, for those values of x that make/'(a') 
vanish, is zero, and P is for the moment stationary. The 
value of the function is also said to be stationary; in most 
cases a stationary value is a turning value. 

Hence, to find the turning values of a function /(x) we seek 
those values of x that make f'(x) equal to zero. For the 
method of deciding wliether the turning value is a maxi¬ 
mum or a minimum, see the following examples and §21. 

Example 1. If /(.r) = 4P - P.r — 7, trace tlie variation of the function 
as X increases from - oo to + go . 

We have /(.r)-8(x-1). 

If .« < 1, then 8(.r -1) is negative. Tliei'efore for every value of x 
less than 1 the derivative is negative, so that as x increases from — oo 
to 1 the function steadily decreases ; f(x) decreases from 4-oo to —11. 
o.i.c. 0 
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If 1 , then —1) is positive. Thei^efore for every value of a 
greater than 1 the derivative is positive, so that as .r increases from 
1 to +00 the function steadily increases ;/(.r) inei-eaaes from ~ll 
to +x. 

If jr==l, the derivative is zero. Therefore/(I) is a stationary value 
of the function, obviously a minimum value. 

These conclusions agree with the charactei* of the graph of tlie 
function (Fig. 8, p. 29). 

Example 2. Graph the function/(a*) where 

/(.r) - 2.r' - o.r*’ - 12.r + 24.(1) 

Find f{x) and express it in factors ; we have 

/(x)= 6.6-2 - 18x- l-2 = 6|(..- 3)2 - 

or, since >^^17 approximately, 

fix) - 6(.r+ 0-56)(.r - 3o6).(2) 

The derivative /'(r) is zero when .r— -0*56 and when .r = 3*56; 
the corresponding values of /(vt), namely /(- 0*56) andy(3*5G) where 
/( -0*56)=^ 27*05, /(3*06)= - 42*55, 
are stationary values of the function. 



Fig. 9. 

We must now examine the sign of f{x) as x vanes from - co to 
+ oc. Since a product changes its sign when one of its fadore changes 
sign, we see from (2) that fix) can only change sign when x passes 
through the values -0'66 and 3*56; these two values of x guide us 
in tracing the sign of f(x\ 
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If < —0*56, that is, if x is negative and numerically greater than 
0*56, both factors of f{x) are negative and therefore f{x) is positive. 
Hence as x increases from - oo to -0-56 the function f{x) steadily 
increiises and the tracing point of the graph steadily rises ; since 
y(-x)==--oo, the tracing point rises from the extreme low left to 
the point (-0*56, 27*55). 

\i X >-0*56 but <3*56, the first factor of f\x) is positive, the 
second factor is negative and therefore f'{x) is negative. Hence as x 
increa.ses from —0*56 to 3 r>{> the function f{.xi) decreases fiom 21‘bb 
to - 42*55. The sbitionary value - 0*56) is therefore a maximum 
value. 

If .r > 3*56, both factors of are positive and tlierefore f(x) is 
positive. Hence as x increases from 3*56 to -hoo the function/(.r) 
increases from -42*55 to H-qo. Tlie stationary value /(3*56) is a 
minimum value. 

We now know how f{x) varies through its whole course. To show 
the use of the gradient in actually plotting the graph, we have 
marked in Fig. 9 certain points and have drawn short lengths of the 
tangents at these points. To complete the grapli within the range 
indicated, we must join the points by a smooth cui ve and see that 
this curve touches the bne at each point. It will be observed that 
the curve practically coincides with the tangent for a considerable 
distance on e^vch side of the point of contact. The following values 
are shown : 


. i-. 

-VS 

- 1 

-0*50 

0 

1 

1-5 

2 

3 i 8-5<; 

1 

< 

4-5 ' 5 j 5‘*> 

J'M j --4 

15 

25 

27-55 

24 

5 

- 7*5 

-20 

-3ol -42-5:) 

• i 

-40 

j 

-30 -111 1$*5 

/(x)I 48 

28-5 


0 

-12 

-24 

- 25 '5 

-24 

' - 12I 0 

i 1 

12 

j 28*5 ' 48 ! 70*5 

1 


Example 3. Find the point of inflexion on the graph of tlie 
function discussed in example 2. 

A point of inflexion on a curve is one at which the gradient has a 
turning value (§9). Now, if the tabulated values of f{x) are 
examined it will be seen that they decrease from 48, when .v= -2, 
to -25*5, when ^=1*5, and then increase to 70*5 when 07=5*5. The 
gradient has therefore a turning value at or near the point for which 
.r=l*5. 

To test the matter definitely, let us for the moment choose a new 
functional symbol for the gradient, say G{x) ; then 
(*r) =/(o7) = 6 o7 * -1 8 o7 -12. 

The turning value of the function G(x) is obtained by finding the 
value of X for which the derivative G'{x) vanishes ; but 
(7'(o7)= /)(6o72 - 18o7 -12 ) = 12 x -18, 

and therefore (?'(.r) = 0 when or = 18/12 = 1 *5. When .r=l*5 the 
gradient G{x) is a minimum ; because G\x) is negative 'when or < 1*5 




36 


INTRODUCTION TO THE CALCULUS. 


and positive when 1*5. In other words, the gnidient is a de¬ 
creasing function so long as x is less than 1*5, and an irici*easing 
function so long as x is greater than 1 ‘5 ; the value of the gradient 
when X is equal to l o must therefore be a ininiininn. 

We thus see that the point for which .r—1*5, that is, the point 
(1*5, ~7*5) is a point of inflexion on the graph of f(:v ); but we nave 
obtained the additional information that the graph has no other point 
of inflexion, because the gradient has only one turning value. 


20. Derived Curve. In the last example we liave used a 
new functional symbol for the grradient/'(.r). Theoradient 
is a function of x, and wo shall find it convenient for the 
present to use a special functional letter, sueli as G, to 
denote the gradient. 

In plotting the graph of f{x) it is convenient to employ 
a single letter, y say, to represent the ordinate. may 

similarly employ a single letter, c say, to represent tlie 
ordinate of the cjrai^h of G{j:) \ the expression for the 
gradient being known, we may plot it just as w(‘ plot any 
other function of x. 

Definition. The graph of the derivative of a function 
f{x) of X is called the derived curve of the function/(ir). 

We thus obtain for any function f{x) two curves; one is 
the graph of the function itstdf and the other is the graph 
of the derivative of the function. In plotting the two 
curves the a;-scale should be taken the same for both : the 
scale for the ordinates will usually need to be di He rent. 
The ordinate of the derived curve will be proportional to 
the gradient at the corresponding point of the graph of 
the function. 


For example 2, § 19, we slnxll have the oq\iations 

y = /(^)=— 9 .^ 2 —12x+ 24 ,. 

= 0{x) =/'(rr) = 6x' -18a: -12. 


( 1 ) 

( 2 ) 


The turning point of the gi*aph of (2) is the point of 
inflexion of the graph of (1). 

The graph of (2) will show clearly the various changes in 
the gradient of the graph of (1); it will in fact represent 
the variation described in §9. When the ordinate 0 is 
positive,the ordinate y is increasing; when z is negative ,y 
is decreasing ; when z is zero, y is stationary. 

This graphical method of tracing the variation of the 
gradient is often useful. 
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21. Maxima and Minima. The values of x that make 
f(x) a maximum or a nunimum are (§19) the roots of the 
equation f\x) — 0; but it may quite well happen that a 
value of X which makes /'(x) vanish does not make f{x) a 
maximum or a minimum. For example, if f{x) — x^, then 
f\x) = Sx‘^ and vanishes when x~0\ hut f(x) is neither a 
maximum nor a minimum when x = 0. The origin is a 
point of inllcxion. 

It is often troublesome to test whether a root of tlie 
equation f\x) = 0 does actually make f{x) a maximum or a 
minimum. A straightforward, though often tedious, 
method is the following: let a be a root of f'(x) = 0 and 
h a small positive number; ciilculate/(a),/(a —A),/(a+A). 
The values found will show at once the nature of/(a). 

The best method is to examine the signs oi f\a — h) and 
f'(a -hh). If f\a — h) is positive and f'(a + h) negative, then 
f{a) is a maximum; if f{a — h) is negative and f{a + h) 
positive, then f{(i) is a minimum. (Sec also §24, example 2.) 

In many cases, however, tlie nature of the problem shows 
whether a maximum or a minimum exists, and then the 
value of X that makes f{x) vanish will give the solution. 

Example 1. If = 2Tx + 5, find the turning values. 

f{x) -= 12.r“ - 27 = 12(.r +1 '5)(.r - 1T)) 
and wluui x— —1-5 and when x~ -fl'S. 

We now test these values. 

First }fcth()d. Take A = 0*5 ; then 

/(-1 -5) = 32 ; /( -1T) - 0-5) =/•( - 2)- 27 ; /( -15 + 0*5) =/(-!) = 28, 
and therefore /'(- 1*5) or 32 is a maximum ; 

/(IT))- -22 ; /(I-5-0-5)-/(l)- -18 ; /(l-5+0-5)-/(2)- -17, 
and therefore /(T5)= - 22 is a minimum ; ( — 22 is algebraically less 
than either - 18 or -17). 

Second Method. It is only the sign of f{x) that we need ; there is 
no necessity for calculating the value. \Ve suppose h to be miall and 
positive. 

/(^1-5-/0 = 1--.(-/0(~3-A)-12(-)(-)-+, 

/(-l-5 + yi)-12(yi)(-3 + //)-12( + )(-)=-. 

Hence as x changes from -1*5 — 4 to -1*5+4, the derivative 
changes from + to -, and therefore f(x) changes from an increasing 
to a decreasing function. /( —1*5) Is therefore a maximum value 
of f{x). 
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Again, 

/(1-5 + /0 = 12(3 + /0(/0-I2( + )(4-)-+. 

In this case/'(.r) changes from — to +, and therefore /(U’O is a 
minimum value of /(.r). 

Note The value -1*5 of .r makes f{x) a maximum, or ///ms* a 
maximum value of f{x)\ it is /(-1‘5) (tliat is, 3:2), tliat is the 
maximum, not —1*5 as the beginner often sa^s. 

Example 2. If/(.r) = 3 . 1 *^ - - 10 find the turning values. 

/(.r)==12a**'^-24:r-+12.r=12.r(.r~ 1)-, 
so that when .r = 0 and wdien .r=l. 

Now, /( - A) = 12( - /0( - - ly- = 1 •2( - )( + ) - - , 

/'(/0= 12(A)(A -1)—12( + K + )= +. 

Hencey(O), which is equal to — 10, is a minimum. 

Ajtain, /'(l-A) = 12(l-A)(-/0-=12( + )( + )=+, 

/'(l+A) = 12(l+/*)(A)--12( + )( + )=+. 

In this case f(N) does not change sign as x inci‘eases through the 
value 1 ; /{j:) imrreases as x increases from \ —h to 1 and continues to 
i/arease as x increases from 1 to l+A. Tlie point on the graph <>f 
f{.r) for which .r —1, namely (1, —9), is a point of infiexion. We 
can confirm this by finding the points of inflexion on the grapli of f{x). 

Let 6^(.r) Ije the gradient ; then 0'(.?')=/'(.r) = 12.r'^-24.r--f 12j;. 

G'(x) = 36.r‘-^ - 48.r +12=. 36(,r - i)(r - i), 

When .r = J, 0(x) is a maximum, and when .r= 1, G(x) is a minimum. 

Hence the points points of inflexion on the 

gi aph of f(x). 

Example 3. Find the greatest (right, circular) cone that c<an be 
inscribed in a sphere of radius II. 

A 



Let ABE (Fig. 10) be a section of the cone by a plane through its 
vertex A and tlie centre 0 of the sphere. Tlie volume of the cone 



EXERCISES. III. 


39 


Let 00—a:; then AC—/i-^.v and — The volume is 

therefore 

^ - x2) (/?+X) = 5 (/f“+/f2.r - ar2 - .^3), 

fi «5 

and, since tt/S is a constant, the volume will be a maximum when the 
expression in the bracket is a maximum. The problem therefore 
becomes ; it f{jr)— lP-\- It-x- — find the maximum value of /(r). 

We have ‘ 

and /X‘^) = 0 when x~ —R and when x = \R, 

The value - R makes f{x) equal to 0 ; the value J/2 makes f{x) 
a maximum. It is, in fact, obvious that there must be a maximum, 
and it can only be the value given by x~\R, The maximum cone 
has the volume ^-lirR^lHl or 

Note that for the maximum cone 

sin BA0~ 1 /v^3 and A BAC= 35° 16'. 

Example 4. Find the maximum value of the curved surface of a 
cone inscribed in a sphere of radius R. 

The curved surface (Fig. 10) is ttBC. AB and, in the notation of 
example 3, is equal to 

7rv/(/22-.r-*)v/{( R-- a2) xf) or Tr^f(2R)J{R^ + R^x 

Now, since we are only concerned in this case with positive 
({uantities, the carved surface will be a maximum when its sq^iare is a 
maximum. But the square is 'lTr'^Rf{x\ where f{x) has the same 
meaning as in example 3. Hence, the factor ^Tr^li being a constant, 
the curved surface will be a maximum for the same value of .r, 
namely \R^ as in example 3; the maximum value is 87r/^‘^'3^3 or 
4*84/f-. 


EXERCISES. HI. 


y^ote. The cylinders and cone.s referred to in the examples are 
right circular cylinders and cones. 

Find the turning values, stating their nature, and the jx>ints of 
inflexion on the graphs of the functions 1-18. 


1. 10-fl5.r-3.r-. 

3. .r^-3.^:-f2. 

5. 2.r3-;ir2-12.r-f 10. 

7. 3—42*^-10. 

9. (1-f.ryK !-•»•-)• 

11. (.r-l)(x-2)(.r-3). 
13. .2^(9 

15. (2.r2-f3x+18) .r. 

17. (2x^ + 3x^‘¥S);xK 


2. (2.r-f3)(5-a'). 

4. 40^" - irv‘2-f 12vi: —2. 

6. 3.2-^-8a-'^-ar2 + 24.r-ll. 
8. .r* — bx* -f bx^ H- 10. 

10. Ji^l-x)K 
12. jr(9-.r2). 

14. x^{d-x^). 

16. (a^-fx-f2)/(.r-l). 

18. (7.r^-30ar3 + ll.r^-8)M 
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'19. Show that the altitude of the cjlinder of maximum volume 
tjiat can be inscribed in a spjiere of ludius R is 2Rjj3. 

20. Show that the curved surface of a cylinder inscribed in a 
sphere of radius R is a maximum when the altitude of the cylinder 

21. Show that the altitude of the cylinder of maximum volume 
that can be inscribed in a cone, whose altitude is h and the radius of 
whose biise is /f, is \h, 

22. Show that the curved surface of a cylinder inscribed in the 
cone of example 21 is a maximum when the altitude of the cylinder 
is \h, 

' 23. A cylinder is to be constructed and its total surface is to be 
A square inches; show that the altitude of the cylinder of greatest 
volume that satisfies the condition is twice the radius of its base. 

[Let the altitude of the cylinder be ?/ in. and the radius of its base 
X in.; then its volume is TX-y cub. in. and its total surface 27 r.^;y-f 2T.r^ 
sq. in. But, by the given condition, 

27r.r?/-f27r.r^ = d, 

so that TTXy =A(J -- 27r.v^)y Ttx^y — I(A,v — 27 r.r ). 

The problem therefore reduces to that of finding the maximum 
value or J(i4.r-27rr').] 

' 24. The strength of a rectangular beam varies as the product of 
the breadth and the square of the depth of the beam ; find the breadth 
and depth of the strongest rectangular beam that can be cut from a 
cylindrical log, the diameter of whose cross-section is d inches. 

25. From a rectangular sheet of tin, the sides of whicli are a and b 
inch^, equal squares are cut off at each corner and a box with open 
top is formed by turning up the sides. Find the side of the square 
so that the box may have maximum content. 

26. If x-\~y=ky ^ constant, find the maximum value of x^y\ all the 
quantities being positive. 

Prove from your i*esult that 

unless .r/3—y/2 or a = by in which case there is ecjuality. 

27. The same problem as in example 26 for Deduce 

or a^^by in which case there is equality. 

What would you infer the inequalities deduced from to be ? 




CHAPTER III. 

DIFFERENTIALS. HIGHER DERIVATIVES. 

22. Differentials. In Fijf. 11 let OM = x, MP = y=f{x), 
MN = PR — Sx, RQ = 6y and let the tangent PT cut NQ at 
T ; PR is parallel to MX. 



The gradient of the curve at P is RT/PR, and its value 
is the value of dyjdx or/'(;cl when x = OM. 

Now suppose that a point moves along the curve AP, 
but, when it comes to P, suppose it to proceed, not along 
the arc PQ but along the tangent PT. The increment of 
the ordinate of the moving point is, on this supposition, 
not RQ or Sy but RT. This hypothetical increment of y is 
called the differential of y and is denoted by dy (or df (x), 
when /(«) is used in place of y ); the symbol dy must, like 
Sy, be taken as a whole. 

We thus have 

51 / = actual increment of the function y=>RQ, 
differential of the function y—RT. 
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The hypothetical increment of the independent variable 
X is the same as the actual increment MN or 6x ; we may 
therefore write dx, the differential of Xy in place of SXy thus 
securing a symmetrical notation. 


Since 


jy^)-'PR-dx^ dx 


we deduce dy = df{x) = f{x)dXy .(1) 

so that f\x) is the coefficient of the differential dx ; hence 
the name “ differential coefficient.” 

From (1) we see that the differential of a function f{x) is 
equal to the derivative f'{x\ multiplied by the differential dx 
of the independent variable x. 


For example, 

d{x^) = 2xdx ; d{x^) = ; d{Zx^ — x -f 4) = (6.r — 1 

Instead of the bnicketa, a pant is often used when the function 
contains only one term : thus, d, x\ d The notation d.r^, without 
brackets or point, is usually taken to mean {dx^y that is, the square 
of dx. 

When the independent variable is, say, t or u we have 

d.t^='2tdt-, = d{id-u)=^(Za^--i)du. 


23. Approximations. In the definition of dx there is no 
limitation as to its magnitude ; we may choose dx of any 
size we please but, when dx has been chosen, the magnitude 
of dy becomes definite because dy=f\x)dx. In practice, 
however, dx (and therefore also dy) is usually supposed to 
be small ; when dx is small, dy is a good approximation to 
the value of <S?y, as will now be proved. 

Let the value of 8yJ5x^ in ^ 17 be examined; it will be 
seen that in every case it consists of two terms, namely (i ) 
the derivative, (ii) a term of the form ASx^; We therefore 
have, for any value of Xy an equation of the form 

%=m-^ASx. 

Multiplying by Sx we find, since Sx^dx and fXx)dx = dyy 
Sy =^f'{x)Sx + A(Sxf = dy + A(dxy, 

Now, the fractional error involved in replacing Sy by dy 
is (Sy-dy)lSy. 
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But _= - - X dx 

f((x)dx + A{dxY f(x)+ Adx 

If, therefore, dx is snuxll tlie fractional error will usually 
be small, because A and f\x) arc usually linite quantities. 
Of course, in all approximations it is, as a rule, the 
fractional and not the absolute error that is of importance. 

If then y=f{x) and ijSi/= f(x + dx) we have as 
approximate equations, when dx is small, 

/(x+ dx) = 6y=dy =f'{x)dx, .(1) 

f{x + dx) =/(./;) +f{x)dx .(2) 

where, it will be noted, the term in (dxy does not appear. 

(Jeometrically, RQ (Fig. 11) is approximately equal to 
R7' when MN is small. 


Exam pie. Let f{x) =.r- ; tlien dp = f{x)d.v = 2xd.r. 

If vt’ = 2 and then dp—0 4, Sy —()'41. 

If .r = 2 and dx — 0'0\, then dp — 0'04, Sp = 0 0401. 

When = the absolute error in taking dp for Sp is 0 01, tlio 
fractional error is 1/41 and the pei'centage eri’oi* about 2L 

When (:f.r=0*01, these errors are respectively 0 0001, 1 401 and 
about b 

The errors involved in takingh) place oi f(.c4-dx) iu 
tlie two ciuses are 0*01, 1/^441, 0*23 and 0*0001, 1/40401, 0*0025 respec¬ 
tively. 

Examples 20-29 of Exercise IV. should be noted. 

A very useful case of (2) is obtained by putting= 
writing It for dx we find when k is small 

{x+h)^ = x^^ + nx^^~Vi .(3 ) 

The approximate values given by equations (1), (2), (3) 
may be called approxiviafions to 6p, f(x + dx), (x + hy^ 
respectively. 

As a method of approximation, the principle of rejecting 
squares and higher powers of small quantities, such as dx 
is supposed to be, is of great importance. It may be noted, 
as a hint that can often be turned to good account, that 
in finding the limit of SyJSx^ we may at the outset reject the 
squares and higher powers of for the simple reason that 
these have no influence on the limit. Thus, in § 17 (3) the 
terms denoted by might have been rejected at the 

start; because in equation (4) they appear as A&p and the 
limit of ASx^ is zero. Terms such as A(<SvC^y^ are sometimes 






44 


INTRODUCTION TO THE CALCULUS. 


said to be neglected as being ‘"infinitely small’* in com¬ 
parison with those retained; but this phraseology is apt to 
mislead the beginner, especially when associated with a 
doctrine of different kinds of “nothing.*’ For a more 
detailed treatment of this matter, see the author’s Calculm, 
§§86, 87. 


24. Higher Derivatives. Tlie derivative of a function 
y oix is usually itself a function of x and therefore has a 
derivative. Thus, if = then Dy^^x^\ but i)(4a;^)= 12.r-, 
that is, the derivative of the derivative of is I2ir-. The 
function D(^x^) or 1is tlierefore called the second deri¬ 
vative of Similarly, Z)(12.r^), that is 2kr, is called the 
third derivative of and so on. D{x'^) may now, for 
distinction, be called the first derivative of x^. 

The notation for the higher derivatives is modelled on 
the notation for indices. Thus, 

the first derivative of y is Dy ; 

the second . D{Dy\ written D-y ; 

the third . D(Dhj\ . D^y ; 

the >ith .. D(D"“^y), . D^^y, 

The suffix X, f,... is in.serted when the argument has to 

be specified; thus, DJ^y, DJhj ... Dthjy Dt^y _ 

In the djdx notation these derivatives are written thus: 




dx^’ ^ dx^'^ dx^ 


and so on. 

The accent notation is also used; thus f'{x) means the 
2nd derivative of f{x\f'\x) the 3rd derivative and so on. 
The nth derivative is f^^\x), the n being put in brackets. 
The student should note examples 2 and 3. 


Example 1. If find the first four deriva* 

tives of y. ' 

Dy or ^^4ax^’^3bx^+2cx+d; 

cP?/ 

D^y or 65 j7-|-2c ; 
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Since a constant, the 5th and all higher derivatives are in 

this case zer o. 

Example 2. If f{x)=^0 when .r = a, show that /(a) will be a 
maximum value of f{x) provided f"{a) is a negative (not zero) 
number, but that f{a) will be a minimum value of provided 

f\a) is a positive (not zero) number. 

Let h be a small positive number, then, provided f"{a) is not zero, 
the function f'\x) will have the same shpi when x is equal to a-A or 
ta a^h as it has when x is equal to a; because the three values of 
/"(.r) cannot differ much from each other. 

Now, f{a) is a maximum value of J{x) if, and only if, the gradient 
j\x) is positive when .r = a--Aand negative when x — a-\-h. Hence, 
as X increases from a-h to o-t-A, the function fix) decreases 
(algebraically), and therefore (i^ 19) the derivative of f{x) must be 
negative. Ihit the derivative of f(x) is f'(x\ and therefore, as x 
increases from a-A to a + f'(x) must be negative ; that is,/"(<^0 

must be negative. 

In the same way the other part of the theorem is proved ; f{x) is 
now an increasing function. 

If r(a)~0 the reasoning fails ; it will be a good exercise to show 
precisely where it fails. 

We have here obtained a test for a maximum or minimum that ia 
soTiH'times useful. 

Thus, in § 21, example I, f\.r) = 24x. Now, 

r ( - 1-5) - ~ 36, f'il'b) = 36, 

so that /(-1*5) is a maximum and /(I’o) a minimum value of /(.?). 

Example 3. Show that the abscissae of the points of intlexioii on 
the graph of/(.r) are the roots of the equation — 

At a point of inflexion the giadient AT-^) turning value (§ 19, 

example 3); therefore the abscissa ot such a point must make the 
derivative of fix) equal to zero, tliat is, it satisfies the equation 
r(.r) :==(). 

To be certain that a point of inflexion is present, the test tliat/'(.t) 
has a turning value should be applied. 


EXERCISES. lY. 

Write down the differentials of the functions 1-13. 

1. 2.r + 3. 2. ax-hb. 3. 3.r- + l. 4. + 

5. 6. 7. 

8. ^x^-Ax + 7. 9, ax^4-bx+c. 10. Jx, 


11 . 


sjx 


12 . 




13. a.r« + - 
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Write down functioiia of which the functions 14-25 are the 
differentials. 

14 . xdr. 15 . (.r*f 16 . 






21 . 


dv 

(r-fiy^‘ 


22 . 


do 

1 


-f 2 4*-., 
w-/ 


26. If = find the first approximation to/(.r-fc/.r). 

(hie root of —3—0 is 1*18 approximately ; calculate a better 

approximation. See Newton’s Role, paf^e 218. 

[J^et l*18-f ^ be the root ; then /(LlS-f A) = 0. But, since h is 
small, /(l*l8 + ^)=/(l*18)+/(l'18)/^, 

so that “/(l-isy 

Now, ./■(1'18)= -0'0028, /(M8)=6'08, so that A = 0-0004G and the 
root is 1 18046. Note that in § 22 we may if we please suppose dx to 
be negative, for Q may be taken on the other side of 7^] 

27. The equation 3.x*® -Ax — 5 —0 has one real root wdiich is, approxi¬ 
mately, equal to 1*5 ; find a better approximation. 

28. The real root of the equation 3ar®4-5u* — 40~0 is 2*13 approxi¬ 
mately ; find a better approximation. 

29. One root of the equation .r®-4./ - —4-24 —0 is 218 approxi¬ 
mately ; find a better approximation. 

30. Show that equation (2), § 23, may be written in the forms 

(i) /(6)^/(a) + (6-«)/(a), 

(ii) f{x)^f{0) + xf{()). 

Illustrate by graphs. 

Apply S 23 (3), or Example 30, to prove the approximate equations 
in Examples 31-36 ; test the approximations in any way you can. 

31. = 32. V04-.r2)=:l+^.r2 

33. V(a+^)-Va+2j^. 34. VCp“+^)=i>+^- 

35 ^ ^ 1 . _ ^ 

^ 1 1 r 
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Write down the second and third derivatives of the functions 37-48. 
37. 3.J^-5.r+7. 38. 10.ri-15.r3+12-r2 + 8j;-5. 




41. 


1 

x+l’ 


42. 


1 


43. a.r+6+-+-i 44. ^/.r. 45. 

X or »Jx 

46. 47. 48. 


Find the points of inflexion on the graphs of the functions 49-53. 

49. 50. 4r3-27.r+5. 51. bx^-¥4.x^-Sx+2. 

52. (.r-fl)(.r-f2)(.r-f3). 53. x-{a-xy. 

54. Show that (with the usual disposition of the axes) the graph 
of f{x) is concave upwards for all values of x that make /'(x) positive, 
but is convex jupwards for all values of x that make f'{x) negative. 
(See § 9.) 



CHAPTER IV. 

APPLICATIONS TO MECHANICS. FURTHER THEOREMS 
ON DIFFERENTIATION. 

25. Applications to Mechanics. The gradient at a point 
P on the graph of a function y or f{x) measures the rate at 
which the function increases with respect to x, for tlie 
particular value of x which is tlie abscissa of P (§ 19). 
The characteristic word for expressing a rate is per. 
Thus, if the gradient of a road is 1/20 the road rises 
l/20th of the vertical unit per unit of horizontal advance, 
or 1 vertical unit 2^^^" -0 horizontal units. Again, the 
speed of a train may be 30 miles per hour; the rate at 
which the velocity of a falling body is accelerated is 
82 units of velocity (feet />cr second) jx'r second, and 
so on. 

In algebraical language, if, as the independent variable 
increases from x to x + Sx, tlie function increases from 1 / to 
y + Sy then Sy/Sx measures tlie average rate at which y 
increases for the increment Sx; the limit of Sy/Sx (which 
is denoted by dyjdx) measures the rate at which increases, 
for the value x of the independent variable. If y is, for 
example, a number of square inches and x a number of 
seconds, then dyjdx means so many square inches per 
second; it x denotes a number of degrees of temjierature, 
then (y being a number of square inches) dyjdx means so 
many square inches per degree of temperature,*' and so on. 
The student should accustom himself to thinking of this 
meaning of a derivative. 

We sWl now take some examplea 
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Example 1, Velocity, Acceleration, Force. At time t (seconds) 
from a cmosen instant, a particle of mass m (pounds), which is moving 
along a straight line, is at the distance x (feet) from a fixed point 0 on 
the line. If the velocity of the particle is v (feet per second), the 
acceleration a (feet per second per second) and the force acting on it 
F (poundals), express v and a as ^-derivatives, and write down the 
equation connecting a. 

The velocity at time t is the rate at which the distance x is increasing. 
^Vhen t increases to let x increase to or-f-Sjr ; of course, if x 

decreases the increment Sx is negative. The average velocity during 
the interval 8t is Sx/St ; and the velocity at time t^ from which the 
interval ^t heginsy is the limit of hxjht for 8^ converging to zero. 

Therefore . 


(To save needless multiplication of symbols we have not taken a 
value ^|, as we did in finding derivatives ; w^e suppose for the moment 
that t has some definite value and we hold that value fixed while 
finding the limit. The process is identical with that adopted before.) 

Agiiin, suppose that during the interval the velocity takes the 
increment 6/’; then ^vj^t is the average rate of increase of r, that is 
the average acceleration, during that interval. Hence 


_dv _(Px 
di~ di^' 


(ii) 


Newton called v the fluxion of x, and a the fluxion of v or the second 
fluxion of X ; x and v he called the fluents. His notation for a fluxion 
is a dot placed over the fluent; thus, 

a^v~'x . (iii) 

This notation is still used frequently in mechanics when the time is 
the independent variable. 

By the second law of motion, the force /’(poundals) in the direction 
of motion is the time-rate of change of the momentum mv. Therefore 


^_d(mv) 

dt 


dv 

= m~r~'ina. 
dt 


(iv) 


Example 2. Pressure at a point in a fluid. Let the pressure 
exerted on either side of a plane area, b square inches, drawm in a 
fluid l)e» pounds ; the average pressui*e per square inch over the area 
is therefore pis. If I* is a point within the area, the pressure of the 
fluid at P is the limit of pjs as the area b tends to zero, the point P 
being always within the area. The pressure at a point is thus a rate 
of pi^essure^ and is expressed as so many pounds |)er square inch ; 
instead of “ pressure at a point ” the phrase “ the intensity of pressure 
at a point ” is frequently used. 

Example 3. Elasticity of Yolume of a fluid Let p (pounds 
per square inch) be the intensity of presvsure and v (cubic inches) the 
volume of unit mass of a fluid, p l>eing a definite function of p, 'V^en 

Q.l.C. D 
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p increases by let v increase by ; if hp is positive, will be 
negative. The quotient -^vjv is called the mean compression, and 
the limit of the quotient of the increment of pressure by the mean 
compression produced is called the elasticity of volume of the fluid. 
Hence the elasticity of volume is 


L 

ay=0 



J. 8p (Ip 


When (i) pv = U, (ii) pv^ = U we obtain (§18, Example 3) (i) p, (ii) yp 
for the elasticity of volume. 


Example 4. If W is the work done in stretching a rod or string 
from its natural length a to the length a-^x, find dWfcLv^ assuming 
Hooke’s law to hold. 

The quotient xja is called the unital extension^ and by Hooke’s law 
the force F required to produce that extension is proportional to it, 
so that F~ Exja where is a constant. When x has become .r 4- let 
the force be 8/^and the work done 8 W. The work done, 8 IT, 
in increiising x by Sx w'ill lie between FLc and (F-h SF)Sx hence 
S ir/&i* lies between /^and F+SF, But when Sx converges to zero so 
does SF^ and therefore 


ax a 


It is easy to verify that W^\Ex^la=^\xF\ the work will be 
expressed in inch-pounds if x is given in inches and F in pounds. 

It will be noticed that (/^4-5/'’)5.r differs from F%x by the product 
^F. ^x ; but, when we divide by and then take the limit, the term 
^F will disappear. In this and similar cases, then, we might lejcct 
the product oF. hx at the start and take S JV equal to FSv, the 
di^erential of W. In pT-actice this rejection is usually made to begin 
with ; this procedure simplifies the work and neglects nothing though it 
rejects something ! 


26. Additional Theorems of Differentiation. We shall now 
consider some cases of differentiation to which the results 
given in § 18 are not immediately applicable. 

I. Ftinction of a Function. Suppose y —cc + 1)^. 
The base —1) of the power is neither x simply nor a 
linear function of x, and therefore the derivative of y can 
not be obtained either by rule I. or by rule V. of § 18. In 
A case like this we proceed as follows : put a single variable. 
u say, for the base (a;^—cc+l); y then becomes a function 
of w but, through is a function of x. The two equations 

^express y as a function of a function of x. 
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Now, we can calculate dyjdu and dujdx ; how are these 
two derivatives connected with dy/dx ? The answer is that 
dyidx is equal to their product, as may be proved thus; 

When X takes the increment Sx let u take the increment 
Stty and when u takes the increment Su let y take the 
increment Sy ; to the increment Sx of x, therefore, cor¬ 
responds the increment Sy of y. But, by ordinary algebra, 

Sx 6u Sx' 


and therefore, taking the limit of each member of the 
equation for Sx (and therefore also Su) converging to zero, 
we deduce dy_dy du 

dx ~ du ^ dx. 


.(A) 


The theorem (a) is clearly quite general. To calculate 
dyjdu we must of course express y in terms of u. 

Example 1. Find dyjdx when )^. 

As above, y = 


dy _ dy 
dx du 


du , - 

X 


x(2u.’-l) = - 




With a little practice the substitution of u can be done mentally ; 
thus, D (x^ - i- a^)~^ x 2a:= x/(x^ - . 


Example 2. An important application of (a) occurs in mechanics. 
Using the notation of § 26, example 1, we have 


a 


dv dv dx dv dv 

— x-^ X v==v ~r- 

dt dx dt dx dx 


But, 
so that 


d.v^^d.u^ dv dv 

dx dv ^ dx ^dx^ 




F^ma=\m 


d, V" d{\mv^) 
dx ~ dx 


Equation (iv) of § 25, example 1, may therefore be put in the two 
forms 

..(iva) 


In (iv) F is expressed as the time-rate of change of momentum; in 
(i\ 7 f) as the space-rate (rate per unit of distance) of change of kinetio 
energy. (Tlie kinetic energy is ^mv*.) 
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In the same way as theorem (a) is established we prove 


dy dx 
di^dy 


= 1 



dy 

dx 


.(A') 


Theorem (a') has a simple graphical interpretation which 
the student should find. (Take dyjdx as the gradient of 
the graph of y and use the trigonometrical interpretation 
of the gradient, § 5.) 

II. Derivative of a Product. Let u and v be functions of 
X. When x takes the increment let it take tlie incre¬ 
ment Svb and v the increment Sv. Then the increment 
6{iiv) of the product uv is 

0 ( av) = {iL + Sii){v+ Sv) — uv=vSit + uSv + ou xSi\ 


Therefore, 


S(uv) Sii , Sv 

—-— = V 

Sx ox ox 




SO that, 


d(uv) du . dv 
dx ~ ^dx ^dx’ 


.(b) 


because the limit of f,- X Sv is x 0, wliich is zero. 
ox dx 


F K H 

r ] 


A 

■jr f ubv) 

(huy.hv) 

c 

V (uv) 

( vbu ) 

A -- " “ 

3— bu~>- 


Fig.' 12. 


Fig. 12 gives a geometrical interpretation. The differential vd7i is 
equal to the rectangle BG^ the differential 7idv to the rectangle DKy 
and the differential d{uv) is equal to the sum of BG and DK. 

The increment S(uv) of the rectangle A C (or nv) differs from the 
differential d{uv) by the i‘ectangle (7/r which is equal to x Sv. 

If te, V are the lengths, in inches say, of the sides of a rectangular 
plate A BCD when the temperature of the plate is x degrees, then 
d(uv)lcLc is the rate, in square inches per degree, at which the area is 
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expanding ; duldx and dvjdx are the rates, in inches per degree, at 
which the sides are expanding. 

If there are more than two factors, say it, v, we may 
extend theorem (b) by applying it twice; thus, first con¬ 
sider vw as forming one factor and we find 

D{\xvu)) — Diu . vw) = vwDii + ilD{vw). 

But D{vw) = wDv -f vDiv, 

so that D{uviv) = vwDii + mvDv + uvDw . (b') 

If we divide both members of (b') by uviv we obtain 

Diuvw) Du . Dv , Dw , ,,, 

UVW U V IV 

a form wliich is easily extended to any number of factors. 

Example 3. ]Jifferen tiate (2.r-h 3).y(j:- - jr +1). 

+ 3)V(.r2- .r + 1) = -x-h l)D(2.v + 3) + (2.r 4- 3)- .r -f 1) 

= sl(x^ - .r +1) X 2 + (2.r + 3) X (2.r - 1 )/2^{x^ - .r 4 I) 
=(8.r2 4-l)/2^Cr2-a;+l), 

the value of DsJ(x^-x + \) being taken from example 1. To lessen 
the chance of mistakes in complicated differentiations, a derivative 
that cannot be at once written down should be worked out separately 
and then inserted. 


III. Derivative of a Quotient. Let the quotient be ujv and 
write the quotient as a'product, namely uv ^; then by (b) 




du div^'^) 


dx 


dx 


But 


d{v~^) _d{v'“'^) dv ^ 
dx ^ dv dx^ 


dx 
Av 


^ dx 


dx 
1 dv 
v^ dx' 


Substituting and reducing, we find 

vDu — uDv 

V- 




.(c) 


Example 4. Differentiate - 3a; 41 )/(.r2 + 2a; 4- 4). 

^/7 .r2-ar4-l \ ^ C t;2^2a;4-4)(14.v -3 )-(7a;2^3^^i)(2:t-4‘2) 

\ ar24-2a;4-4 / (x^4*2.r + 4)2 

17.r^4-54.y~14 
(.'r2 4-2a;4-4)“ 

When the denominator is a power it is better to express the 
quotient as a product and to use (b) and (a). 
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The following example is of a type that is of great 
use in integration. The process is that of changing the 
independent variable. 

Example 5. Given ^ = + find ^ where —ex¬ 
pressing the value in terms of ii. Deduce the integral of 1). 


Bv (K) (a'x 

’ du dx dii dx * dx 


because 


du ■ dx 


Hence, = a\f (x^-h\)-^2x— +1) = ^Ju. 

The integral with respect to u of h>Ju is as may be tested by 
ditTerentiating with respect to n. Therefore y==\n^^ so that, replacing 
«l>y.r 2 -;-l we find y = J(.rr 2 -|-l)^. The student should test that the 
^’-derivative of J(.r 2 + 1 )^ is 1 ). 


The next example shows how to find the gradient of a 
curve when the coordinates are expressed in terms of a 
third variable as is so often the case in mechanics. 


Example 6 , If x and y are both functions of a third variable b 
.show that dy_dy , dx 

dx dt ’ dt 

We can apply (a) and (a') ; for y is a function of b Ms a 
function of .r, since x is a function of t. Therefore 
dy_dy dt _dy , dx 
dx dt dx~ dt ' dt' 

Or, we may use differentials. \{ t takes the increment dt then the 
differe/itiah dy, dx are given by 

d?/ — ^dty dx=^dt. 
dt dt 

Dividing dy by dx, we obtain the result stated. 


EXERCISES. V. 

1 . The horizontal and vertical coordinates (.r, y) of a moving point 
are, at time t, ^^ 400 ^^ y ^ 300 ^ -1 Qfi, 

Find the horizontal and vertical components (i) of the velocity, (ii) 
of the acceleration of the point. Find also the highest point of the 
path and give the direction of motion of the point (that is, give the 
gradient of the path) at time L In what direction is the point moving 
when ^**0? 
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2. The same problem as in example 1 when 

x^Uty Vt - 

3. A point is moving in a circle of radius a, and at time t the radius 
to the point makes an angle Q with a fixed radius. If v is the speed 
and <*> the angular velocity of the point, show that 

dd 

<0 = ^, v = 

Express in symbols the tangential acceleration of the point. 

4. If V is the number of lines of force passing through a circuit, 
state in words the meaning of -dNjdt^ t denoting the time at which 
the number of lines is N. 

5. Express in symbols the statement that the electromotive force E 
is the sum of two terms of which the first is the product of the 
resistance li and the current C', and the second is the product of the 
self-inductance L and the time-rate of increase of C, 


Differentiate the functions 6-47. 


6. 


7. 


8. 

^{x^ + d‘). 

9. 


10. 

V(3a.'!‘ + 5). 

11. 

J{b-Zx‘). 

12. 

^/(ao72 4-6). 

13. 

- 007*2). 

14. 


15. 

v/(3x*-4j- + 5). 

16. 

^/(5 -f 4o7 - 3.r2). 

17. 

sJ{aj^A'hxA‘C). 

18. 

1 

v^(^^+iy 

19. 

1 

20 . 

1 

- 10x+6)‘ 

21. 

1 

>J{ax^ 4- br 4- c)* 

22. 


23. 

^/(tur’ + 6), 

24. 

1 

ij{ax^ 4- 6)' 


2®- 4/(ax3+6T+c)' 


26. {ax-\'h){Ajr-\-Bx'\-C). 27. (r24-4r-f 3)( 072 - 4 .^ 4 - 3)4 

28. ( 0 - 4 -l)(,r4-2)(.r4-3). 29. (2o7-l)*(ar4-4)*. 

30. (ao7 4-6)2(co- + (£)^ 31. (a.r4-&)(/f.r^-f^.r4-(7)^4 


32. 33. (207 4-3)^(^2 4-4). 

34. (a4-o7)^(a2-o^). 36. {aX’\-h)sJ{Ax^-\-B). 

38. (307 4-4)2^/(0724-307-2). 37. V{(o-4-3)(o--2)}. 


38. 


307 4 -4 
607 4-6* 


39. 


a.r4-6 

C074-rf 


42. 

45 . 


1 4-ar- .r2 

2 + 607-h0?2* 



43. 


(307 4-2)2 

2o7~i2 • 



0724.^74.1 
072 - 0 ’ 4-1 


)■ 


44. 
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48. At time t seconds the three conterminous edges of a rectangular 
parallelepiped are w, r, w feet respectively ; find the rate at which the 
volume IS increasing. Of which of the formulae in § 26 does this 
example furnish an illustration ? 

49. The radius of a circle is increasing at the rate of 2 feet per 
minute ; at what rate is (i) the circumference, (ii) the area, increasing 
when the radius is 10 feet ? 

\ 50. If the radius of a circle is increasing at the rate of v feet per 
minute, at what rate is the area increasing when the radius is x feet ? 

V 51. The radius of a sphere is growing at the rate of v feet per 
minute ; at what rate is (i) the surface, (ii) the volume, growing when 
the nidi us is x feet ? 

52. A vessel in the shape of a right ciicular cone, with vertex 
downw’ards and axis vertical, is being filled with water ; the inflow, 
of water is at tlie uniform rate of 12 cubic feet per minute. At what 
rate is the surface of the water in the vessel rising wlien its depth 
is (i) 10 feet, (ii) x feet, the height of the vessel being 20 feet and the 
radius of its circular top 10 feet ? 

. 53. A reservoir has plane sloping sides and ends ; its top and 
bottom are horizontal rectangles of sides 24 and 10 feet, and 12 and 
8 feet respectively, and its depth is 40 feet. If water flows into it 
at the uniform nite of 30 cubic feet per minute, at what rate is the 
surface rising when the depth of water is 10 feet ? 


Maxima and Minima. 

Find the maximum and minimum values of the functions 54-61 ; 
a is a positive constant. 

54. .rV(25-.r‘0. 55. {a+x)sl{a^ 56. 

X ^ er» •^ + X4-1 


57. 

60. 


l4-x^ 




58. 59. .. - 

<,^'(1-1-X--X+1 

61. {a-\-x)sJ{a-x), 


62. The stiffness of a rectangular beam varies as the product of 
the breadth and the cube of the depth ; find the breadth and depth 
of the stiffifest rectangular beam that can be cut from a cylindrical log, 
the diameter of the cross-section being d inches. 

63. Given the total surface of a cone, show that when the volume 
is a maximum the sine of half the Vertical angle will be J. 

64. Assuming that the brightness of a small surface A varies 
inversely as the square of the distance r from the source of light and 
directly as the cosine of the angle between r and the normal to the 
surface at A, find at what height above the centre of a horizontal 
circle of nulius a an electric Tight should be placed so that the 
brightness at the circumference may be greatest. 

M. If the intensities of two sources A, i? of light be respec¬ 
tively, find the point on the line A/? at which the brightness is least. 
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Change of the Independent Variable. 


In examples GG-75, find expressing its value in terms of u ; 

deduce the value of y in terms of x. Show that example 75 includes 
the others as particular cases. 

66. "h 1 )->/ 4- 2.r -f 2 ) ; + 24- 2 . 

67. ^| = (2jr + 3)(ar2+3.r-2)*; ?t=.i:2 + .3.r-2. 

68 . %--=Z-x\ 

69. ^+ i); ««= ax'*+i». 

dif X o , 

70. -j - rf"~2~r 1 \ j 4“ 1. 

71 =_.£r.^_•M = 2r2-4.r + l 

2ax-^h 2 , , 

72. = -77 —.r--- 7 ——T ; n = ax^ 4- hx 4- c. 
dx v'(^/.r-4-/>.r4-c) 

73 . 'J^=.r2v'(aA-^+&): M = a.r3 + />. 

74. ^=( 2 rt^:+ 6 )(a.r^ + ?>^'+c)" ; Ji:rf/x® + ?».r+c. 

75. ;2=[/(.f)]"x/W; «=/(.r). 



CHAPTER V. 

INTEGRATION OF ROWERS. 

27. Inte^ation. Suppose we know the i^radieut at 
every point of a road with no turns in it, and also the 
height of one point of the road above a datum line; we 
can then, it is clear, draw a contour or trace of the road, 
and show the height of any point on it above the datum 
line. Stated geometrically the problem is simply: given 
the gradient at every point of a plane curve and also the 
coordinates of one point on it, lind the ecpiation of the 
curve. 

Consider the ca.se in which the gradient Is given by the equation 

.( 1 ) 

and the curve goes through the point (2, 9). 

The first question is, Can we find a function which will, when 
differentiated, give 3 4- ir - ? From what we know of differentiation 

we can say that is such a function (test by differentiating 

it) ; but, bearing in mind that a constant term of a function does not 
appear in its derivative, we .see tliat, if a constant term be added to 
the function just found, the function so ol)tained will also have 
3 + derivative. Hence we put 

y = 3x4-2a'2-J.r‘4-C.(2) 

where C is any constant. 

For different values of C the equation (2) will give different values 
of y when x—2. To solve the problem, w^e must choose C so that 
y = 9 when that is, equation (2) must be true when —2 and 

?/ = 9. Hence 

9-64-8-I + G; 

and the equation 

y = 3.^4- 2.r2 ~ J.(3) 

solves the problem completely. The onlj?” tests needed are (i) that it 
gives for Dy the value in (1), and (ii) that it is true when x^2 and y=9. 
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The process by vvliicli the problem has been solved 
reduces, mere algebra apait, to finding a function which 
has a given function as its derivative, and is called Integra¬ 
tion. Any function whose derivative is e(|ual to a given 
function is called an integral of the given function. When 
any constant teimi, C say, is addecl to an integral of a 
function the resulting function is also an integral; it is 
called the general integral, and C is called the constant of 
integration. Thus ,Vr^+l, lx^ — 2 are integrals of x-; 
+ is the general integral of 

The variable part of an integral is usually ciilled the 
indefinite integral, or simply “ the integral.” Thus is 
the integral of x^: 1x^—2 are particular cases of 

the general integral obtained by giving C the values 1,-2 
respectively. 

The notation for the (indefinite) integral of a function 
Fix) is |F(.r)r/cr; 

read, “ the integral of F{x)dx** The differential <lx 
indicates the variable of integration, namely x, and the joint 

symlx)! means “integral of ... with respect to x'' 

The function to be integrated, F{x), is called the integrand. 
We thus have, for instance: 

(i) J(8-f (ii) |(1-f = 

The test of the correctness of integration is simply 

Derivative of Integral = Integrand, 

or, in symbols, |F(.r)d;r 

the student will find that Ins progress will he inoi'e rapid if he 
actually tests-his results by differentiating them than if he contents 
himself with looking up the Answers. Thus the integral in equation 

(ii) is correct because 

^ (^ -1-«= 1 -f- ^=integrand. 
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28. Integration of Powers. If n is not equal to — 1 we 
have (§ 18 I.), 

r Ttt+i 

|x^(ix= .(1) 




In words: to integrate wlien n is not — 1 , add 1 to 
the index n and then divide by the index so increased. 

More generally, when is not —1, we hav^e (5} 18, V.) 

.(la) 

The form (la) occurs so often that it should be committed 
to memory. The ax-\-h is a linear function of x and the 
integral contains a, the coefficient of j;, in the denominator. 

The above rule fails when 71= — 1; we state here, so that 
the results may be used in working problems, that 

. 


\jx is, of coui^se, the same as o:r^. These results are pr()\'ed 
in §61. logger is the Napiprian logarithm of x (§ 61). 

When the integrand is a fraction the symbol dx is often 
written in the numerator; tlius 



It is evident from the rules of differentiation, that the 
integral of the sum of two or more terms is equal to the 
sum of the integrals of the terms; thus, 


|(3 + — x^)dx ~ ^^dx + ^^xdx — ^x^dx 


= *)x + 2x} — Ix^. 


Also a constant factor may be written outside the 
integral sign; thus 

J Ax^dx = 4 ; ^ax^dx = a^xV^dx. 


The constant of integration is not usually inserted when 
Sliding indefinite integrals, but it must always be added 
when a problem is being discussed. 
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Example 1. The acceleration of a particle of mass m which is 
moving in a straight line is constant, equal to g ; if, at time ^==0, its 
velocity is Tand its distance from a fixed point 0 on the line a, find 
its position at time t. 

Let X be its distance from 0 at time t ; then by § 25, example 1 (ii). 




0) 


This equation is called “ the dilfcrcntial equation of motion.” 
integrate with respect to t ; therefore 


V 


<lv 

~dt 


^gt-^C. 


Now 


When ^ = 0, v— I", so that the constant (/= T, and we get 


V 


ilx 

dt 


■■gt-\- r. 


( 2 ) 


Integrate again ; therefore 

X ^f/t" + 1 / + 

where C' is a coiistaiit. But when ^ — 0, x~(i and therefore C'=^a. 
The distance of the point from O at time t is therefore 

.(3) 

The kinetic energy E is ocpial to ime-; e have, cornhining (2) and (3), 

E~~ Lac- — L/? r-4->'c/(./' — o).(4) 

Equation (4) may be obtained by cipiation (iv a), p. 51 ; for 


,//; 

d.r 


E~ rag ; E~ mgx -h consta n t ; 


when ^==0, x~~<t, E—ha T-, so that the constant is hn T-- giving 
etpialion (4). 


Example 2. Integrate +3)’(2.r4-1). 
By division we find 


ar3 + 3_. 2 o 2 

2j^+T ’ 


therefoi’fi, I ~ - 'C+.i’ +1 og (2.r +1) 

where log(2.r4-l) means the Napierian logarithm of 2.r4*l. 


Note. TTnless the contrary is stated the symbol *‘log’' is 
now to be understood as meaning the Napierian logarithm. 


Example 3. Integrate (5.r — 7);'(.r-f 1) (2,r -* 1), 

Express the fraction as the sum of twm simple fractions, that is, 
resolve the fraction into ite partial fractions. Since the fraction is a 
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•proper fraction (that is, a 'fraction whose numerator is' of 
degree than its denominator) we write 

.(i) 


5x-7 


and find the values of A and B that make this equation an identity. 
The simplest method is the following. Clear of fractions ; we find 

5a:-7 = J(2x~l)4-Z?(ar+l).(ii) 

Equation (ii) is an identity, and is therefore true for every value of .r 
First, choose x so that 0 ; +1 =0, that is, - 1 ; we thus obtain 

--5-7 = ^(-2-l) or A =4. 

Next, choose x so that 2 j:- 1 =0, that is, x — ^ ; therefore 
|-7 = Z?(Hy4)'Or i?=-3. 

__ 

(.r +l)(2jr — 1) 

5x — 7 


B 


Hence 


and 


/- 


] U+l)(2:r~l) 


dir = 4 log(r +1) ~ ^ log(2.r - 1). 


When the fraction is improper (that is, when the degree of the 
numerator is higher than that of the denominator) we first express 
the fraction as the sura of an integral function and a proper fraction, 
and then resolve the proper fraction into its piirtial fractions. 

For example, 




3r-2 


+ .r ~ 12 
3.r-2 


~ ~2.r-5-h-.i~- 
I 2 


- 12 ’ 


and ----,-, 

r^-h.r-12 j:-3 ^4*4 

so that the given improper fraction is equal to 

2a;-5H—^ + 

j; —3 r-h4 

of which the integral is 

- 5.r -f log (47 - 3) -h 2 log (a? -h 4). 

Example 4, Show that 




We have 


2a 

1 (J 

47®~a’'*2a \x-a jr-h 


fs). 


and therefore the integral is 


l(log(x-a)-log(*+a)) or ^log(^^“). 
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Integration, like all inverse operations, is essentially a 
tentatice process ; it is only a comparatively small number 
of functions whose integi‘als can be expressed in terms of 
ordinary functions, and much practice is needed for the 
acquisition of facility. In this book, however, we deal only 
with simple cases, and we shall indicate as they occur the 
more important algebraic and trigonometric theorems that 
are useful in handling integrals. Here we note the methods 
of examples 2, 3, 4. The division in example 2 and the 
resolution into partial fractions in examples 3 and 4 reduce 
the functions to forms that are immediately intecfrahle, 
that is, that can be integrated by applying a standard result. 
The standard results obtained up to this stage are given 
in §28 (1), (la) and (2); as we proceed we shall add to 
these Htavdavd forms. For a full discussion of pa^'tial 
fractions the student must refer to a text-book of algebra. 

The following examples are very easy but the student 
will do well to try most of them, simply to gain mechanical 
dexterity ; when he comes to practical work he must not be 
hampered by imperfect knowledge of the use of his tools. 

EXERCISES. VI. 

Integrate the functions 1-50 : 


1. 

1. 

2. 

X. 

3. 

.r+1. 

4. 

2.r-f-l. 

5. 


6. 

ax -f h. 

7. 

5Jr*-.^r + 4. 

8. 

(x-l)(.r-2). 

9. 

(2jr-l)(.c-2). 

10. 

-f hx + c. 

11. 

(a,r“|-5)(Ajp*f B). 

12. 

x-x^. 

13. 

3*f 6.r*f ar*-3./A 

14. 

-h Ar® + cx -f cl. 

16. 


16. 

1 

dx 

17. 

1 

.r2* 

18. 

1 

19. 

1 

20. 

1 

21. 

.r-f 2 

T-f l’ 

(7+T?‘ 

X 

22. 

£±2. 

23. 

af«-2.r + l 

24. 





2b. 


26. 

1 

(2i+lp‘ 

27. 

v/(2.r-f 3). 

28. 

1 

29. 


30. 

1 

V(2j;+3)' 
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31. 

1 

32. 

1 

33. 

jr-f 1 

2.r-~3 

3-2.r' 

X--1' 

34. 

%x 
— 3 

35. 

jr3 + 3.i’^-4r+5 
jr — 1 

36. 

-Ix^-Zx^+i 

x+i 

37. 

1 

38. 

1 

39. 

1 


x^ — 4 

a - - 3 

40. 

1 

41. 

^ LT _ 


42. 

X — 4 

- 9 


7/3)i 

43. 

X 

44. 

x+l 

4.5. 

3.r+2 

(j,-l)(Zr Hh3) 

46. 

1 

{x-a){x-i)) 

47. 

X 

{x-a)(x-l) 

48. . - 

{x 

.3.r-7 

-■l)(.c-2)(.r-3)' 

49. 

1 

50. 

5 - -Zr 



x\r-\)' 

(.f-r)-(;t-+2y 




Solve the diflferential e(iuations 51-55, determiniug the constants of 
integration so as to satisfy tjie condition stated in each case. 

61. D}! = 6 - 3.C ; // — 0 when x — 0. 

52. l)y ; if — c when x = 0. 

53. D}! — X- ; ?/ = 1 when a; - 1. 

54. Dy~x-~\ /.r^ ; y — 2 when x, — 1. 

55. Dhj = a- +1 ; y = 0, Dy^ \ when x ~ 0. 

56. At time t the coinnonent velocities of a point {parallel to the 
coordinate axes are given ny the equations 

dx chf ,, . 

I cos a, -=F8ma-,9^; 

if the point is at the origin when ^ = 0, find the values of .randy at 
time t, 

57. At time t the component accelerations of a point parallel to the 
coordinate axes are giv^en by the equations 

find the coordinates of the |K>int at time t given that, when ^ = 0, 

^=0, y=0, ^=Fco8a, ^=F8ina. 

58. A particle of mass m is moving in a straight line; when its 
distance from a fixed point O on the line is x, the force acting on it is 
-kmx^ where ifc is a positive constant. If the kinetic energy E is zero 
when find the value of E in any other position of the particle. 

69. If in example 58 the force is ~ kmjx^ find given that E is 
zero when x is infinite. 
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The equations 60-63 occur in the theory of the bending of beams, y 
meHHuring the deflection of the beam. Integrate the equations, 
subject to the conditions stated. Find in each case the maximum 
value of ?/. 

60. ; y-0, when ^ = 0. 

61. ^ Wx ; y —0 when ^* — 0, ^" = 0 when 

62. - hv{Lx ~ X*) ; y = 0 when ;r=0 and when x=L. 

63. i w{Lx -^2) ; = 0, 1^ — 0 when x = 0, and K is a 

constant to be determined by the condition that y = 0 when x — L. 


29. Change of Variable. When a function is not im¬ 
mediately integrable, it can frequently be reduced to a 
form that is i mined lately intep-able by a chano;e of the 
variable of integration.. This aid to integration is of the 
utmost importance. 

The method of changing the variable has been illustrated 
in example 5, § 2b, p. 54. 

Suppose we have to integnite .i\/(.r-4-1) ; let 

/.)\'(.('2 + l)(/.r, so that ^| = .tV(.r^+1). 

Now let 1 . tlien, by § 2G, example 5, 

that ^ 

and therefore Jxx^(x^ + 1) dx—y ~ J {.r^ +1)^, 

when u is l eplaced hv its value in terms of .r. 


Tlic process therefore consists in choosing a new variable 
Uy calculating dyidw and then evaluating the u-integral, 
tlie variable a being finally replaced by its value in terms 
of tlie original variable. 

We may now state the process in general terms Given 



so that 


dy 

dx 


= F{x). 


a.i.e. 


B 
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Clioose a new variable Uy and from the equation between 
u and X calculate dxjdu ; then 


da dx du da 


.( 2 ) 


Express F{x) dxjda in terms of u alone, so that dyjdu 
Incomes a function of u\ writing equation (2) in the 
integral form, we obtain 


'-WS*- 


From (1) and (3), the integrals in which are equal though 
dilferently expressed, we have 

^F{x)dx^^F{xf^^du. 

dx 

Hence the rule: In the given integral replace dx by ~ddu. 

dx dx 

calculate ^ and express the new integrand, F(aj)^, in terms 

of a alone. 

It may be possible to evaluate the ^/.-integral; when the 
evaluation has been effected, the variable must be replaced 
b};^ its value in terms of the original one. 

Example 1. Integrate xj{x ^-f 1). 

Write, y= f-4-,-rfx= f-4-, 

Let ?/ —.r^ + l ; therefore 

dx * dtt x^+\dii 2u 

and y=J ^du=iJ'~^ilogu=i\og(a!^ + l). 

In practice it is usually simpler to work with differentials, that is, 
to express dx in terms of du, as in the following example. 

Example 2. Evaluate f —. 

Let ; then 

du^(ix-S)dx; (x--2)dx=«^du; 




EXERCISES. Vn. 


67 


Examjjle 3. Integrate 
Let ; then 


and 


dx — 2udu\ \ 

Jx^fJ(x-\-2)dx = j(u^ — Au^A)n. 2udu 



-'Au^ + Au‘^)du 


= ~~ (I5u* - 84»t2 +140). 


Putting for m its value (.r + 2)^ we find for the value of the integral 
1 gj(15a-2 - 24a.-+ 32)(.i-+2)^, 

Cl — 16a; + 64)^/(a^‘ 4- 2). 


The chief difficulty in these examples lies in the choice 
of the new variable; experience alone gives facility, but an 
attentive consideration of the substitutions suggested in 
Exercises V. 66-75 may help the beginner. Note, for 
instance, that in example 2 above (cc--2Wi» is, but W a 
constant factor, the diflerential of 2x^--8x + 5, The linear 
siibatitution indicated in Exercises VII., example 25 will 
frequently be useful. 


EXERCISES. VII 
lnte^?rate the functions 1-22. 

1 


.r- 4- 
4. ,iV(3-a:2). 


2 . 

5. 




(.r*-3a: + 8)»' 
13. 

15. 7T --.V . 

17 . 


a,*^4'2aa;4*6‘‘^* 

X 


3. 


ax-h^ 


7. (x ~ a)v/(^ - 2aa7 4- 

9. a;V(-^^~l)‘ 

2.r-3 


8. 


10 . 

12 . 


aa;^4-26a:4-c 
6. x^(ax^A-l>) 
ax- hl> 

^^(ax^A-2bx+cy 

X 


7~3a; 

s/(Sx^-14x+ W 
14. (2a;+6)V(a.--l-3). 


16. a:*v^(aa.-‘+6). 

18. 
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fu-y 

20 . 


the integral 


21 . 


(.r+l)» 


f example 18 when n— -1.) 

22. 

- 

(«.r+# 


and then evaluate 

dx 





24. Integrate l by the substitution u—u^i.r^. 

a 

25. Integrate l/(a*2 + 4.r 4-5)5^ bj first putting ?/ = .r-f2 and then 

V— {/a^. 

[The substitution u -x-h^ reduces x- + 4r4-5 to in which the 

variable occurs only in the second power; tlie quadratic .r-4-4.r4-r) 
becomes the pure quadratic Any quadratic can be reduced to 

a pure quadratic by a linear substitution; for 


4-4* c = a ^ ,r 4- 


2 , 4oc-/>2 

4a 4a 


if ic — x-\-bj2a. This reduction of the quadratic is often useful.] 

26. Integrate \l(x^i-2ax + b)K 
[Use the linear substitution u^x^(u\ 



CHAPTER VI. 


AREAS. DEFINITE INTEGRALS. 

30. Areas. Newtonian Method. Let CPD (Fig. 13) be 
the graph of a function F{x ); 

OA=a, AG = t\a ); OM = ir, MP = F{x\ 



Let z denote the area AMPC \ this area may be thought 
of as being generated by a variable ordinate, which sets out 
from the position AC and moves to tlie right, z is thus a 
function of x which is zero when a:==a. To calculate z we 
fii*st find dzjdx. 

Firsty let every ordinate he positive. When x takes 
the increment Sx{=^MN) the area z takes the increment 
Sz(^fLreH> MNQP). Draw PiJ, SQ parallel to MN. Then 
MNQP is equal to the rectangle MNRPy together with the 
area PRQ which is less than the rectangle PRQS; therefore 
Sz^MP X & + (a quantity less than RQxSx)y 

^ = AfP+(a quantity leas than RQ). 
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When Sjc converges to zero so does RQ, and therefore 

= —ordinate at x .(a) 

\he differential dz is eciiial to F(x)dx, the rectangle 
MNRP. 



Secondly^ suppose the ordinates to be negative (Fig 14). 
The product MPSx is now negative; we make the conven¬ 
tion that, wlien tlie ordinates are negative and the increment 
Sx positive, the area shall be reckoned negative. We then 
get the vsame value for dzfdx as before; but it must bo re¬ 
membered that the area is an algebraical quantity (see §31, 
examples 1 and 2). 

z is therefore that function of x wliose derivative is 
F{x)y and which is ecjual to zero when x — a\ in other 


words, z is that integral of F{xd wliich is zero when a* = a. 
For definiteness, let P(,r) = 4-f-7ir —then 

z = J(4 + 7x — x*^)d.x -\-C—4}X + Ix^ — + C, .(1) 

Also, + C— — (4fx + -Ja^ —and 

therefore 

z — Atx + lx^^ — (4rt +1.(2) 

If 0B = h, the area ABDG is the value of z when x = h; 
therefore the area A BDC is ecpial to 

46+162 ~ ^6^ (4a+la* - \<P) .(3) 
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31. Definite Integrals. There is a special notation for 
the integral that is equal to the area ABDCj namely 

r(4 + 7a;-a;2)cZrr; .(4) 

J a 

read, "'the integral from a to 6 of + — 

The function denoted by the symlKjl (4) is called a 
definite integral; a and h are called tlie limits of the integral, 
<t being the lower limit and h the upper. (The word “ limit ” 
liere means merely '' value of the variable of integration at 
one end of its range”; “end-value of the variable.'’ This 
use of the word must not be confounded with the other 
te(*hnioal meaning defined in § IG.) The distance or interval 
AB, e(|ual to —a, is called the range of integration. 

By comparing equations (1) and (*1), § 30, we see that the 
value of the definite integral (4) may be obtained by the 
rule: Find the ind('finite integral of -x^; then 

rejdace x by b, the upjyer limit; next repktce x by a, the 
loiver limit; fimdly subtract the second result from the first 

In finding the deiiinte integral it is needless to add the 
constant C to the indefinite integral, because it disappears 
in the subtraction. 

In general, if f{x) is the indefinite integral of F{x), that 
is, if Df{x) = F{x) we have 

dx = [/(•<^)] =/(^) -/(">. 

The function in brackets is the indefinite integral, and 
a, h on the right of the bracket are the limits; the symbol, 
taken as a whole, is a compact and convenient method of 
representing the rule for evaluating the integral. 

The following examples should be carefully studied. 

Example, 1. Find the area between the graph of - 3 . 1*2 4-2.r, 

4?-axis, and the ordinates at .r = 0 and = 

The requiivd area is 

jf (.r^ - 3.r2^ -f .r®J r= 0 ~ 0=0. 

The reason for this apparently absurd result is, that from jr = 0 to 
the ordinates are positive, while from vr = l to jr = 2 they are 
negative. The first part of the area therefore is positive, and the 





72 


INTRODUCTION TO THE CAIX^ULUS. 


second part negative ; it happens that these two parts are nnmencaUff 
e(|ual. The separate areas are 

^ (jc^ - 4- 2.r) = I ; jf (.r^* - + 2x) c/^’ = 0 - J 1 . 

Before he tries to calculate an area, the student should 

always sketch, however roughly, the graph of the function. 

Example 2. Show tliat ^ F{x)dx ^ “ j[ E{x)dx. 

By equation (b), if F{x) ^ D/Cr\ 

j[>(x)rfx = [/^(.r)J=/(«)-/(ft)= = - |rV(x)</x. 

Hence, we may interchange the Umits of an integn^l if at the same 
time we change the sig^n of the integral. 

Geometrically interpreted, this result means that the area tra(;ed out 
by an ordinate moving from the position .r — b to the position r~a is 
of opposite sign to the area traced out when tlie motion is from x — a to 
.r = 6. It is very important to observe that the of an integial 
depends not only on the sign of the integrand F{x) but also on 
the relative (algebraic) magnitude of the limits a and b ; even if 
F{x) is positive the integral will be negative when the lower limit is 
greater than the upper, lliu.s, 

Example 3. Prove F(x)dx^ °F(r)dx+ 

The area represented by the integral on the left is the sum of the 
areas represented by the integrals on the right, so that the equation is 
correct. 

Example 4. What is the value of a definite integral when the two 
limits are equal ? 

The value is zero, because the ordinate does not move and no aiea 
is generated 

Example 6. Show that ^ F(x)dx^ j F(u)du. 

Each integral represents tlie same area, liecause the graph is tlm 
same whether the abscissa is denoted by x or by u. 

Otherwise^ if F{x)— Dgf{x) then F{u) — D^J{u) and each integnil is 
equal to /(b) - f(a). Hence, 

A definite integral is a function of its limits and not of the variable of 
integration. 

Tlie area A MFC (Fig. 13) may lie denoted by either of the integrals 

foif Com 

-z== F(x)dx or 2 = / F(n)du. 
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Here OM is the abscissa of the final position of the generating 
ordinate. We may, if we please, put x for OM but this x is not the 
same as the x in I'\x)dx ; as will be seen later (§ 33) F{x)dx is rather 
a type of a series of terms than a single term. 

Bj §30 (a), dzjdx— F{x) ; hence 

Example G. Evaluate jf —by the substitution 

(x-f l)v/(.r-2)fl?.r, when expressed in terms of ?/, becomes + 

Now, what range of values does u take as x increases from the lower 
limit 2 to the upper limit 6 ? When x—2 the equation x- 2~vr gives 
= and when x — Q tlie same equation gives u — 2; so that, as x in- 
erea.ses from 2 to G, u increases from 0 to 2. The lower limit for the 
new integral is therefore 0 and the upper 2. Hence 

j^{x-\-\)J(x-2)dv=-- 1^ (2^^* 4-6^2) =28f. 


Kote. Wlien changing tlie variable in a definite integral, 
it is not necessary to replace the new variable in the result 
by its value in terms of the old, provided we choose the 
limits of the new integral, as we have done, to coi^espond 
to the limits of the old; the new lower corresponds to the 
old lower and the new upper to the old upper. 

The following example is important. 


Example!. Prove - y^)dx~^xd('i 


.r‘-)4-~sm 


■‘©- 


In Fig. 15 OA, OB are two perpen¬ 
dicular radii of a circle of radius a; OM ~.r, 
MP—sJi^d^-x^ the angle BOV—d radians 
and sin O — .rja. 

Now, 


area OMPB^ .nO.VP4 -sector BOP 


1 )ecau8e 

sector 710/*—and 0 — »\vi~^(xja), 
But tlie area is also represented by the 

j, ; 



therefore j ^(o* - x*)dx =^ sin~* 

By example 5, the derivative of this integral is so that 

the indefinite integral J v^(a* -‘X^)dx has the value stated 
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32. Interpretation of Area. The interpretation of tlie 
area 2 : will depend on the nature of the (juantities repre¬ 
sented by the abscissa and tlie ordinate. The interpretation 
is most readily made by considering dz^ wliich is ecjual to 
MP X dx ; of course, 0 and dz represent the same kind of 
quantity. The following are typical cases. 

If OM or X represents time and MP or F{x) velocity, 
tlien dz represents velocity Y. time ^ or distance; the area 
AM PC represents the distance gone in the time represented 
by AM. 

If OM represents time and MP acceleration, then dz re¬ 
presents acceleration Y time, or velocity; the area AMPC 
represents the velocity gained in the time represented by 

If OM represents the distance a force moves its point of 
application and MP represents the force (the direction of 
the force being constant and always tliat in which its point 
of application moves), then dz represents force YdistancCy 
that is, tlic tuork done by the force; the area AMPC re¬ 
presents the work done by the force in moving its ])oint of 
application through the distance represented by A^[. 

As regards scales, if I inch for abscissae represents, say, 
5 seconds and 1 inch for ordinates a velocity of 10 feet per 
second, then 1 square inch of area will represent a distance 
of 10x5 or 50 feet. If 1 inch for abscissae nipresents 10 
feel and I inch for ordinates a force of 50 Ib.s., tlien I S()uare 
incli of area will repr(3sent 10x50 or 500 foot-pounds of 
work ; and so on. 

If is the derivative of f(x) the area AMPC is 

f(x)—f(a); in other words, the area between the graph of 
F{x), the ic-axis, the fixed ordinate F{a) and the variable 
ordinate F{x^ is equal to the variable ordinate f(x) 
diminished by tlie fixed ordinate /(a). The increase of 
the area is thus equal to the increase of the ordinate f(x). 
If the fixed ordinate F{a) is so chosen that /(a) = 0 
(for example, if 

F(x)^A + Bx + Cx\ f(x)==Ax+lT}x^+lCx^ 
and a — O, then f(a) — 0) the area is equal to the onlinate 
f(x); in any case, the area only differs from the ordinate 
t(x) by a constant. Tlie graph of f{x) is called, from this 
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consideration, the integral curve of the graph of F(x). (See 
Chapter XIV.) 


EXERCISES. VIII. 


Calculate the definite integrals 1-25. 

1. dx, 2. I (2.r4-3)c/.?’. 3. j {^ — x)dx. 4. ^ x^dx. 


5. 

J if^dx. 

6. 

J (6 4-Sx — Sx^)dx 

. 7. 

f''((!+8x-3x^)dx. 

8. 

1 (x-x^)dx. 

9. 

h 

10. 

-fdx 

Ji. X^ 

11. 

C dx 

A x^ ' 

12. 

+3)- 

J- 1 5 

13. 

P dx 
J-^(2x4-^y’ 

14. 

J >^xdv. 

15. 

f y'(x 4-2)dx. 

16. 

p dx 

Ji s'x 

17. 

p dx 

Jo^7(2x-i^fy 

18. 

p dx 

Jo ^/(7.r-hl)' 

19. 

pdx 

Ji 

20. 

dx 

21. 

p dx 

22. 

p dx 

J-i 2.r + 3’ 

23. 

p dx 
.t x^ - 4 

24. 

p dx 

J-i 4 — 

25. 

pdx 

J„ jAV 


Evaluate Ry appropriate subHiitutions the integrals in Examples 
20-34. 


26, 

29 

32. 


. (‘.<-V(.c2 + 9)rf.r. 27. \\rj{4.-x‘')dx. 28. ["Xy,l{cd- i‘’-)dx. 


h xdx 
• Jo ;7(rt2-.r2y 

C xdx 

^ (.r + iy 


30 


i. 

Jo a* 


xdx 


31. 


i 


33. 




x^dx 

;/(.7^r)- 


dx 


+ 9)5 


34. ( (.1-2 + 2a:- 1 )J{x - \)dx. 


35. Find the area bounded by the parabola 6r-.r*, the 

positive parts of the coordinate axes and tne ordinate at .r=:5. 

36. Trace the curve }/~x — .r^ from .r = 0 to .r—1, and find the area 
between it and the .r-axis. 

37. Trace the curve y — x'^~x^ from .r= —1 to .v—1, and find the 
area between the curve, the .r-axis and the ordinates at x~ — 1 and 
x~\. 

38. Find the area between the parabola + the .r-axi.s 

and the ordinates at x— ~h and x~h. 

If ;/ has the values yg, y;^ respectively when x has the values. 
-A, 0, h calculate the values of </, 6, c in terms of yj, y 3 , A, and 
show that the area is 
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39. If ^ 1 , ^ 2 > Ih hiive the same meaning as in example 38, and if 

f/~ 4 -+ C.Fshow that the area is +j /3 + '^i/ 2 )* 

[Note that the area is —+ 3 ^ 7 ), so that only the values of b and g 
need be calculated.] ^ 

40. Show that the area bounded by the parabola y^ — ^ax and the 
double ordinate through the point ( 6 , c) on it is Jftc. 

41. P^’ind the area between the hy|)erbola xy — c^^ the j'-axis and 
the ordinates at x — a and x~h^ assuming a and h to be both positive 
and a less than h. 


42. Find the area between the curve y — hKr'^^ the .r-axis and the 
ordinates at = and x — X 2 ^ assuming that n is greater than 1 , and 
that -Fj, . 1*2 are both positiv'e and .Fj less than .r.^. 

If ?/i, Vo values of y when x has the values .Fj, x^ respectively, 

show that the area is {x^y^ !)• 

43. Find the areii between the curve ?/ — .f”/(’”~\ the .r-axis and the 
ordinates at .F = .r. and .f — .F2, assuming that n is greater than 1 , and 
that .Fj, .r^ are both positive and x^ le.ss tlian 

If y has the values y^^ y^ respectively when x has the values a*|, 
show that the area is 

44. Pdnd the area between the curve y — c^ix\ the a'-axis and the 
ordinatCvS at .r-l and .r =6 (/>>!). To what value does the area 
tend when b becomes infinite ? 


45. Phnd the area of the ellijjso x^la^-^-y^lfr — l. 

[Use the integral proved in § 31, example 7.] 

46. l^ove 

j J{2ox - x^)dx ~\{x - a)J{ilax - ^ sin~*^ 

[Put \i~x~a and then use § 31, example 7. 

Or^ take ^(2ax-x^) as the ordinate of a circle, referred to a 
diameter and the tangent at one end of it as coordinate axe.s.] 

47. Evaluate the following integrals : 

(0 I \^( - 3 -h 4x - x^)dx ; (ii) jT- 3 4- 4x - x’^^dx ; 

(iii) ~ab-\-(a + b)x - x^dx ; (iv) l^ x^{~ab-h(ci-i-b)x~-x‘^}dx. 

48. Deduce from §31, example 7, that 

(a) "° 7 (a» ^27 

49. Show that the area bounded by a curve, the y-axis and the 
lines y- a, y — by parallel to the ar-axis, is given by 

l'xd>/. 

[\i z denote the area FCPK (P'igs. 13, 14) prove dz jdy^KP^xS\ 

50. P'ind the area between the paralwla = 4aa?, the jz-axis and the 
line y^h. 



CHAITER VIL 


INTEGRAL AS LIMIT OF A SUM. SIMPSON’S RULES. 


33. The Definite Integral as the Limit of a Sum. Tliere 
is another point of view from which tlie definite integral 
may be considered; to illustrate it, we take the following 
pr(d)lein. 

A stniight line j\B (Fig. 16), of length a, is divided into n equal 
parts and each part is multiplied by the square of the distance from A 
of that end of the })art which is nearest A ; hnd the sum of the n 
products, and the limit of the sum when n becomes infinite. 

Let MN be one of the parts, M being the point of division ; then 
AM-rajn^ MN=^ajn and AM'^. MN^ the term of the sum arising from 

the part MNy is ) .5 
\n/ n 

The sum required, S say, is therefore 



The sum (1) is written more compactly thus : 

• -. 

r=o V /^ / n 


( 2 ) 


The symbol 2, read “ sigma.” i.s the Greek form of capital S ; the 

whole symbol, read “ sum of (^ ) . - from ?*==0 to r=n-1,” is to be 

\n/ n 

interpreted as meaning that we are to make r equal successively to 

0, 1, 2, ... 1 in the expression (-~ ) . - and then add the terms wso 

obtained. ^ 

It is proved in any text-book of Algebra (and is easily verified) that 
1H2H32 +...+(n -1)2=J(n - l)w(2/i -1). 
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But N={U + 2>+3 >+...+(m-1)*}x“3, 

so that S=i(n - l)n(2n -1) x ~ ^ 1 - ^ + 2n2)’ 

and therefore the limit of S when ?i becomes qd is 

Suppose now that each part, as J/A\ is multiplied by the square of 
the distance from A of that end of the part which is furthest from /I, 
as ; we lind instead of (2) 

.<’> 

and the b’mit of S' when n becomes cc is the same value as before. 

It is worth noting that we shall obtain the same limit if we take, for 
each part, the distance from A of ant/ point in that part; because if, 
for example, L is any point between j/and X the quantity AL'^ will 
lie between AM^ and ylX-, and the sum will therefore lie between S 
and S'. Since S and S' have the siime limit, tbe new sum will also 
have that limit. 

We shall now obtain the above limits in a different way. 
Let AM = x, AN = x + 6x; then ox — MN=uln, and (2), 

(3) become 

jc = rt-a/n z-a 

N = 2 x^x .(4); S' = ^ x^Sx .(5) 

j: = 0 x~a(n 

It is to be understood that the values to be given to x iu 

(4) and (5) are the distances from A of the successive points 
of division; in (4) the first value of x is 0 and the last 

= while in (5) the first value of x is 

AA^ — (tj a and the last ^l B = a. In each term 6x = ajn. 

Now draw, with A as origin and AB as ic-axis, the 
parabola and at the points of division oi A B raise 

the ordinates. Complete, for each part into which AB is 
divided, the two rectangles, such as MNRP, MNQS (Fig. 16). 

We now interpret the sums (2), (3) or their equivalents 
(4), (5) geometrically. 

The sura (4) is the sum of the inner rectangles, such as 
MNRP; because when x = AM we have x^=^MP and 
ir^(5x = rect. MNRP, and a similar interpretation holds 
for every term in (4). 

The sum (5) on the other hand is the sum of the order 
rectangles, such as MNQS; because in this case a part such 
as MN is multiplied by AN'^^ and therefore, for the part 
MX, x’^Sx = A . MX = NQ . MN - rect. MNQS. 
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Obviously the suin of the inner rectangles is less, and the 
sum of the outer rectangles greater, than the area ABDP 
bounded by the curve, the rr-axis and the ordinate BD, 
Hence S<area AB1JP<S' .(C) 



Now, the ditierence S'--S is simply the sum of the 
rectangles such as PliQS : this sum is, as may be seen by 
sliding each small rectangle horizontally into the rectangle 
An-.iBBiy, equal to that rectangle. But rect. An.iBDD' is 
equal to <P/n, because BD — ir and An-^B — ahi ; so that 
S' — S = a?/n. Ilcrice wlien n becomes infinite, the Innit of 
S' — jS is zero. 

Again, the ditrerences, area APPP-^S and >S' — area 
ABDP, are each less than S'-'S, so that when n becomes 
infinite the limit of each of these differences is zero; in 
other words, the limit both of S and of S' is the area 
AlWP. 

Tnerefore, earpresshig the area as an integral, 

x=a-a/n fa x-a 

L 2 ^ .(^) 

n=:oo x = 0 *^0 n = oo x=a/n 

Since the value of the integral is we find the same 
result as before. 

As before, it is plain that, so far as the limit is concerned, 
we may suppose x in the typical term to be the 
distance from A of any point in MN, 
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The definite integral thus appears as the limit of a 
certain sum, and this mode or viewing it is of great 
impoHance in various applications, as we shall see. The 
passage from the sum to the integral has been effected 
by considering the factor {ra/n)^ (or x^) of the term 

(^} n ^ ordinate of a curve, and the term 

itself as the area of a rectangle which is approximately 
equal to a strip of the area lx‘tween the curve and the 
.r-axis. Since we suppose all the functions we deal with 
to be representable by a graph, the method applies to all 
cases. 

considerations that are essentially identical with 
those ailduced in this particular ease (a full discussion will 
be found in the author’s Calculus, § 181) we Ciin arrive at 
the general theorem which may be state* 1 thus. 

In Fig. 13, § 30, let MP — F(x), 3/i\r=6x, then 

area ABDC= ^ F(x)Sx approximately.(8) 


== ^ F(x + Sx)Sx approximately.(9) 

= f F(x)dx exactly. 

J a 

In this case, the sbiteinents x — (i, x — h attached to 2 are 
meant to indiciite the values of x for the two lx)unding 
ordinates; this meaning is slightly different from that 
adopted above, but is convenient. 

In (8) the typical term F{x)Sx is MP . MN, the area of 
MNRP, while in (9) the typiwil tenn + is 

NQ.MN, the area of MNQ}i\ so far as the limit is 
concerned, the rectangle corresponding to the strip MNQP 
may have for its altitude MP or NQ or any ordinate 
tetween MP and NQ, The 2 indicates for (8) the sum of 
the inner rectangles and for (9) the sum of the outer. 

The origin of the symbol f ... dx for integration will now 
be obvious; j is a fonn of the letter s ” and dx is the 
representative of &c. 
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The method of defining an integral as the limit of a sum 
is due to Leibniz ; the method followed in §§ 30, 31 is that 
of Newton. 


34. Volumes. In Fig. 13, § 30, let the curve CPD make 
a complete revolution about the ic-axis; the curve thus 
traces out a surface. The section of the surface by any 
plane perpendicular to OX, the axis of revolution, is a circle. 
We wish to find the volume intercepted between the sur¬ 
face and the planes through A and B perpendicular to OX, 
Let V be the volume intercepted between the planes 
thr(3Ugh A and M perpendicular to OXy and let oF be the 
increment of volumij for the increment MN or Sx of x. 
Tin'll J V is greatt'r than the cylinder traced out hy rect. 
MNRP but less than that tniced out by rect. MXQS ; 
therefore <5 V > . Sx but 6V . Sx, 


so that SVjSx is greater tlian irMP- but less than irNQ^, 

I fence _ 7r3/P^ = 7r(ordinate at ir)-.( 1 ) 

The volume required is the integral of irMP^ from a to 6, 
just as in §31 the area is tlie integral of MP from a to h. 

We may also use the method of § 3 '. The volume 
clearly lies between 

§ irMPHx and irNQ^x\ 

x~ a jT = a 

hut the limit of these sums is the same for both, namely 


Try^dx, 


.( 2 ) 


As a rule we need only consider one of the inequalities 
for oF and proceed thus : 

x~h p 

vol. =» ^ tMP' , ox approximately; vol. == I TrMP^'dx. 

'T n J Cl 


Example. Find the volume of a sphere of radius R. 
The equation of the ceneratine semi-circle is 

and therefore the volume is 

Examples will be found in Exercises IX. 
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35. Arcs of Curves. Areas of Curved Surfaces. When 
the distance between two points P, Q on a curve is small, 
the arc PQ and the chord l^Q are nearly equal. We assume 
as an axiom, that when Q tends to P as its limiting posi¬ 
tion the quotient (arc PQ —chord PQ) tends to unity as its 
limit. 

Let the arc CP (Fig. 17), moiisiired from some point C, 
be denoted by ' and h‘t Ss or arc PQ \yo the increment of s 
due to the increment Sx or MN of x. Then 

(chord PQf = P/P+PQ^ = {Sxf+iSj/Y^ .(1) 

The limit of (chord PQ/6x) is the same as the limit of 
Ss/Sx ; Wcause 

chonl PQ^chonl PQ ds 
dc ~ arc PQ Sx 

and the limit of (chord PQ~arc PQ) is unity. Divide (1) 
by (Sx)“ and take the limit; therefore 

.'2' 

When dx = MN or PR, tlien if NQ rnectw the tn.no'eut at 
P aiT,dy = RT,md 

Pr- = PR;+Rr- = dx"- + dy\ 



The second equation in (2) shows that ds=PT. Thus, 

•0 £ur as the limit is concerned, the chord PQ, the are PQ and the 
portion PT of the tangent can be snbetitnted for each other. 
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If PT makes the angle 0 with the x-axis, then l^RPT, 

and we have the values 

, dy dx . dy 

= cos0 = ^, sin0 = -^. .(3) 

If P is the position at time t of a point moving along the 
curve OP, its velocity v is 

.<*> 


The component velocities are 


dx ds 

d y ds . 

di’’d}‘"'*- . 

.(5) 

s is given by the integral 

-JVl’- 

cm-'-. 

.(6) 


but there are very few curves wlioso length can be ex¬ 
pressed by means of the ordinary functions. 

Let 5 denote the superlicial urea of the surface traced 
out by the revolution of the arc OP al>out OX (Fig. 17), 
and let SS bo. tl\o increnuait of S due to the increment Sx 
or MN] SS is the ariNi traced out by the arc PQ, but in 
finding the limit of oS/Sx we may take either the chord J^Q 
or PT instead of the arc PQ. 

The area of the surface of the conical frustum traced out 
f^y PQ in 7r{MP + XQ), PQ \ therefore 


= 2TrMP. ^ or dS=^ 2-nMP .di> .(7) 

Note that dS — 2-rr>/<Pi, not 2-jry(iK. 

K.ranipie. Find the area of a spherical cap of height h. 

If the radius of the sphere is H tne ordinate of the geneiating circle is 

rfv -.r . <* .//l _ ^ 

Tx yv'^vdi-) 


dS 

dx 


ax 



^irRdx a* 
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The ai'ea is thus eciual to the curved surface of a circular cylinder 
of height li and of ratlius ecjual to that of the sphere. 

Examples will be found in Exei-cisea IX., 14-17. 

36. Simpson’s Buies. In many cases a function is given 
by it^ graph and not by an analytical expression; even 
when the expression is known it is often impossible to find 
the indefinite integral of the function. We shall investigate 
a methcxl for calculating an approximate value of tlie 
integral of tlie function wluui a limited numbt'r of the 
ordinates of the graph is known ; the integral is repre¬ 
sented as an area. 



In Fig. 18 let y^ ... be the vahu^s of the ordinates 

AA\ BR, C(7,... respectively,and suppose the distances AB, 
BC\ ... between consecutive ordinates to be equaly each 
distance being equal to h. 

Now, we can determine the constants a, b, c in the 
equation 

y = ax^ + bx‘hc, .(1) 

80 that the parabola represented by (1) shall pass through 
any three given points. We shall therefore assume that 
the three points A', R, C' lie on a parabola ; if the points 
are not very far apart the aasumption is usually near 
enough to the truth. 

Let B be taken as origin, and BC^ BR as axes of x and y 
respectively; then A\ R, & are the points ( — A, yj). (0, y^), 
(A, y,). Tne abscissa of il' is — A because BA is negative. 
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The equation (1) is referred to the axes just chosen, and we 
apply it to calculate the area ACC'A\ 

Area ACG'A' =:^ \ 6x+c)cZa: = “~(a/6^ + 3c).(2) 

i k o 

Since the points A\ B\ C' lie on the curve given by (1), 
we have 

= all ^ — hh + e, 2/3 ~ “b 

and therefore, solving for c and ah^ (the value of h is not 
needed), we find c = y.,, y^—2y2). Inserting 

these values in (*2) and reducing, we obtain 

area A (J( + 2/3 "b .(^) 

E(|uation (3) expr(*ss(*s the anvi in terms of y^, y^, h, 
so that the area can be calculated when these four quantities 
are known. 

If the e(juation of the curve A'R(y is actually, and not 
merely approximately, of the form (1), then the value (3) 
is exact. 

The student may prove, precisely as has been done for eejuation (IX 
tliat if the as.suine(l ecjiiation is 

?/ — ax^ + bx^ -f- ex' 4- d 

we get tlie same expression (3) for the area. 

We can now generalise the result (3). Suppase the area 
A MM'A' to be divided into an even number, 2/^ of strips 
by an odd number, 2a-f 1, oE equidistant ordinates. The 
formula (3) maj'’ be applied in successit)n to the n double 
strips. If N is the sum of the a expressions we find, 

^ = iKVi + Vi + 4.1/2) + Vf ('/s + i/s + +.^4) +•■• 

+ J/zlyan - I + y-in+l + 4y2„) 

“ {2/1 + .. +1 + 2 (2/3 + 2/5 + • •. + .ysn - 1) 

+ 4(y2 + 2/4 + ---+y4»)}. •-(4) 

Formula (4) is known aa Simpson’s Buie; it may be stated 
thus: 

Let the area lie divided into an even number of strips 
liy e/juidistant ordinates; find (i) the sum of the extreme 
oidinates, (ii) twice the sum of the other odd ordinates, 
(iii) four times the sum of the even onlinates; add the 
three sums thus obtained and multiply this total sum by 
one-third of the common distance between the ordinates. 
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Though the rule has been proved for areas it is of course 
applicable to any definite integral, because the integrand 
can always be represented by the ordirmte of a curve. An 
important case is that of the mensuration of solids : in this 
case y^y j/.^, ... are the areius of equidistant sections. 

E<]uation (3) includes many of the most important 
formulae of mensuration; in Exercises IX. several of these 
are stated. 

Example, Calculate / - 

X 

Let 2a +1 = 11. A 01, y = 1 it. Then ^3 ■ ■ V\\ die values 

of y when x luis the values 1, 1*1, 1*2, ...2 res|)eotively. An easy 
calculation gives 

Vx +.V 11 ^ ^ 2*7281740, 

.V 2 +.y 4 + Ifis = 3*4.')0r>394, = 0 093150. 

The exact value of the integral is log, 2, that is, 0*693147. 


EXERCISES. IX. 

1. Tlie volume of a right circular Ci>ne is one-third of the bfise 
multiplied by the height. (C^^nqmre examples 3, 4.) 

2. If the area, of a section of a surface by a plane perpendicular 
to the x-axis is a function of x show, by tlie siuue rea.Homng a.s in 55 34, 
that the volume lietween two planes |)er})endiculai* to the x-axis is 

jsdx, the integral being taken lietween proper limits. 

3. Show that the volume of any cone is one-tliird of the base 
multiplied by the height. 

[If A is the height, A the Ease and S the section distant x from the 
vertex, then S : A~x^: A^.] 

4 . If the areas of the ends of tlie frustum of any cone are A and 

By and the height of the frustum A, show that the volume of the 
frustum is HA {^ + ^(3 /?) + fi }■ 

[Complete the cone and let the height (»f the cone needed for this 
lie A,; then if A^^A + Aj^height of completed cone, we have 
A : Aj2- B : A^^^X say ; A - AA^^ /I--* AA/ ; 
vol. of frustumJ(AA./- AA,^) = J(A.^ - Aj)(AA,^-f AAjA^-p AA^^, 
which gives the result, since A^^Aj-A,, A«AAj'^, AAj^.] 

5. A reservoir has plane sloping sides and ends ; the top and 
bottom are horizontal rectangles of sides a, b and a\ h' respectively 
and the depth is A. Show that the volume is 

|A loA 4-a'A'-f (a 4* a')(6-f A')}. 
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6. The volume of a spherical cap of height h is irh^{R-\h\ the 
radius of the sphere being li, 

[The volume is / x^)dx \ see example of §34.] 

jK-h 

7. A prolate spheroid is the surface generated by an ellipse which 

revolves about its major axis ; an oblate spheroid is the surface 
generated by an ellipse which revolves about its minor axis. If the 
major and minor axes are 2a and 26 respectively show that the volume 
of the prolate spheroid is and of trie oblate f^Tra^h. 

8. The tore or anchor-ring is the surface generated by a circle 
which revolves about an axis in its plane, the axi.s not intersecting the 
circle (though it may be a tangent to it). If a is the radius of the 
circle and c the distance of its centre from the axis, show that tlie 
volume of the tore is 27r'-a“C. 

[Let the equation of the cin^le lie . 2 ' 2 -f (y - c*)^=Gr-, the j^-axis being 
the axis of revolution and the y-axis passing through the centre of the 
circle. If OM ~x and if the perpenaicular to the :r-axis from i/ cut 
the circle at /\ and /\», thiMi 

^yI = c - V = ys = ^ 

\ol. = 2 I 7r(y2^-^/i-)dx~STrc ^\a^-x^)dx. 

The integral is the ania of a quadrant of a circle and therefore equal 
to Jira-'.] 

9. The volume intercepted between the plane through x = ^, 
perpendicular to the r-axis. and the paraboloid generated by the 
rev<.)lution of the parabola y-“4<u’ about the .r axis is 27raA*^. 

10. If, in example 2, S=a.r^-j-fir-hr and if the values of S are 

S. 2 J respectively wlien .r has the values -/q 0, 6, show' that the 

volume r bounded by the surface and the sections S;^ is given bv 

[Thii is the form of Simpson’s Rule for a solid correapimding to that 
in § .36, equation (.3), for an area.] 

11. Apply example 10, that is Simpson’s Rule, to obtain the values 
in examples 1, 3, 4, 6, 6, 7, 9. 

12 . If (ii is the head diameter, the bung diameter, and /t the 

depth of a CAsk, show that when the curve of the cask is a parabola 
the volume is 'fr n , ^ ^ j 2 t j ^ v>i 

Y2 hW^rtd^ - 1 * 0 04~^ 1 ) I' 

When the upi^er and lower lialves of the cask are equal frustums 
of a paraboloia of revolution, the greatest bases being joined in the 
middle of the cask, showr that the volume is 

[A paraboloid of revolution is the surface generated by the 
revolution of a parabola about its axis ; see example 9.] 
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13* If + + < 7 , and if the values of are y\^ y,, ?/4 

respectively when x has the values - p, show that the 

area bounded by the graph of y^ the -r-axis and tbe extreme oitiinates 

i^lyiVy4 + 3(y2-fy3)}- 

fin this case the area is divided into 3 strips by equidisUiit 
ordinates, the common distance being h ; the result may be extendeil 
as in S36. The rule obtained from this result is known as Simpson's 
Second Rule ; but it is not much used.] 

14. Show that for the semi-cubical parabola (ty-~~,r^ 




Ha 

27’ 


the arc s being measured from the origin. 


15. Show that for the parabola y^ — AaXy 



and that the surface of the portion of the ixiralsdoid of example 9 up 
to the plane there mentioned is 


Air y^'a -f a)(Lr {a * (o -f /<)’ - 


16. Show that for the paralxtla y— 



the arc being measured from the vertex. 

Show also that the length of the arc from the vertex to the jKiint 
(b, c) is approximately ^ 

A + 3 ^. 


[Since (5, c) is on the parabola, c — or p^-lrjc ; putting b for .r 
and l^jc for p in the value found for we get the result. This 
approximation to the aiv. is often used in mechanics.] 

17. Show that for the ellipse 1, e lieing the eccentricity, 

M> that fr=aV(l - e"-), V(a»-g»x°) 

Jx — x^) 

and that the surface of the prolate spheroid (example 7) is 
2^ ^ efjc = 4ir ^(• - e*) ( ^^(a* - r®.r*)<ir 

= 2jra*| 1 - e* + ..'(1 - e*) 

[Note that ^ — 

and apply example 7, § 31, where a has to be replaced by a/e,] 
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APPLICATIONS TO MEOHANICS. 

37 . Centroids. First Moments. We now consider some 
applications to Meclianics and bej^in with centroids. 

It is sliown in works on Mechanics that the jc coordinate, 
X say, of the centroid of particles of masses m.,, ... run 
situatiHi at points wliose jc-coordinates are ... 

respectively, is ^iven by the equation 

- 7/i jXj + + ... + 'tUnXn _ 'ZmX 

vi^ + 7n.,+ ,./+7an ~ 2m‘ 

There are similar expressions for y and z, the y- and the 
^-coordinates of tlie centroid. 

The centroid of a volume, area or line is the centroid of 
a mass of unit density occupyinj^ the volume, area or line. 

Other names in common use for the centroid are: centre 
of inertia, centre of gravity. The sum I.mx is often t^^illed 
the first moment of the masses. 

To see how integrals replace sums, take a very simple 
case. 

Examfde 1. Find the centroid of a thin straight rod of uniform 
denHity and thickness. 

lA»t the length AH (Fig. 19) of the nxl l)e a and the mass of unit 
length k ; then the total mass M of the rml is ka. 

A Tq B 

Fig. n». 

Divide A/? into n etjual piirts. of which PQ is one. Let AP^x 
PQzoif ^; then the mass of is X&r. 
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If we suppose the mass of PQ to be concentrated at Py the moment 
of the mass of PQ about A will be x . A&r; while if we suppose the 
mass of PQ to be concentrated at the moment about A will be 
We may assume the moment to be greater than .r. A&r 
but less than (.r-f&r)A&r. 

If x is the distance of the centroid from A the tnoment of the whole 
mass M about d is Mx. Hence 


d/> > '^xXS.Vy but Mx < S ) 

*.=0 

But when the number 7t of the parts, s\ich ii» PQy into which the 
rod is divided, becomes infinite eacii of these two sums converges to 
the same limit 33)> namely the integral from 0 to a of xXdx ; 
theixifore fa 

Mx^ [ xXdx^hXa^:^iJfay 

80 that Jr — irt. 


In this and similar cases it is sufficient to consider only 
one of the inequalities and to write 

iVx = ExXox approx.; Mx = \ xXclx. 

JQ 

In practice the differential <Ix is frequently used instead 
of the incrc'ment Sx ; we shall however adhere meantime to 
the nottition of increments. 


Example 2. Find the (?entroid of a thin plate (or lamhia) of 
uniform density and thickness, the plate having 
the shape of a quadrant of a circle. 

Let a be the radi\)s of the plate and tr the 
mass of unit ai-ea; then tlic mass of the plate 
is iTTo-a^. 

Ihvide the plate into narrow strips like AfSQP 
(Fig. 20); we may suppose the nuiss of the 
strip to l>e concentiutetl at the middle point 
of MP, 

Ut OM^Xy MN^ ar, MP^y ^ J{a^ - .r^*). The 
mass of the strip may be taken as cry&r and 
the moment of thi.s mass about OA is or \iry^^. Hence 

y is given by 

»:*•» fa 

My — 2 i approx.; My = / ^^oyMx. 

*=30*" 

But = JF*, and therefore by integration 

My «» cr(a*jr - J J =*- « i irora*. 



MN 
Fig. 20. 


so that 

since M^\rra'a\ 


y 


4a 

3ir 
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In the same way, or from symmetry, we see that x=4a/3ir. 

The student may show tliat the integral is the same if we suppose 
the elementary mass to be a-Ni^. MN^ concentrated at the middle 
point of NQ, 

Example 3. Prove the following theorems : 

(i) If an arc of a plane curve revolves about an axis in its plane 
which does not intersect it, the surface generated by the aic is erjual 
to the length of the arc imiltiplieil by the length of the path of the 
centroid of the arc. 

(ii) If a plane area revolves about an axis in its plane wliieh does 
not intersect it, the volume generattni by the area is tKpial to the area 
multiplied by the length of the path of the centroid of the area. 



Take OA (Fig. 21) as the axis of revolution and let C l)e the point 
on the closed curve CPDIl nearest OF, and I) the point furthest from 
OV, Denote by ?/| any orxlinate J/P of the aix: CPI), by //., any 
(U'diimte M/I of the arc CHI), by the arc C/* and by the aic C/I, 
and the increments PQ and HK I'espectively of these 

arcs. Tlie lengths of the arcs CPD, CHD may he denoted In* /j. /j 
1‘e^ectively. 

Tlie ordinates yi, y, of the centroids of the arcs CI^D, CHD and 
the closed curve CPI)// are given by the equations 

“ 1 (h+h')^3=‘ [ 

But the area of the surface generateii by the arc C/*D is (§ 35) 



which by the first of the alK)ve integrals is equal to 2irytf|, that is, to 
the distance 2wpi travelled by the centroid of CPD multiplied by 
the length of the arc CPD, 
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Similarly the theorem is pi'oved for the arc CUD and for the closed 
curve CPDH. 

Next, to find the ordinate y of the centroid of the area lK)unded by 
the curve CPDHy we may Uike the strip IIKQP as the element of 
area and suppi^se it concentrated at the middle point of HP, The 
area of the strip is approximately, where Oil/ = .r, 

and the moment of the strip about OX is 

Kyi+y 2 ) 0 /i“J/ 2 )^^ that is, ^O/i* 

fOR 

llierefoi'e y x area CPDH ~ / \ (?/|* - 

But the v’olume generated by the area is equal to the integral 
multiplied by 27r (§34), that is, eq\ial to ilTry x area CPDH. 

These theorems are usually known lus the Theorems of Pappus. 

Example 4. If the centroid of a plane ai'ea *9 lies on the .r-axis, 
show that I //dS taken over the area is 7.ero. 

If the area is divided into n small jx>i‘tions, of which 8S may In* 
taken as a typ^, and if y is the ordinate of any |s)int in 8S^ then the 
moment of alx)ut the r-axis is approximately and the moment 
of the area S is ^i/8S approximately, w iiei'e the summation w includes 
all the n p<>rtions like 6 S, The moment of the area is the limit of 
when n becomes infinite and each of the |>ortions converges at 

the same time to zero. This limit is denoted by the integral j ydS, 
14ut if y is the ordinaUi of the centroid of the ami we have 

Sj/~ I yds. 

If the centroid lies on the x-axis then y - 0, and therefore the 
integral is zero. 

( ’onversely, when J j/dS is zero the centroid lies on the x-axis. 

Sirailarlj', if we take 8 T as an element of volume the ^-coordinate of 
til*' centroid of the volume Uis given by 

wViere the integration extends throughout the volume V. 

As a rule double integration (§ 70) is recpiired for the evaluation of 

I ydS^ but in simple cases double integration can Ixs avoided. 11ms. 

in example 2^ and only simple integration is needed; similarly, 

in example 3, 

38. Centres of Pressure. The intenHity of pressure (§ So, 
example 2) at the depth x feet, in a heavy liquid of uniform 
density p pounds per cubic foot, is (po+p.^) pounds per 
8(}uare foot, being the intensity of pressure at the free 
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surface. In our examples will be neglected, since the 
effect of Pq can be easily estimated without integration: 
contributes to the thrust on any plane area, ti square feet, 
the amount p^^ pounds, this force acting at the centroid of 
tlie area. 

The thrust on one face of a plane area, S srjuare feet in 
extent, placed horizontally at the depth :r feet, is simply 
pxH pounds acting at the centroid of the area. If the area 
is not horizontal the intensity of the piessure is diflerent at 
different dej)ths. To find the thrust on the area S in this 
case divide the area into )i small portions, the area of one 
portion being oS. If tlie depth of any point in SS below 
the free surfaci* is h^et the tlirust on oS is apj^roximately 
jx)unds, and tin* thrust on tlie whole area S is 
approximately ilp.ro.S, lh(‘ summation ^ including all the n 
elements oS. The limit of when n becomes infinite 

and each element oS converg<‘s to zero (that is, the integral 

is tlie thrust on the area S. 

To find the point in the area, call(‘d the centre of pressure, 
at which this thrust, or n^sultant pressure-force, acts take 
moments alK>ut two lines in the plane of the area as in the 
following examples. 



Vig. 22. 

Example 1. Find the centre of pressure of a rectangle whose plane 
is vertical, one side being fmrallel ti> the free surface. 

Tjet A BOD (Fig. 22) be the rectangle ; AB-Uy jiD^b \ h the depth 
of AB below the surface, to which A Bm panillel. 
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Divide the rectangle into narrow hy linea parallel to A and 

let AP^x, P/l^Sx, The area PQJSH«^BS^a8x; the thriwt on PQSB 
i» p(A'fx)«3ti‘ approximately, and therefore the thru«t P on the area 
ABC/) is .** 

P^ I p(A 4- x)a{/x = p*M + 

I>*t J l)e the depth Iwluw AB of the ceoti'e of pn^swine and take 
moments about AB. The moment alxmt A/J of the thrust on 
is X. p(hA-x)<(Sxy and therefore the moment almiit AB of the thrust 
on A BCD is ^ 

X . p{h + J*)ti <D\ or P‘1 (Ax 4* .r^)t/x, 

which is e»jual to -f 

But this is equal to Px.f, the moment of /^alKuit A B. Hence we find 

“ _ JpiA*-A 4- ^ hh 4- 

pahh 4- 2A -f a 

If AB i» in the stirfaee of the li(juid» A -=0 and x-^ 'j^h. 

It is obvious that the centre of pressure also lies on the line through 
the middle |K)int of AB [^uallel to A/K 

Pxattif/t Find the <vntfe of pressure of a triangle ABC., the 
base BC l»eiiig in the surface of the liquid and the plane of the triangle 
being inclined to the vertical at the angle i). 



r»g. xa. 


Let if (Fig, 23) lie the middle point of BC \ it in easy to nee that 
the centre of presfiure lien in dif. Ixst JD be perpendicular to BC, 
/V and HS parallel to BC^ DE vertical, l EDA «* &. 

BC^a^ Dd « A; the pemndicular diatance from BC to PQwx and 
from to BSix &x. 

pg-^(h-x)i ut» of approx. 
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The inteneity of pi'essure along PQ is /ir cos 6 and the thrust on the 
strip PQ^R may be taken to be 

px cos 0 X or ^(hjc - 

Hence the thrust P on the triangle ABC is 

J/xrAVos 0 , 

Nfixty take moments about BC; the moment of the thrust on P(^SH is 

and therefore the moment of the thruHt on the triangle ABC is 
pa y»s ^ “ ^Vpi/f\‘os 0 . 

Tlie distance > fixun BC of the centre of pressure is therefore 
X =s ptjAVoS 0 “^COH .Vo 

The (xmtre of pressure is therefore the middle jKunt of AM \ its 
position is independent of the inclination 0 . 

39. Momenta of Inertia or Second Moments. If ... 

Vn are the di8t4inct\s from an axis OR of j>article8 of 
maHS(i,s ruj, ... ni„ ros{)cctively. the sum 

m +. •. + .f 1) 

is calletl the moment of inertia of the set of particles 
alM>ut OR, 

The tnoincnt of inertia of a continuous Ixxly is obtained 
by stipiposing it to be divided into a large nninlK^r n of 
small pieces and linding the limit, for n becoming infinite 
while each of the n picnics converges to zero, of the moment 
of inertia of the n pieces. The sum (1) is then replaceti by 
an integral. If JtMj, ... arc the masses of the small 
pieces and the distances fmm the axis of any 

point in the mosses ... respi^ctively, the moment 

of inertia about the axis is the limit of and is given 

by the inb'gral 

taken between proper 

If the total mass of the system is M, and if k is chosen so 
A/jfc* sa Sm?"®, or Ml^ = 

the quantity k, which is of the nature of a length, is called 
the ndliia of gyration of the system about the axis. 
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We shall suppose the boilies treated to be of uniform 
density. When the density is Diken equal to unity the 
nuvssOvS may be treated iis volumes, areas, or lines; in this 
ca.se the moment of inertia is often called the second moment 
of the volume, area, or line about the axis. 

The symbol I is generally' used to denote a moment of 
inertia; if M is the ma.ss of the system and k ihr radius of 
gyration alxjut an axis, then I=^Mk'' for that axis. 

The work of finding moments of inertia is greatly 
simplified by the following theorems : the proofs are very 
simple (.see any text-lxxjk of Mechanics). 

Theorem 1. If OX, 0\\0Z an^ ihn^e rectangular ax<is, 
and if Iz are the moments of inertia alnuit OX, OY, 

()Z respectively of a plane lamina lying in the plane .YOl^ 
th(*n 

/z=/x-f4. 

Theorem 2. If Ijt is the moment of inertia alx>ut any 
axis OR. Iq tlie moment of inertia alnmt a parallel axis 
through the centre of inertia G, a the distance l>ctween the 
two axe.s, and M the total mass of the system, then 

Example 1. A thin straight i<mI of uniform deasity about an axis 
througlj one end {l♦.‘^peDdicuTa^ to the nxl. 

Ixft Ali (Eig. 19, p. 89) i>e the rod, aiul take the same notation a.*? in 
j;37, example 1. The niana of PQ is A^* and the moment of inertia of 
this element may be taken to l>e AAr. Hence for the moment of 
inertia / of the rod we have 

/- -1 Ma\ 

ho that P** Ja*, X*~0'577</. 

The moment al>out an axis through the middle f)oint of the rml 
perjjendicular to the nxl is as jiiay be* j)ioved either by in¬ 

tegration or by Theorem 2. 

Example 2. A uniform rectangular lamina about an axis through 
its centre iiarallel to one side. 

lx;t the lamina be A BCD (Fig. 22, p. 93) and let the axis l)e parallel 
UiAD\ AB^a^ AD^b, Divide the laniiim into nari'ow stnpa like 
PQSR ; if bm is the mass of PQBU the moment of this mass is, by 
example 1, Tlie moment of the whole mass J/ is therefore 

Similarly^ the moment alx>ut an axis through its centre parallel to 
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AB and therefore the moment about an axis through its 

centixj perpendicular to its plane is, by Theorem 1, 

The moment of a uniform rectangular ymrallelepiped (a brick or 
cuboid) whose edges are ^/, />, c about an axis through its centre parallel 
to an edge, the edge c siiy, is 

where is the total mass the parallelepiped. To prove this result, 
4lividi* the [)iiraIlolepifH?d into thin slices by plane.s jierpendicular to 
the edge r. The luoiiierit of a slice is 

i\ ■h ^ (mass of slice), 
so that the re(|uired niomont is b-)M. 

KtYfrup^^ 3. A uniform circular lamina of radius a al>out a diameter. 

Ii(‘t A'OX Ik? the diameter, )"OT the perpendicular diameter and 
/r. /y, ft the moments about OXy 0)\ i>Z respectively, where OZ is 
fierperidicular to the j»lane of the lamina. It is clear, from symmetry, 
that and therefore (Theorem 1) 

To iind 4, divide the lamina int<» narrow concentric strijys. The 
mass hn of the strip bounded by circles of radii x and a -f dr may he 
taken as 2tnrardr, wnera or is the mass of unit area of the lamina. The 
distance from OZ of each |K>int of the strip may be taken as so that 
the moment of 8 m is .r*. 2ir<T.v8j; or flenco? 

4 ■ • I '27r(TJ~\fr ~ ^TTCTfi* = H J/a* 

Jo 

where Jf is the raaas of the lamina, llierafore 4 = ]3/a* and 

Example 4. A sphere of uniform density about a duimeter. 

Divide the bito thin slices by planes perpendicular to 

the diameter. The mass 8 m of a slice distant x from the centre of the 
sphere is 7 rp(a^ where p is the density and a the radius of the 

8phei*e, ana ^ the thickness of the slice. The moment of this circular 
lamina almut the diameter of the sphere is, by example 3, 4(a*~x*)37w,. 
that is A 7 rp(a* - 4^y^dr. Hence for the moment of inertia I we have 

(a* —x*)Vx~j7rp. = jaW 
where the mass of the sphere. 

KxumpU 5. Bending moment. 

In the usual theory of the bending of beams the intensity of stress 
at any point of a section of the beam, made by a plane perpendiculai' 
to its length, ia of the form ExjR where R is the radius of curvature 
of the curve into which the l>eam is l>ent, ^ is a constant, and x is the 
distance of the point from a line in the section called the neutral axia 
The stress across a small section Sd containing the point is ExbAjR ; 
this stress may be resolved into a force Ex8A}R acting at a point la 
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the neutral axis, and a couple Kx^SA/R, Summing these over the 
area A of the section we lin^ a» the resultant of the stresses : 

(i) a force, ^-^tA ; (ii) a couple, 

For pure ^fferure the force is zero, and therefore is zero; 

the centroid of the section will in this case lie in the neutral axis 
{^^37, example 4). The stress thus reduces to a couple AV///, whore 
/( = 1^6.4) is the second moment of the aiea A alK>ut the neutral axis. 
This couple is equal numerically to the bending moment of the applied 
forces, El is called the flexnrai rigidity of the beam. 

40. Work done by an Ihip^ding Qas. Suppose the gas 
to be coiitinecl in a long rigid cylinder closca at one end 
and fitted with a piston which is free to slide, the cross 
section of the cylinder being constant, equal to S s(|uare 
feet. Let the intensity of pressure he j) |K>unds jku' square 
foot. 

The work, <5 IF say, done by the gas in pushing out the 
pisUm a small distance Sx feet i.s, approximately, foot¬ 
pounds. But SSx is equal to Sv, the increment of the 
volume V. Hence = approximately; taking the 
limit for cv converging to zero we find 

«'• dW=2Hlv. .( 1 ) 

The work done in increasing the volume from Vj to v, is, 
in foot-pounds, 

^ ir=J pdv ...(2) 

If the gas is compressed from volume i-’. to volume v, 
the integral (2) gives the work re^juired to produce the 
compression. 

£quation.s (1) and (2) hold whatever bo the form of the 
containing vessel, the walls lieing flexible in whole or in 
part; but the proof need not be given here. The work 
done is represented by the area wtween the graph of p, 
the ti-axis, and the ordinates to the v-axis at v, and Vy 

The three equations connecting p, v, and the aSaolutt 
temperature r ara 

(i) (u) pv»C,; (iii) 
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Equation (ii) holds for isothermal expansion, equation 
(iii) for adiabatic expansion. The constants Cj, are 
different from one another. 

For air at 3:^'' F. or 493"" aljsolute temperature, v being 
the volume in cubic feet of one pound of air and p the 
preasiire in pounds per square foot, we have 

Ci-5318, 02 = 262:>0, y=l*404. 

These values are taken from Prof. Ewings treatise on 
the steam-engine* ; the aKsolute temperature is obtained by 
adding 46T to the Fahrenheit temperature. 


Extunplf 1. One pound of dry air at volume and (absolute) 
ternpuaturo r. oxfwindH adiabatioally to volume , find the work 
done and the cliange in temj>erature. 

By nation (2), aince ~ we have 


-. 

If we put for 0, in each of the fractions in (3) we get 


(3) 


7-U 




. 


.(4) 


where the ratio of expansion. 

If in the first of the fractions in (3) we put for and in the 
second for C\ we find 


ir= ^ Pit’i-P ar, 

y - 1 \ * r5>“ */ y - 1 


(5) 


If Tj is the temperature at volume r.^ we have by (i); 

also Pirj = and therefore by (5) 


ir=.SiTjrV..(6) 

y~\ 

Suppose T|«661(200* F.) and r,==2r, ; then from (4) and (6\ since 
» C|T|, we have 

IFsa 21240, T,-T2==161. 


Tlie work done is therefore 21240 foot-pounds, and the temperature 
has fallen 161*; the temperature has fallen frt>m 2tKr F. to 39* F. 

If the air at 39” F. were compressed adiabatioally to half the volume 
the work required to pniduce the compression would be 21240 foot¬ 
pounds, and the temperature >vould rise to 200* F. 


• The Steam-Engine and other Heeit-Engines, By J. A. Ewing. (Cam¬ 
bridge: Univeriity Press.) 
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Example 2. If the ex|>an8ien described in example 1 is isothermal, 
find the work done. 

In this case pv—i\ and equation (2) gives 

I, ‘ V ^ a ‘"8* (I'-) = loR. ^.(7) 

Suppose Tj ™ 500(39^ F.), = so that 7^ = 2 ; then 

n' :)3-1H X 500 X log, 2 - 53* 18 x THX) x 0*6931 == 184:iO. 

The work done in this case is therefore 18430 foot-pounds. 


KXKIUMSES. X. 


1. Show' that the coordinates of the centroid of a plane lamina of 
uniform density in the slia[)e of a quailrant of an ellip.<e w'hose axes 
are 2a^ 2h are given by 

J*~4o37r, y~*l^>37r. 

2. Find the centroid of a uniform right circular e<»ne the area of 
whose base is A and whose height is A. 

[The centroitl clearly lies on the axis, 4'ake a sta tion |H-ri^>endicular 
to the axi.s at the distance r fr«»m the vertex ; the area of Uie s^M lion 
is ,t^Ajh\ and the luiisaof the slice of thickness is fkr^ALrj/i\ p l)eing 
the density. Take moments al>out an axis through the vertex jairalle) 
to tlie section ; then 

M.r- I " >■. dr -- ; 1 - JA,] 

•i) 


3. Show that the centifud of the an*:i bonndtMl by an are of the 

parabola the .r-axis and the onlinate, at the point (A, it*) is 

given by J=iA, .y=- iC 

4. ACB is a semi-circle of radius R ; (f is the middle punt of the 
diameter AB, and C is the middle }s»int of tin? arc AB, Show by the 
theorems of Pappus that the centroids of the arc and the an^a lie on 
OC at the disUiiices from O given by 


2lt 


y ™ for the area. 


L)r the arc ; 

^ TT ' 37r 

5. Show that the surface of the tore (Exercises IX., 8) is 4jrW, 
and that the volume is SttVc. 


6. A triangle ABChsL» its vertex A in the surface of a liquid and 
has iU l>a»e horizontal; M is the middle p)int of the base BO, 8how 
that ite centre of preasui-e is at 7/ where Alf^lAM. 

7. One of the parallel sides AB of a ti'apezium A BCD is in the 
mrfdico of a liquid; if AB^a^ DC^h^ and if the peiTKfndicuIar distance 
l)etwecn AB and DC is A, show that the centre of pi*essuro lies on the 
line joining the middle points of AB and />(7, and that its perpen* 
dicular distance from AB w 

CI-4-3A hr 
a-f^ 2* 
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Deduce from this result the position of the centi^ of pressure (i) of 
a parallelogram with one side in the surface, (ii) of a triangle with its 
Ixase in the surface, (iii) of the triangle of example fl. 

8. In example 1 of show that, when // is large compared with 
f>, the centre of [n-essure all hut coincides with the centroid of the 
rectangle. 

9. If in example 1 of 5^38 the depth of the centroid of tha 
rectangle ABC/) is and the depth of the centre of pressure //, aiiU if 
the rectangle is lowerctl so that the new depths of the centroid and 
the centre of j)ressu!e are /o, and r respectively, show" that 

~ j' 4- /f j 

10. A plane area S is inimei'se<l vertically in a liquid so that the 
depth of the centroid (J of the area is ; show’ that the deptli of 
the centre of pressure is given hv 

where / is the se^.'ond moment of the area about the horizontal 
through 6’. 

Apply the result to show that the e<piation of example 9 holds for 
any plane area, z and h., having the same meaning as in that example. 

Find the moments of inertia in the ceases given in examples 11-19, 
the density Ixung supj>osed uniform and the mass being M in each case. 

11. A circular lamina of radius ti, about a tangent. 

12. A circular lamina of mdius ci, about an axis through a point oq 
its circumference |s»rpendieular to its plane. 

13. A sphere of nulius o, about a tangent line. 

14. A sphere of nwiiiis alsuit an axis distant c from its centre. 

16. A rectangular lamina of sides o, about an axis though the 

middle point of the side a [)er|)eiulicular to its plane. 

16. A right circular cylinder whose height is h and whose cross 
section has a radius u, (i) alx)ut the axis of the cylinder, (ii) al>out a 
diameter of one of its cimilar ends. 

17. A hollow ciix'ular cylinder, about the common axis of the twQ 
Ix^unding surfaces, the inner and outer niilii of a cn>ss section l)eiiig 
a and b respectively. 

18. A right circular <x)ne whose height is /* and whose l>ase h;u! 
a ra<iins a, (i) about its axis, (ii) about an axis thnmgh its vertex 
perpendicular to the axis of the cone. 

19. A triaTigular lamina of height (i) alwut its base, (ii) al>out an 
axis through its vertex parallel to its ba^. 

20. Show that the flexural rigidity (the stillness) of a l>eam of 
rectangular cross section is proportional to the product of the breadth 
and the cube of the depth. 
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2L The pressure of one pound of saturated steam at .147* F. is 
130 lb. per sfj, in. and the volume is 3*44 cub. ft. Find the work done 
in an adiabatic expansion that doubles the volume^ and the fall in 
temperature, (y ~ 1 • 135.) 

22. Find the work done in suddenly compressing one pound of 
dry air, originally at 32* F., to three tpiarters of its original volume ; 
state also the temperature immediately after compression. 

23. One pound of dry air at volume pressure and (absolute) 
tenij^jemture Tj, i.s subjecte<l to the following process: (i) it expands 
isothermally tt) volume taking in heat and doing work ; (ii) it 
expands adial)atically from volume doing work at the expense of 
its internal energy, till its volume, has Ivcoiiio and its temperature 
Tj ; (iii) it is compressed isothennally at tempent\ire r., fi tun volume 

work being spent on the gas (or work being done by tlie 

ga.s) till its volume ha.s become being on the same adiabatic as Cj ; 
(iv) it is compress^itl adiabatioilly till its voluuu‘ has Ixnamie r,. Find 
the total work done by the gas, the work done dui ing eompression 
l>eing ct)nsideivd negative ; show that the work is ropreHcnted by the 
area twunded by the two i.si^thermals ami the two adiabatics. 



CHAPTER TX. 

DlFFEKKXTlAnoX op DlUFXT THIGOXOMETRIC 
FUNCmoNS. 


41 . Trigcnometric Limit. When an an^^le is small, say 
less tlian 5 , the sine of the angle is a})j>roxiinately equal to 
the number of ratlians in the uimle. Even for an aimle of 
10^ the error iii taking the number of radians for the sine 
is just a little greater than I pt‘r cent. For, 

10 degrees = 0 1743 radians, sin 10 ’ ==0*1730, 
percentage^ error = ^ ~ 


In the language of limits, this fact is expressed as 
follows: if 0 is tlie numher of radians in an aufrle 


We shall show that tliis limit is equivalent t-o another 
limit already' assunu'd (§35), namely tluit ^ 

the limit ol the quotient ( 01101 x 1 “-arc) is 
unity when tlie arc converges to zero. ^ 

Let the radius 0*1 (Fig. 24) of the y/ 
circular arc /i be r, and let the angle A OB ye \ 

be 0 radians; then, O B 

chord A sin h 0, arc AB — vQ. 

But sin d = 2 sin i0cos iO, and therefore 


chord Jl0_sin 0^^ 1 

arc AB * 0 0 ^co8|S* 


Yig. 24 . 
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Now, when the arc AB converges to zero, the angle 6 
also converges to zero and cos converges to unity. 
Hence, if the fraction (chord .4J9-~arc Al^ converges to 
unity, 80 does sin 0/0. 

The discussion is made i-ather simpler by taking the angle AOB 
to be 20; in this case the fraction (chord AB^iwc AB) is equal to 
sin 0/0. 

If D is the number of degrees in the angle AOB, then 
^ sinD IT sin0 


^_180 sinD_ IT sin0 

v 180 r'* 


and therefore 


Again, 


and therefore 


• 8inD_ tt 

^,^o~Tr’“‘r8o* 

tan 0 sin 0 1 


d ^cosB’ 


j tan 6 


Note. Unless the contrary is expressly stated, angles 
are measured in radians. 


If the student is to do satififactorv work in differtmtiating and 
integrating circular functions he must be quite familiar wiUi the 
formulae for sin (d rt B) and cos(^ dbi?). Tlie following modifications 
of these formulae are important: 

sin A - sin /?~2 sin \{A ~ B) cos 
cos A - cos // = 2 sin i(/? - d) f in \{A + 0), 
sin* A = i(l — cos 2d) ; cos* d — -f*cos 2d). 

Example 1. Prove 

(i) L (ii) I, 2Bin(laSr)_^ 

Sx^O 


h (ii) 


In <i) put 0 for |&r; then 0 tends to 0 when &r tends to 0, and 
therefore 28in(I&r) sin 0 , 

Ij--aa 3SS 1. 

iz">o ^ 0^0 ^ 

In (ii) put 0 for la&r; then, as in case (i), 

. 28in(la&r) . sin 0 , 

L- p —L »axl»«a. 

AkmO ^ V 
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Example 2. 


We have 


Prove 


(i) L 


at*0 


Bin oo; 
sin bx 


ain ax 
sin bx 


a 

V 


(ii) L 

X^i} 


tan or _ a 
tan bx ~ V 


sin ax 
— X 

ax 


bx a 
sin bx ^ V 


When X converges to zero the first and second factors each converge 
to 1, while the third factor is constant; the limit is therefore ajb. 

In the Sciiue way e<}uation (ii) is established. 

When X is small ive may, cu an approximation^ replace sinctr or 
tan<tT by ax \ the error involved in tne approximation, even if the 
angle be as large as 10'', is only a little greater than \ {>er cent, and 
1 per cent, respectively. On tne other hand, when seeking the limit 
for .r converging to zero, of the expre.H.<ions 
sin tan sin 

bx ’ bx ’ tan bx 

we may at once, without affecting the limits replace the sine and the 
tangent by the angle. Thus, 

sin ax _ sin ax ax 
bx ax bx * 

the limit of the first fact^u* on the right is unity, and therefore the 
limit of 8ina.r/64r is the same as that of ax bx. 

Similarly, in example 1 (ii), we may proceed thus : 

, flmn(},aSx) , 2xi<i&r _ , 

L -A- X — ==^2xla=^a. 

= 0 lx-0 

42. Derivatives of the Circular Functions. The angle 
CK*curs Ko fre<juently in the combination ax + b that 
the student should be familiar with the derivatives of 
Hin{ax + J>), coH{(ix + b), tan(a.r + 6) as well as tliose of sin j', 
cos,r, taiKr. Before rejuling the proof he should note the 
remarks at the end of example 2, § 41. 

I. Dx8iiiX = co8x; DxSin(aj:4-h) = acos(ax+b). 

Z).8m*= 

_ 2 sin(AAc)c^(.T4*i^ 

_ 2 X i&c X oon (x+ldx) 

iLrnO 

« Lco8(a?+i&c) 

UemO 


= co8a;; 
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D,^n(ax+i)- L ^ta[“(^+%)+tl- «i»<<g , + t. ) 

^JT »0 

_ j 2 siu(i^£(5^)coH(aa: + ia5x + &) 

_ j 2 X l</c):r X oos(ax+ ia<5^~M0 

ax 0 

= a cos(ax + h). 

The value of /)sin (<iT-f-/’) may also be found by nKin|r § 26 (a) 
Tlius, let ; then y-Hin 6)~-sin m, and 

(U di/ du . 

- ~ X -, — c*i>s tixa^a cos (ajr -f o). 
ax da ax 

IL Dx COS X = — sin x ; Dx cos(ax 4- h) = — a sin (ax -f b). 


DjgCOHX— L 

ax«o 


coh(x + 0*/') — cos :r 
ox 


- L 


ct)S X — (‘Os(.7; + Sx) 


dx 


But cos X —co8(.7:^ -f ox)—2 8in(J;d.r)sin(.i-+ 
and the rest of the })r()of is the same as for tlie sine, 
the same way the value of ./4cos(«x + i) is obtained. 

Ill, Dx tan X = sec^x ; Dxtan{ax-f b) = aBec^(ax + b). 

tan(x + ox)— tan x 

lx~‘0 


In 


/)- tan X — L 


= L 

ix=a0 


Hin(x -f ox) c<7s .T -- cosT x + ox) sin x 


• sin ox 
L ^ ,— X 


ox COS(X + ()./•) cos X 

1 


3z==0 dX 

1 


cost X +OX) cos X 

= SOC“X. 


cos- X 

We leave it as an exercise to the vstudont to prove that 
IV. Dx cosec X = — cosec x cot x. 

Y. Dxsocx — secxtanx. 

VI. Dx cot X = — cosec^x, 

Notk. If the angle x is not x radians but x degrees, the 
factor converges to tt/ISO ; tin refore 


Z)^sinaJ=sr~7:C08 3C, DjfiO&X- 
loU 


—jsina:, 2>,tan cc = ~8ec%:. 
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It is the occurrence of the factor tt/ISO that makes the use 
of degrees cumbrous in differentiation and integration. 

The following exercises are very simple, but the beginner 
will do well to try most of them in order to fix in his 
memory the values of the derivatives just obtained. A 
careful inspection of the process and results will often give 
useful hints for integration. 

EXKKl’lSES XI. 


Diflferentiato with to x 


1. 

sin 2.r. 

2. 

cos 2.r. 

3. 

sin (2.r-t-f>). 

4. 

C<»K (2./* -f “'). 

5. 

sin (3 - x). 

6. 

cc»s (3 - x). 

7. 

sin (ic f 

8. 

cos {kx + .Itt). 

9. 

sin (3 - 2.r). 

10. 

coH (3 - 2.r). 

11. 

sin 5(.r - Att). 

12. 

cos r>(.r“ kir). 

13. 

sin “y 4- 2). 

14. 

27r 

coa-,^ (.r + 2). 

15. 

sin - (.r + 6). 
a ' 

16. 

o ^ 

i'AM {X + b). 

a 

17. 

sin 2.r cos x. 

18. 

cos 2.r sin .r. 

19. 

sin ;/r> c<»s /ur. 

20. 

sin sin 7u\ 

21. 

tan (3.1* - 4), 

22. 

cut (3 r — 4) 

23. 

cosec (2.r - 3). 

24. 

sec(3x ~ 2). 

25. 

.r.sin X. 

26. 

.r cos X, 

27. 

.r- sin X. 

28. 

j:-* cos X. 

29. 

X sin X -h cos X. 

30. 

sin .r — X cos x. 

31. 

lx > \ sin ilr. 

32. 

kx ~ 1 sin 2.r. j 

1 33. 

J sin x-f’jV sin 3x. 

34. 

cos 3 j.' - ^ i‘()S r. 

35. 

tiin X ~ X. 

36. 

X tan X. 

37. 

sin X 

,c 

38. 

cos X 

X 

39. 

1 - sin T 

1 +sinx 

40. 

1 - CO.S X 

41. 

sin X - cos X 

42. 

sin 

1 -f cos.r 

sinx+cosx 

1 — cM.>s X 

43. 

2 cos .r -h 2.r sin .r - 

x^cosx. 44. sin 2 . 1 * 

— %r cos 2,r. 


43. Worked Examples. We shall now w^^rk one or tw^o 
examples, illustrating various points. 

Example 1. If y —8in*(3jr-f 4), find 

ao: 

Here y is a power of a function of .r; denote the Ixiiw of the power, 
natuely 8in(2li + 4), by a single letter and then apply g 26 (a). 
Thus y =« u =« sin (^r -f 4). 

X 3 cos (Sir 4-4) 6 sin (3T-f 4)co8(3.r4-4). 
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Similarly we find, for instance, the derivative of cos’r. 

y = i/ = cosx. 

^~ 3m.^ X ( ~ J*)— - 3 c<>8*rsin x. 

After a little practice, the actual sulwtitution of m will lye found to 
be unnecessary. Thus 

I) cos^.r = 3 oos-j:* x ( — siii .r) — ~ 3 c<>s*ar sin a', 

D tan'^jr = 2 tan .r x ~ 2 tan x scKJ-.r. 

Example 2. Find the derivative of sin {a.r-\-h). 

D sin {ax + />) = <* ~^ ^ . 

IxH^use cos A ~ sin (A 

Similarly, 

D^in{?tr4-6) = cf />sin + =ff^4iu 

/)*8i n (ax + />) = a*/> sin ^cu* + -I- 2^ ^ =- o^sin ^a.r + 4- 3^^ ^ 

The law of formation is now obvious ; for the derivative* we find 

/>^in (aT + 6)~<i"Hiii ^o.r4-^-f ^ 

The value a sin (a.r4-6*fi7r) for the derivative of flin(^rr-f//) shoiild 
lx* noted. 

Example 3. If j-) and x=«ain f/, find and expreea 

its value in terms of 

= \/(a* — x^) — a cos «, -- a cos n ; 

fix ^ * (lu 

t herefore ^ x - — ^a cos a x a cos 7i == rr - cos*?/. 

tfll 

l^he value may be wntten 

^-Ja*(l+co»2«), 

a form specially useful for integration. 

Example 4. Find the turning values of 2 sin r -f sin 2x. 
liiit/w — 2 sin jr+«in 2a:; then 

f(x) « 2 cos X4- 2 cos 2x ; /’'(^') ~ 2 sin .r - 4 sin Sir. 

Now, f (x) « 2(cos x4- cos 2x) » 4 cos cos 

2s A 

and thereforey*(x) is zero when 

(i) cos^«0 or (ii) cosg««0. 
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Restricting ourselves to values of x between 0 and 27r, we see that 
equation (i) gives, for 3jr/2, the values ir/2, 35r/2, 5ir/2, and therefore, 
for X, the values a-/3, e-, 5 b-/3. 

Neit, /■(5)--2x4?-4x!j--a>/3, 

/fy)— 

and therefore /(ir/^)* which is ecjual to 3^3 2 or 2 59B, is a maximum 
and f{C}ir/3)y w^hich is equal to -2’598, is a minimum value of /(x). 

When x = 7r the value of /"(x) is zero, so that f"(x) in this case gives 
no criterion. It is easy to see, however, by examining the sign «>f 
f(x) for values of jr a little less and a little gi*eater than tt, that /'(.r) 
does not change sign as x increases through tt. The value j(ir) is 
therefore not a turning value. 

'Hie values of x given by (ii) are tt, 37r...and do not give turning 
values of /{x). 

/(.I) is a f)eriodic function, with period 27r, and the turning values 
are of cout*8e repeated in each perioa. 

Example 5. A particle is moving in a straight line, and at time t 
its distance x from a fixed fK>iut 0 on the line is given by 
x^acm(n( + €) ; 

find its velocity v and its acceleration a at any instant. 


We have 

x=acos(w/-f c) ; . 

.(i) 

therefore 

r = ^ ~ sin (jit -f c). 

. (d) 

and 

tl'V V 

® - - nht cos (?f f -f c). 

.liii) 

or 

a = - n’x. 

.(iv) 


From (iv) we see that, at any instant, the acceleiation a is pro- 
poitional to the displacement x of the particle. Tlie direction of the 
acceleration is towards 0; because wheu x is positive a is negative, 
and when x is negative a is positive. 

Tlie motion of the particle is said to bo a simple harmonie motion 
^nation (iv) proves tnat in simple harmonic motion the acceleration 
is proportional to the displacement. 

ilie acceleration is gimtest (numerically) when x=^±a^ that is, 
when nlH-e is a multiple of ir; the velocity is then zero. The velocity 
i« greatest (numerically) when sin(n<-h€)= ±1, that is, when nr + e is 
an odd multiple of ir/2 ; x and a are then l)oth zera 
Equation (iv) may be written 

d*x - d*x , o ^ /X 

~n*x,or +n*x«0..,...(v) 

This equation is called the diiliBrential equation of etmiiKe liarmonlc 
motion; equation (t) from which it ia derived by differentiation ta 
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called, in I'eapect to (v), the inteflnral of equation (v). The two oon- 
stanta a, € are the eonatanta of integration. It will be noticed that, 
whatever be the particular values of a and e, we get the same 
equation (v). 

The equation x^a»iii{nt^€) gives rise to the same differential 
equation (v). (Compare Exercises XIL, 56 and 57). 

Example 6. A point moves so that at time t its coordinates with 
reference to two rectangular axes are a* —acos;</, j'/ “6sin nt ; find the 
gradient of its path at any instant. 

du df/ dx nh cos nt b 

dx dt dt — 7ta sin nt a 

When ^=*0 we have .r~<T, j/ = 0; the gi*adient is tlien infinite, so 
that the point is moving in a direction at right angles to the .r-axis. 
Since d^/dt is jiositive, ecpial to «/>, when t — 0 th? point is moving 
upwards. 'When t — Tr!n the gradient is again innuiU;; but now 
dy'dt is negative, equal to -«/>, and the {K)int is moving downwards. 

When t-^Tr’in and 37r/*2« the point i» moving parallel to the x axis, 
in the first case towards the lett and in the second aise towards the 
right. 

By eliminating t we find the equation of the path of the point to be 
.r^ a'-* 4-^/6^ = I ; the path is thus an ellipse. Tlie motion of the jioint 
is in fivct compound^ of two simple harmonic motions of the same 
period at right angles to each other. 

The equation of the line through the centre of the ellipse parallel 
to the tangent at /^(the position of the point at time t) is 

hr 

v==-cot nt, 

* a 

'fhis line meets the ellif^e at 

~ a sin nt^ b cos nt) and (a sin nt, - b cos nt), 

as may bo seen by solving the equations of line and ellipse as simuL 
taneous equations. If 0 is the centre of the ellipse, then 

OQ ~ ()(/ — 8in*nf + b^ coshu). 

The velocity of the pioint when at P is given by 

V{ (S)*+(^) V ^ 

and is therefore proportional to OQ, the semi-diameter cesjugikte 
to OP. 


EXERCISES. XII. 

Differentiate the functions in examples 

1, co«*(ar-2). 2. sin\4jr-l); 3. co«<(ar4-6). 4 . sin"(a4?4*6). 
d. 6. ^/{ com 2 jb % 7* sin^^oos^x^. 8. 8iii**jrcos”x. 
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»mx 
13. tan‘-.r. 
17. x^sinh\ 


10. -4,^. 

sui^ar 
14. aec^a:. 
18. jr-cos^or. 


11 £1^^’ 
cosV 

15. tati^(aj: + d). 

19. 


12. 21?^"^. 

oya X 

16. x^tan^r. 
20 . af*Qcm\v. 


l^ind the turning points and tlie points of inflection on the graphs 
of the functions in examples 21-28 ; only one period of the functions 
need Ik) ccuisidered. Sketch the graplis. 

21. sin-.r. 22. sin^ar. 23. siii*.r. 24. cos®.r. 

25. cos\r. 26. cos^.r. 27. Uin-x. 28. tan®x. 

Find the 2nd derivative of the functions in examples 29-35. 

29. sin‘-.r. 30. cos-x. 31. tan*x. 32. 8in5xco8 3.r. 

33. cos fj.r Ri n .'ia*. 34. sin rnx sin nx. 35. sin mx cos fix. 

Find the 7i^ derivative of the functions in examples 36-40. 

36. cos(//.r + ^). 37. sinV. 38. sinV. 

-39. oos^.r, 40. cos'lr. 


41. Show that (1 4*xtan x)ix is a minimum when x —cosx. Verify 
from the tJibles that x«0'739 approximately. 

42. Show that sin.r8in2.r is a maximum or a minimum when 
sin x —^(2/3), according as the angle x is acute or ohtuse. State the 
angles to the nearest minute. 

43. Show that 8in.i'(l -f cos.r) is a maximum when x = Tr/3. 

44. Show that the maximum value of a sin x4*6coax isF\^(o* + ^>^), 
and the minimum value — v^(a*4-?>'), 

Solve the problem also by expressing asinx + ftcosx in the form 
I*8in(x-f 61). 

45. Given the length (0 of an arc of a circle, show that the segment 
of which / is the arc will l>o a maximum when the segment is a 
semi-circle. 

[If the arc 8ul>tend8 the angle 6 at the centre of the circle, the ai'ea 
of the segment is 



This expression is a maximum when 

46. A circular sector has a given perimeter ; show that when the 
area of the sector is a maxiratim the arc is double the radios, and that 
the maximum area is equal to the square on the ra*lius. 

47. From a given circular sheet of metal it is required to cut out a 
sector, so that the remainder can be formed into a conical vessel of 
maximum capacity ; show that the angle of the sector removed must 
be 2(1 - Jv^6)7r radians (about 66* 4'). 
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X —aain ?i. 


5r " 

^s=(a*-~x*)^ ; x~asin«. 
€LX 


; j =<i(l 4'«in «). 


In examples 48-~55 find dyldu^ expressing its value in terms ()f u. 

48. - * 

49. 

50. 

51. 

52. 

53. 

54. 

55. 

56. 


dy _ 1 

^ = V(2ar -; .r==:«(l+8in//) 

~n ^— \/T.ri *» />8in-^. 

- ^^{(x - a)(b - x)} ; X ({ rf)s% + b 


ilr 

(iy x^ . ^ 

'Z - ^ . x~a 8in->/. 

^ (a-x)^ 

dy 1 . ; . 

dx (x-fn) 

If X ~ .1 co 8«^4' /isin nt^ show that 

dh' _ 

+ '<•■'•-o- 

57. Show that each of the equations 

(i) x~d 008(»/ + )?)» {\\) x^Cwx\(nt-hTl\ 

(iii) x=£'co8ar4'/’8inn^, 

Arherc Af C, D, /^are constants, give.s rise U> the equation 

d'^x 

(It- 

58. A particle moves in a oirolo of radius a with oonstant an^iar 
velocity w ; when ^-~0, the radius to the pailicle makes with OA the 
angle c. Show that, if at time t the cmirdinates of the particle are x,y, 

x=a cos ((Df 4*€), y —asin (wf 4*€). 

Show also that 

d^x (By 

^ cos {tat + <) + sin (iot 4- c) — — oiV, 

d^x dht 

- sin (a>f + €) 4* cos (a*; 4- c) — 0. 

Prove from these ec|uations that the acceleration of the [xirticle ia 
constant in magnitude and is clirectcd to the centre of the circle. 

59. ^Fhe (ioonlinates of a point are given by the equations 

x=wa(d~sin (9), y»aa(l-cos 61), 

wheits O::^0^27r. Show that the tangent to the locus of the point 
makes with the x>axiB the angle |(ir-0). Graph the locus. The 
a^rve is called a eT^lold. 
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44. Series for sin^ and cos a;. We shall now establish 
the following expressions for sin cc and cos x. 




COHX= 1 




V.2/1-* 1 


7 ,+ ---±(2„ . 


x~^* 


l)V 

ornjr< 


^ 2n-|-l 

error <—^ 


(2w + i)!' 


(271 + 2)!' 


The signs are alternatcl}'^ + and —, and denotes the 
7mm€ri(‘al vnUie of : that is, x^—x when x is positive, 
but a'j ~ — .r wh<*n x is negative, d'lie syniV)ol it !, where 7i 
is a positive integer, means the pixKliict of the first n natural 
numhers ; for examj)le, 

:r = 1.2.3 = fi. 4: = 1.2.3.4 = 2 4. 

Tlie pr<K)f, though somewhat artificial, is very simple and 
(h‘pends on the following principle. If /+r) is positive and 
if /‘(,r)-0 when .r = 0, then /(x) is positive when x'^0: but 
li f'ix) is negative and if /(>)=:0 when .r=:0, then/(.r) is 
negative when 

The truth of the principle is established by § 19. Thus, 
if/X.r) is positive,/(.r) increases as :r increases; if f(x) — 0 
wlien ./' = 0, then /(.t) becornes greater than 0. that is,/(;r) 
is jKKsitive when x becomes greater tlian 0. Similarly, when 
J{x) decreases from 0 it becomes negative. 

Note also that if ci —/> is positive, a is greater than b : if 
n —6 is negative, a is less than b, the words “greater” and 
“less” luemnug alijebraicallif “greater” and “less.” 

('onsider the following sets of functions in which x is, 


for tlie present, supposed to be positive. 



/,(,r> = sin.r —; 

r, 

Fi{x) = cos 



/aC^) = 

' .r^\ 

F^x) = cos ( 


)■ 

/,(x) = «inx-l 

f a;‘\ 

1'® 3!"^ 5:)’ 

F,(x) = cos 3^ ~ ( 


X® 

(Ti 


We t^ke the functions f^{x\ F^{x ),... in turn 

and differentiate. 

(i) /j(i») is 'negative, and therefore 8inrr-<x. 

O.I.C. II 
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For, f\(^) =a? — 1 = negative quantity 

because eosx<Cl. Hence f^(x) is a decreasing function: 
but /,(a;) = 0 when a; = 0, and therefore f^{x) is negative 
when a:>0. 

(ii) F^{x) ispmitive, and therefore cosa:>l —-;y 

For, Fj'ix)^ — sin J7+‘r = positive quantity 
because, by (i), sin a:a::. Hence F^{x) is an increasing 
function; but F^{x) — 0 when a* = 0, and therefore Fy(^x) is 
positive when x^O, 

a*^ 

(iii) /2(a5) is positive, and therefore sin x 

For, /j'(x) = co8a:-^l-^j = jP,(a:), 

SO that f^{x) is positive, by (ii). Hence fj^x) is an increas¬ 
ing function; but / 2 (.r) = 0 when ir==0, and therefore f^(T) is 
positive when x>0. 

T“ a* 

(iv) F^{x) is and therefore cosa*<l 

For, Fj'(x) = - sin x+(x -1-, j = -U x\ 

80 that F^{x) is negative, by (iiiX Hence F,(x) is a decreas¬ 
ing function; but Fj(x) = 0 when x = 0 , and therefore F,(x) 
is negative when x'^0. 

Proceeding in this way, we see that ft(x) is negative and 
F^x) positive, so that 

(v) ainx<x-^+|^; (vi) co 8 x>l-^-f 
We thus obtain the inequalities 

X* . . . X* X® 

x-3-,<8inx<x-3,-|-g-,. 


l-^ + |^j>C 08 X>l 


^ a-"* _x® 

■2'^4r!”(r!' 


From these inequalities we get the approximations 


sinx 



error •< 


x» 

¥l’ 


coex>»l — 


X* , X* 


.X* 

error <g-j. 
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We may now take 

//*)=sin ® - (* -1-,+f-j - f-;)- 

F^(x) cos X ^1 *4“ jjj-, + j 9 

fXx) iH pasitive, because //(x) == positive quantity. 
Ine inequalities for sinx thus l>ecoine 


£t - ;t-,+—, > si n « > a: • 

: O 1 

while the approximation is now 


J,5 ^7 




sin X = X - ™ -f ; eiTor < 


In the same way we find for cos x 


X“ X* X® . 

3.2 3.4 3.6 


2 '‘^ 4 ! 0! 

, X- , X* X® 

X® 

casx=l—^ + 

; error 

0 . 


X® 


Tlio general equations for sinx and cosx inaj’' now be 
easily established by induction, but we shall here omit the 
pr<X)i. 

If X is negative, there is no chan^ at all as regards the 
cosine, because cosx is an even umction of x and the 
[Xjwers of x are all even. As regards sin x, we have merely 
to interchange the symbols >, *< in the inequalities. Thus, 
let X = — X, where Xj is pasitive; then 


that is, 
so that 


- gS < 81 n Xi < Xj ^ 3! + oY 

, X® . . . ;r* X® 

-iC + g j<- 8 mx< “-^ + 3l~57 

*-ri>“"*>“'-3'i+5T 


The approximations remain the same, x being replaced in 
the error term by its numerical value x,. 
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It will be noticed that the approximations are alternately 
in excess and defect. By taking n sufficiently large the 
error can Ix^ made as small as we please; becau.so, a.s is 
proved in example 1 below, the limit of for n becom¬ 

ing infinite is zero, so that when n is large the error is 
small. 

The approximations 

sin X = X - cosX = I — 

are often useful; even up to an angle of tt/G these approxi¬ 
mations are very good, and amply sufficient for rough work. 

Example 1. Show that L ^ — ^ 

Suppose T ecpial to or less than the intoj^er m ; then 

y' .r”* .r X X / X Y"’” 

n! m ! >,•< + ! * ui "2 ‘ " ‘ n ' i/i ! V ;/i + 1 / 


But x/(m4-l) is a projHT fraction, an<l hy Uikin^^ 7i large enough we 
tan make jx/(m-f 1))** as small as wc ]»lcase. 

Example 2. (’alculate the sine of the nnlian to 7 dec imal places. 

In the expression for ainx let x—1 ; we shall take ciwdi term to 
9 places. 

1 = 1- I 3:-01G6G<>6 667 

1/5: =0*008 333 1 7 !-0*000 198 413 

1 /91 = OMKX) 002 756 1111 = 0*(KH> rxx) 025 


1*008 336 089 


0*166 865 105 


sin I = 1 <X>8 336 089 - 0*166 865 106 
= 0*841 470 984. 

The error is less than 1/13! or 1*6x10 ’*^ and <rannot, thei*efore, 
affect the <leciinal. Nor will the erroi*s from neglectetl ligui'cs in 
the divisions affect the 7‘^ decimal. Hence, the sine of the radian is, 
V, 7 decimals, 0-8414710. 

This example shows how rapidly the error decreases as n increases. 

Example 3. Huyghen's Bole for the Length of a Oixcular Arc. 

The rule is as folIow*s : If a is the chonl of the whole arc, and h the 
chord of half the arc, then the length (f) of the arc is (85~a);3 
approximately. 

I.»et the arc subtend at the centre of the circle an angle of Q i-adians, 
and let the radius of the circle * be r; then l^rh^ a«2r8inif^, 
5=2rsin|ft We now express sin|0 and sini0 by means of the 
series for sin x, putting x in turn equal to J d and i 6, Tims 


.(0 

.(ii) 
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Multiply (ii) by 8 and then subtract (i); we thus eliminate (p. 


Therefore 


iib - a = 2r 


&-n 


3^ 


I'itt X 2 




= 3/n-^/T0804-...}. 

Hence, neglecting the fourth and higher powei^s of we find 
/rT(8Z>~a)/3. It may bo shown that for an angle of 30“ the relative 
error is less than 1 in ]00(J()n, for an angle of 45“ less than 1 in 20000, 
and for an angle of 00“ less than 1 in 0000. 


Kxftmple 4. 


Prove tliat 


L 


I + sin .r — cos .r 
sin jr-4-cos — 1 


If in the fraction we put j' =0 we get 0/0, which is an undehne^l 
HvnilxiL The fraction has however a definite limit. For, replacing 
sin.c and cos.r by the corresjxmding series, we see that the fraction 
is e,,«al to • J +(.r-it.r3+...)-(l 


or, 


1 + ^£^4-... 


and the limit of this fi’action, when .r converges to 0, is 1. 

When an expression is not defined for a particular value of x but 
has a definite limit when x (‘onverges to that pirticular value, it Ls 
often convenient to iumjn f/m limit a$ the value of the expression for 
thit value of x. 


KXEltCISES. XIII. 


1. Calculate, to 7 decimal places, the cosine of the mdian. 

2. Show' that, if pow’ers of x above the are neglected, 

^ .r^ 2x® 1 

tanx-x+y+ jj. +-3jj- 

[Divide the series for sin x by the series for cost.] 

3. Show that, if |M>w'er8 of x above the 0^** are neglected, 


X cot X = 


1 -.if -.n- 

3 "'45 IM5 


4, Show that, if |k>w'oi' 8 of x above the 6*^ aie neglected, 

8ecx-I + ~4-24 

5. Show that, if jiowers of x alwvo the 6“ are neglected, 

xco8ecx==l+^ + 3jj^ + ^^. 

6* Find a series for sin^x. 

[Note that 8in*a’«J(l -cosS.*').] 
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7* Find a series for each of the following functions: 

(i) coH^T, (ii) sin^jT, (iii) C0R^r> (iv) «in3.rc08j:. 

Find the limits to which the functions in examples 8-11 converge, 
when X converges to the value stateil. 


8 . 


10 . 


sin x-.r 


.v=0. 


9. 


tan.r-r, 
.r-“8in.r ’ 


j* = 0. 


tan nx - w tan .r 


n sin X 


«tan.r /xr V tt 

.r=0. IL I Itan.r ; t=-. 
.sin/u‘ \2 / 2 


[In example 11 put x=i7r-y; then when x tends to Itt, ^ tends 
to 0.] 


12. Show that if 

A = X-f sin j* - 4 sin ^ 3 + cos .r - 4 cos 

then A ~ 4* higher powei’s of x^ 

B-^x* 4- higher powers of jt, 
and find the limit of A*/IP for x converging to 0. 



CHAPTER X. 


INTEGRATION OF DIRECT TRIGONOMETRIC FUNCTIONS 
MEAN VALUES. 


45. Integration of Circular Functions. From the results 
of differentiation (§42) the following integrals are deduced: 

Jsin JciLr — — cos.r; |sin(<iar + b)dx ~ 

|cosa'</x =8inx; j'cos(rtx + =^8in(ax + h); 

|.socV<(x =tan.r; |.sec‘^(frx4-t)t(-r =^^t{m(«x+6); 

j'cosec'.A/.i’ = — cot X ; |cosec-(<ix + b)dx = — ^ cot (ox + b). 


We again remind the student of the necessity of making 
himself familiar with the fundamental formulae of trigo¬ 
nometry ; the difficulties of integration in elementary cases 
are more frccjuently due to imperfect knowledge of trigo¬ 
nometry than to the nature of tlie calculus. 


f'jcainph 1. Find the aim lietween the graph of ain.r, the x-axis, 
and that part of the graph that lies between x=0 and x=r. 

Area= ^ ainJYif=|^-co8X^ =(-cos»•)-(-cos0). 

But cosa-m -1, co80 = l, so that the area is 2. 

Example 2. Find the centroid (i) of a circular arc, (ii) of a circular 
sector. 

Let OAl.’^a) bisect the angle 13f)C’(«°2a) and take OA as the x*axis 
(Fig. 25X In both cases the centroid lies on OA (from symmetry). 
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But 


Lot L,XOP^$y arc arc x — OM^aco^d, The 

whole arc CAB—%aa, 

(i) For the arc CA /?, 

* 2<ia. x~-j 0M(/4=^ j cos Papain 

* «-a ^ -J — 

1 ^ 0 - sin ti^J == u'** sin a - sin ( - a) — 2a‘‘^ sin a, 

because sin ( - tt)=-sin a. The lower 
limit of the integral is - a; when /Mies 
l>etweeu J ami ^ the angle 0 is negative, 
and ^ increases from - a to a. Hence 
- 2a* sin a a sin a 

i: -- —--. 

2a a a 

(ii) *^1116 area of the sector P0(^ is 
and its centroid may be considered t^> 
3( 1 h* at (t\ where 0(i~\0P, The moment 
about <>}' of this elementary sector is 
therefore jOJ/. or ^a^cost^^^. 

The area of tlm sector (JOB is Aa*.2a, 
or a*tt. Henc'c, for the secUu*, 

•a 

a*a . X“ I cm OdO— sin a, 



and 




Example 3, Evaluate 


sin^rdLr. 


- a 

a sin g 
a 


The integration of |>owei's of sinx and cosx, when the index is a 
small positive integer, is usiially most easily effected by expressing 
the powei*s in terms of multiples of the angle. Thus, 


ain*x ~ 1^(1 ~ cos 2x), 


c‘o«*.r = ^ (1 4 - cos 2.rX 


sin*x ~ j sin X - ^ sin 3a*, c<)S^\r ~ J cos t -P J cm 3x, 
sin*x— 2 i 2x4- i cos 4.r, coslr- 3 + 4 2-r + J cos 4.r. 

In the present ciase we have 

mn^xdx = (4 i 2x)(ix = ~ i 2.rJ . 

But «in2Lr=0 when x = 0 and when .r=!Tr/2; the value of the 
integral is therefore ir/4. 

(Bw also Exercises XIV., 40-42.) 

Example 4. Show from graphical considerations that 

0) r cot^xdx^O ; (ii) J* coe^x</x»2j^ cos*j?«ir. 
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From to the ordioatee of the graph of cos^^r are 

positive; from x=7r/2 to x^^ir the ordinates are negative, but are 
nunierkuillv equal (in the reverse order) to the4>rdinates from jr=0 to 
.r = 7r/2. rtence the area represented by the integral is (algebraically) 
zero, so that the integral in (i) is zero. 

In the graph of cosV, on the other hand, the ordinates are all 
positive (or zero), and their values in the range from x=xr/2 to :f=7r 
are equal (in the reverse order) to their values in the range from 
.f —0 to .r=:7r/2. Hence the whole area represented by the integral on 
the left of (ii) is twice the aiea represented by the integral on the 
right. 

liy considering the graphs of the integrands we can often simplify 
the evaluation of the integrals of trigonometric functions. (See 
Exercises XIV., 22-27.) 

Example, b. Evaluate / mx%mnx<Li\ m and n being positive 

Jo 

integers. 

We have 

sin rtur sin 7Ui' «= ^ jco8(wi — n)x - cos (w + n)x\ 
when m and n are unequal ; but if m = n, then 

sin rnx sin nx = sinhix = J(1 - cos 2nx). 

Therefore, if w is not equal to w, 

/*•' . , ri (sin (m - 7i)x sin (in + /Ax'! I** 

/ 8lnfn.^'8ln7l,r</.r~ - V— - - . 

L2 I m -n wi +« J J« 


>-G{- 




because Iwth sines vanish when x~0 and w'hen .r 


If m — tiy then 


j 1/ sin 2?r 

sin 7; I x -— — ) = ~ - = ar. 

L2\ 2« /Jo 2 


A similar method applies when the integnind is cos rwj; cos wx or 
,^in Ynxcos^u:. These integrals find an important application in 
rouriei*^s Theorem (§ 52), 

Example 6, Calculate J\/(a* - J^)dx by means of the substitution 
X * a sin u. 

By § 4S, example 3, we see that 

I j:*)dLr»^a*y^(l + cos 2u)(/« = Jain 2«). 

n 4. 1 • « • •** 

But ism 27i»sin U(X>SM»" . -^ 

^ a a 

so that j ^(a* - x*)<ir « Ja* 8in~* ~ 4- - x*). 
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To calculate the integral notice that t *«0 

when and w«ir/2 when ar»a; as x increases from 0 to a, a in¬ 
creases from 0 to ir/2. Hence 

^ *“ a^)dx=f (I -f cos 2u)dH = ^ a* 


The definite integral represents quarter the area of a circle of 
radius a, so that the area of the circle is ira* 

This example illustrates a substitution that is frequently effective. 
Corapai'e Exercises XII., 48-55. As another illustration take the 
following example : 


Example 7. 
We have 


Calculate 


fr.. 


dx 


(.t--l-4.r-Hl3y-'‘ 
x*-f4.^ + 13 = (.r-f2)»4-9, 


and, by putting 3 tan u for x+2, we find 

+ 13 —9sec^2<. 


Also <ir=3 sec^udii, so that 
dx^ 

' (j? 4- ir 4 13p 
the value of which is 


A 


j\l aec^udu 


1 


81 8ec^?i ’ 2' 


I coshidu, 


54 


(u48in wcost4) 


2 

54 


tan"* 



1 t42 

■^l8:r»44r4Lr 


EXERCISES. XIV. 

Integrate the functions in examples 1-12. 

1. sinar. 2. 8in(l-.r), 

27r, 


i. sin—{ j:46). 
a 

7. co«*(wj?4a). 
10.r cos*XT sin X. 


^TT 

5. cos—( x46X 

8. tan*x. 

IL tan X sec*X. 


3. cos(l-x). 

6. 8in*(rur4a). 

9. 8in*xeusx. 

12. cot X cosec*x. 


Calculate the definite integrals in examples 13-21. 

13. |[ cos*x<ix. 14. ^ sin®-^^c//. 16. jf sin*^^(f 4€)cf#. 

18. I cos*2x££r. 17. jf^"8in*(«^4<)<f^ 18. / ^oo8*x<£r. 


«r 


ca^xdx. 


ao. 




sin3xcoflxd[x. 21* / cos3xcosxd[r. 
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Prove by graphical considerations the truth of equations 22-27, n 
being a positive integer. 

22. 23. siii”xcLi;=^2 f^sitk^xcLr, 

24. J cos^rc4r==2^\'os"xdr, if w is even. 

25. f co8’*.ri/.i‘ = 0, if n is odd. 

rt* . /*^' /"I 

26. I sin^xcLc== c(}s^"xdr — 4j Hin^"xdx, 

f2kr fHu fj 

27. Hiiv”x(/x = j coH^xdx =4X' J sin***.rfXr (X* a positive integer^ 

28. Establish equation 22 by the substitution x — ^ir-y. 

[(Xr=a -(fy ; y«i7r when j:=0, andy==0 when .r = ^ir. Therefore 

^ sinVfXr^: - J^co8"y</y = ^ co8"ycfy = ^ C08'*x(Xr. 

See § 31, examples 2, 5]. 

Evaluate the integrals in examples 29-37, employing trigonometric 
substitutions ; see Exercises XII. 48-55. 

29. 30. 31. f\a* - 


“■f, 


.1 v/r&-a)(6-.i)}’ 


>. 37, fjprgfSjv 


38. Find the surface of the prolate spheroid (Exercises IX., 17) by 
means of the substitution ex=a sin m. Deduce the surface of a sphere 
of radius a. 

39. Trace the curve (a*-.«*). (The shape is that of the 

6gure 8 laid horizontal.) Find the area of a loop of the curve. 

40. Integrate the functions (i)-(iv), using the substitution w — sinx: 
(i) sin^xcos^x, (ii) sin^xcos^x, (iii) cW.r, (iv) cos^x. 

[sin*x coa^x =» sin*x cos^x cos x «= 8in^x(l - sin*x)co8 x, 

J sin*xcos*xrXi?« J tt*(l — ii*)cftt« ) — Ju^=^^8in*x — Jsin^x. 

This suWitution is effective when the integrand is sin*^xco8**x and 
a is an odd positive integer; m may have any value.] 
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41, Integrate the functions (i)-{iv), using the substitution u^co^r: 
(i) coa^jrsin^x, (ii) cos^xain^u*, (iii) sin^x, (iv) aiu^x. 

g Lilia substitution is elective when the integi'anJ is 8in*"xcos''.r 
m is an odd positive integer ; n may have any value.] 

42. Integrate the functions sub.stitution «tan x : 

(i) tan^.r, (ii) tan^x, (iii) Uin’^a\ (iv) Uin*®.r. 

[tan*x = taii^x. {aecrx — 1) ~ tan‘'*x sec-x- - sec^x4* 1, 

so that j tan^xc/.r = J ~ w 4- a* = J tan ^x — tan x 4* x. 

Any eren positive jiower of tanx* may integrated in this way. 
Any even }K>sitive {K)w»m' of cotx (or even negative [K)wer of tanx) 
may be integrated by using the substitution «-“Cotx.] 

46. Mean Values. Tlie arithmetic mean of n quuntitie.s 
Vv Vp-* Vn is 0ji + y 2 +-^ + yn)!n. Now, let F{x) be any 
function of x, and 8up}K>se x to vary from a tab; divide the 
interval (6 —a) into n equal parts, each csjual to h, and let 
Vv fbe values of F{x) when x is equal to 

a,a + h ,... a4-(n —1 )/a (or 6— A) respectively. The limit for 
n l>c€oming infinite (and therefore for h becoming zen>) 
of the arithmetic mean of Viy-'-Vn is called the mean 
▼mine of the function F(^x) over the range 

This mean value may 1x5 expre.ssed as an integral; for 

?/! + ?/*+• •• + ?/n^ 1/,^+ ?/./'+ ...+?/,./« ,,, 

n “ b-a . ^ ' 

since 7i/i = 6 —a. The numeratc^r of the second fraction in 
(1) is /^( fi^fi -p P(^(i -p /, )^ -p. _ -p /’(/> — /# )/i 

and the limit of this sum for n becoming infinite is 

[f{x)(Ix .( 2 ) 

Ja 

Hence the mean value is 

. 

Clearly the rectangle M(b—a) is equal to the area re¬ 
presented by the integral (2). The mean value of F{x) is 
therefore the altitude of the rectangle whose base is the 
interval (b—a) and whose area is equal to that included 
between the graph of F(x), the x-axis, and the ordinates at 
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the ends of the interval; we might indeed take this property 
as the definition of the mean value of F(x), 

Example 1. The mean value of the ordinate of a semicircle of 
radius a is 

K- CkK"- - = T « = 0-78.’<4«. 

J^a ^ 

In this crise the diamet^ is divided into n ccnial parts. Tf however 
the Anni-riretLinference i.s divided into n c(jual parts the independent 
variable is the arcaO^ incjisuied from one end of the diameter up to 
the point from wliich the ordinate is dniwn ; the ordinate is a sin 
and this me^n valtie is, since the interval is ira^ 

— f’asin eode--= ^ a = 0 G366</. 

ira Jo TT 

In 8j)eakinpj of moan values, therefore, it is necessary to indicate 
( learly the independent variable—that is, the variable whose range is, 
in the arithmetical definition, dividenl into n equal parts. 

Example 2. Find (i) the mean value of the ordinate, (ii) the square 
ro<»t of the mean value of the scjiiare of the ordinate of the curve 
//--(tsinn^ for the range fi'om f = 0 to r = Tr/zi—that is, fora half period 
of the function asin ut. 

For (i) we have, sim^e 1 --(tt/w) is equal to a/7r, 

W I 14 O 

I a sin ntdt ~ ^ n O'OllGfKr. 

TT . 6 TT 

For (ii) the function is ^/2 = rt^8in‘‘*«^ ; the mean value of y* is 

r- 2 

^ la^8in^nfd(=^-~ / ”(l -co8 2wf)cf^ 

and the w|uare root of this mean is a/y/2 —that is, 0*7071(i. 

Tliis latter value is sometimes called the h.m.vS. (root^mean-square) 
value of the ordinate ; the r.m.s, value is of great importance in 
Alternate (Jiirrent Theory. 

For a amiplHe |K»nod, that is, for the range from f = 0 to/ —2ir/«, 
the mean value of asinn^ is zen>, but the n.M,s. value is the same as 
ft>r the half period, namely aj^'l. These rt^sults are geometrically 
evident. 

47. Integration by Parts. In the evaluation of integrals 
that do not come immediately under a standard form the 
method of change of variable is often effective. There is 
another method which we shall now give, but we shall not 
elaborate it because, for the simple cases we here discuss, it 
can usually be dispensed with. 
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This method of integration by 'parts, aa it is called, is 
deduced from equation (a), § 26. For the moment denote 
differentiation by an accent and integration by a suffix; 


thus 

In this notation. 


by the definition of an integral 


(§27). 

Now, differentiate the product u^v \ this gives 


(lixh.v) du. . dv 


= ur + Ujt;'. 


Therefore, integrating, we have 


u^v = 

|( uV + Uyy')dx — J uvdx -f J v'dx . 


or 

j* uvdx = ttj i; — J u^vUlx> . 

....(2) 

For a dejinite 

integral we have 



[ {uv + UyV)dx— [ uvdx'\' f ii.^vdXy . 

«/ a J a J a 

....(3) 


1 uvdx— — 1 UjVVte. 

,...(4) 


The rule to be obtained from (2) is complicated in ex¬ 
pression but is easily grasped; it is applicable when the 
integrand is a product 


Example Evaluate JxHiaxdx. 

Here we might take either x or sinx aa the factor to l>e integrated 
(the u)f but the integration of x rauee the pornty and would he 
more complicated than m. Take then ein x aa u. The firat aten la to 
integrate ainx and multiply the integral of ainx by the other factor, 
is not altered tiU the second step. 


J'xsinxdxssxx (-coex)- j{-cmx)A,dx 


» ~xcoax+ jcmxdx 
wm -xcosxH- 
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Example 2. Evaluate J *r*8in xdx. 

Again take sin x for u, 

j a?*8in xdx=>^x^ X ( - cos .r) - ^( ~ coax) . 2jr . -^co82?+ 2 j xcos^t^r. 

Now apply the rule again to jxcosxdx ; we find 


/ 


xcoH.rc/x=«jr 


X sin X- 


sin X . \ . dx^ X sin .r 4- cos x. 


Therefore, Bul>8tituting for jxco».rdx the value now found, we 
obtain 

Jx^sin xdx *= — x^cob x + sin ji: + 2 cos .r. 

The following results, which are deduced by the method 
of this article, but which would take too much space to 
prove, will be often of use; m and n are positive integers 
(see the authors Calcidxts, §119). 


8in”;r I 


= f^cos" xdx = ^X a,. 

n(n — 2){n—4e)... 


.(A) 


aiii“x cos"x dx 

_(m — 1 )(m—3 )... x ( n —l)(n—3 ). 

~ (ni+7i)(tiiHr7i ——4)... 


•-X|8 


(B) 


Avhere a = I when n is odd, but a = 7r/2 when «, is even; 
0=1 unless m and ?» are both even, in which case 0 = ir/2. 
Each series of factors is to be continued so long as the 
factors are positive. 


Example 3. 




(U) I’. 

(iii) ^ 


'6.4.2 2 32* 


7.5.3.1 36’ 


COB^xdXi 


3.1x 1 TT 7r 

“¥rTr2 2 “"32* 


Example 4. Evaluatej[ dU? by the substitution x » asin tc. 

The int6gral«a*(^ sinHi 


w 

8 & 6 ‘ 
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EXERCISES. XV. 

I- particle of mass m deacrilies a .-(imple harmonic motion of 
amplitude a and period 7 show that the mean kinetic eneriry for 
th6 pei'iod I is the nkaxiinum kinetic energy. 

j^The displacement is .r=a cos(2irf, T). and the velocity i.s 

dx '2Tr<t . 2r/ 


the kinetic enerjjy i.i and therefoie the reiluiletl mean is 

ri 7 -. - . J 

2. A particle falls freely from rest under gi-avitv ; show that the 
mean velocity with respect to the time of fall is half’the linal vehvntv, 
hut that the mean vehx'ity with resjiect to the distance fallen is tw'u'. 
thinis of the final velocity. 

3. Show that in a honioi»eneou« litjuid under the nnran 

prc5wurc-intensity over a planr ar<.*a inunei-s<Hl in the Ufjuid in equal 
to the prefwure'intensity at the centroid of the area. 

4* I'ind the r.m.s. value of i for a complete perio<l T when 
0 ) i = /sin\ ^ 4-aj, 

(ii) t== -f /ysin^^™^ '^*^ 2 )^ 

(iii) /.sin(“^4a,) + /,sin(i-^' ++ /,«in('|? + „,), 

5. Find the mean value for a complete peruxl T of the prexiuct 

%xe when 

(i) <?== A;«in + 

(ii) + 

6. If y — 0 4- /t iCoa X 4 - /f jcofi 2jr +... -f „coa nx 
4- ^iHin X4- /iljitin 2x 4*... 4- IS^in nx 

find the m^n value of (i) y, (ii) 2y con rx, (iii) 2y «in rx, aa x varies from 
D to 2r, r being any positive integer. 
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Evaluate the integrals T-'H ; r is a positive integer, a is a fraction. 


7. 

a; sin rxdx. 8. 

^ xmnrxdx. 9. J xconrxdx. 

10. 

X cos rxdx. 11. 

1^ x^cos rxdx, 12. a^^inrxdx. 

13. 

J cos or cos rxcLr. 

14. sin cur sin rj:^. 

Write down the value of each of the integrals 15-24. 

15. 

ff 

1 sin^r^f.l^ 16. 

Jo 

8in®xdli\ 17. iiin^xdx. 

18. 

1 coH^xdar. 19. 

Jo 

j^»m\rdx. 20. j co»^xdx. 

21. 

cmh'Mn*xdx. 

22L coR^x sin’r dx. 

Jo 

23. 

1 sin*.rco8*4*<fx. 

.0 

24. co8*^j*8in*®a*c£r. 

Find the values of the integrals 25-28. 

25, 

-x^)olx. 

26. x^^(2ax-x^)dx. 

27. 

l^j^^f(2ax-x^)dx. 

Jo 

? 

«- 

1 

n. 

f 


29. Trac'e the curve a being positive, and find the 

whole area enclosed by it. 

30, Find the volume of the kK>lid generated by the revolution of the 

curve about the ;r-axia. 


o.i.a 


t 



CHAPTER XI 
FOURIER SERIES. 

48. Trigonometric Series. When corresponding values of 
two variable quantities are known it is often possible, by 
plotting the points which have the.se value.s as coordinates 
and drawing a fair curve through them, to find the equation 
of the curve and thus to determine the general relation 
that connects the two quantities We shall now consider a 
different form of the same problem, namely:—given a curve, 
find a series of harmonic curves (that is, graphs of sines 
and cosines) which are such that the sum of their ordinates 
for any value of the abscissa will be equal to the ordinate 
of the given curve for that value of the abscissa. In other 
words, the problem is to decompose a given curve into 
harmonic component curves. An elementary solution of 
the problem tor simple cases is given in the author’s 
Elementary Treatise on Graphs ; in the solution we shall 
now give, tor curves whose equations are not known, the 
mode of presentation is due to Prof. C. Runge {Zeitsdmfl 
/■dr MatkematUe und Phyaik, vol. 48, 443-456) and to his 
article we refer the student for fuller information. 

The analysis, though very easy, will probably be felt by 
the beginner to be twious; but he should not, at the first 
reading, worry himself about the proof. The practical rule 
deduct from the analysis (§51) is exceedingly simple and 
gives with the greatest ease the required decomposition in. 
all ordinary cases. 

We require the foUoving theorems, proved in any text-book of 
trigonometry. 
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if the angles A, A-i-B, J... are in arithmetical progression 


with the common aiiference B, then 

sin A -fsin (J + Z?)+8in(i:l -h2il?)+ ... to n terms 

=8inini58iu{i4-f^(/i- l)iB}-rsin^5,.(1) 

cos A -hcos (A + -fl)4 -coh {A 4- 2^) +... to n terms 

<=8in^^co8{ii *fi(w -1)5}—sin §5,.(2) 


unless 5=2Tr, or a multiple of 27r, when the sums are n^sinil and 
nco«^ respectively. 

The following applications of (1) and (2) form the essential part of 
the analysis. 

l^t ^=»2Tr/7i, and let r, ^ be positive integers less than ^n. 

The sum to n terms of the series 

1 -f cos r$ cos sd 4- cos 2r0 cos 2s$ 4* cos 3r ^ cos 3s$ 4-.(3) 

is zero if s is not equal to r, but is \n if « = r. 

Write (3) in the form 

j{l4'Coa(«-r)04-co8 2(.< —r)^4-co8 3(«--r)^4'... to n terms} 
4-^11 4*co8(a4-r) 4 - 008 2(x4-r)^4-co83(a4-r)04-... to n terms}. 

If s is not equal to r we may apply (2) to each series. For the 
first series let A -0, 5—(«~r)0/ 

then 8in^«5=8in|« (^~r)0=8in(^--r)7r=O, 
while sini5 is not zero. Thus the first series is zero, and similarly 
the second is seen to be zero. 

If j — r, the second series is zero^ but each term in the first brackets 
i.s b so that the sum (3) is \7U 

VVe require also that case of (3) for which In this case 

(3) takes the form 

1 4-co8^(^»0)4-co 8*(2 . ia0)4“CO8^(3. Jn0)4-... to n terms.(3/ 

= 1 4-co0V4*co8*27r4-co8*37r4“... to n terms 

— n. 

In a similar way it may l>e shown that when 0=2ir/>i and r, s are 
positive integers less than 

sin rB sin 4r04' sin 2r0 sin 2^0 4-sin ZrOsin 3s0+... to {n ~ 1) terms. ..(4) 
is zero, if s is not equal to r, but is if ; 

sin r0cos ir04-sin 2r0 cos 2s0 4-sin 3r0cos ZsB 4-... to(n -1) terms ...(5) 
is zero, both if s is not equal to r and if s=r. 

To bring (4) and (5) under (1) and (2X let A «0. 

Let U8 now suppose a curve to be given, the abscissae 
ranging from a;«0 to 07 = 2^, The prowem is, to determine 
the values of the coefficients A ^,... B ^,... in the 

equation 

ysmAQ+A^cosx+A^cm2x+... + AnCosnx+,.. 

+JBj8maj+^2®^*^2aj+...+JS,i8inna5+ ^ -.(f) 
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90 that» for every value of .r between 0 and 2ir, the value 
of y calculated from the equation shall be equal to the 
corresponding value of y mven by the curve. 

The terms ji^casa; and ^^sina? are called the first, or 
fundamental, harmonics; the terms ^oCos2.r and /^Bin 2x 
the second harmonics; and, in general, the terms A4„cosnx 
and BnBin nx the 71^*^ harmonics. When n is an odd integer 
the harmonics are said to l)e o<ld; when n is an even 
integer the hartnonics are said to be even. 

We can always find Cn and !>„, or C'n and I)'„, so that, for 
every n, 

*4„cas nx + B„.sin yrx = ( nC09(77x + />n), 
or, .dacos nx + i?„sin nx = sin(; 

but it is more convenient for the calculations to keep the 
terms as in (f). 

In general, the series in (f) is an infinite scrios, and 
where the equation of the curve is given in the form 
y=/(x) the coefficients can be determined by integratifui 
(^52), In many practical cases, however, the equation of 
tlie curve is not known. In such case.s a limited number 
of abscissae, , . is chosen, the ordinates ... at 

af^, ... are read off the graph, and the values Xp then 
inserted in (f). We thus obtain as many equations 
aa we please; n equations will enable us to ciilculate n of 
the coefficients A^,,,, B ^,and the n terms so 

obtained funiish an approximate solution. 


49. Twelve Eqaidietant Ordinates. When the number of 
the equations just referrocl to is large, the calc^ilations are 
laborious; but by a proper choice of the abscissae Xj, Xj,... 
the work can be simplified. A solution that is very simple 
in practice, and that is also fairly general, is obtained oy 
choosing 12 equidistant ordinates. In this case the interval 
from 0 2w is diviiled into 12 equal parts, each part being 
2^/12 or w/6. Denote tt/O by $ ; then the 12 values chosen 
for a: are 0, 0, 20, 36,... 110; 


the values of y corresponding to these values of x may be 

denoted by * n n v n v 

. ^ Vo* Vv Vv 

respectively. 
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From thc»e 12 pairs of values we obtain 12 equations and 
therefore 12 coefficienta We take as the approximate value 
of y, 

y ^ x + 2j?+i43Cos 

+ A 4COS 45C + / 1 5C0S bx +-d gCOH Gx 
+ B^sinx + B^in 2x + B 38 in Sx + J3^sin 4a; + fi^sin 5a;.(l) 

Equation (1) may \ye written more compactly thus, 

rw« r=*5 

= + . 

Now let i<6 be any one of the 12 values of x, and y, the 
corrCvS]X)n(ling value of y ; inserting 80 for a;, and y, for y 
in (1 '), wo get 

//, = 4^^ + V^^cos rs6 + ^BrfAn rsd .(2) 

r ~ I I* rr I 

E(]uation (2) repres<‘nt8 12 equations, obtained by giving 
to 8 lu succession the values 0, 1, 2,... 11 ; the equations so 
obtiiined may lx? called respectively the tirst,second, third,... 
twelfth of equations (2). Tlu^ iJeginner should write out 
fik'voral of these in full; for example, the second equation 
of (2) is 

=^^4-vliCOsO + ^oCos 20 + ^800830 
+ ^^008 40+^5008 50 + ilgCas60 
+ B^nm 6 + B.^m 2d + B^m 30 + i?^sin 40+^5 sin 50. 

The principle of the solution is simply this. To obtain 
the valu(3 of any one of the lettei's, say A^, multiply eaxh of 
equations (2) by the coefficient of in that equation and 
tlien add the 12 equations thus obtained, putting into 
brackets the twelv^e coefficients of each of the letters 
Aq, A^, A^ — It will be found, by §48, equations (1)~(5), 
that every coefficient exc^i that of the selected letter 
will vanisn, while the coefficient of the selected letter is, 
by § 48 (3), (3') or (4), either \n or 71 , that is, in this case 
(5 or 12; when the aolecteil letter is A^, the coefficient is 6. 

To obtain ulo, the coefficient of which is simply unity, 
add all the equations (2); we find 

fsall 

12ilo=yo+y, + y, +... + = g y.. 


(3) 
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In this case the coefficient of every letter other than 
vanishes by §48 (1) or (2). 

To obtain multiply the hrat of equations (2) by 1, the 
second by cos 60, the third by cos 120 ... and then add ; we 
find (§48 (3')). 

12i4«=yo-yi+2/s-2/s+••• + 2/10-^11. 
which may be written 

12v!6 = ^3//J08 87r.(4) 

Notice that this is the case of §48 (3'); 6= n being 
here 12. Also 60= x, so that cos 60= —1, cos 120 = 1, — 
The coeflBcient of every B vanishes by § 48 (5). 

To obtain A,., where r=l, 2, 3, 4, 5, multiply the first 
of equations (2) by 1, the second by cos r0, tne third by 
cos 2r0,... and then add; we find 

4*11 

6Ar=^ 0 +3/1^03 r0+2r0 +... = S • • *(*^) 

4w'0 

In this case the coefficient of every A, except (he one 
eelected, vanishes by § 48 (3), and the coelSScient of every B 
vanishes by § 48 (5), 

To obtain Br, where r=l, 2, 3, 4, 5, multinly the first of 
equations (2) by 0 (the coefficient of every n in the first of 
(2) is zero), the second by 8inr0, the third by 8in2r0,... 
and then add; we find 

«»ii 

QBr == yfiin r$ +y 2 ^in2r0 + -. = J/jsin rad .(6) 

4-a l 

50. SimpMcatioBa. The values found in equations 
(.3)-(6) of § 49 can be greatly simplified; it should first lie 
noted that A^ is the arithmetic mean, or the average, of 
the 12 ordinates. 

We can group together y, and y,,, y, and y,o, y, and ijp, 
y. and yg, y^ and y, ; in each pair the sum of the suffixes is 
IZ. For, remembering that 0 =tt/C, we have 

Ilr0«»12r0—r0=27ir —r0; lOr0=2nr—2r0; 

9r0««2nr--3r0; 8r0=2r)r—4r0; 7r0=2r)r—5r0. 

Therefore in (6) the coefficients of y, and y,,, y, and 
y,M... are equal, while in (6) these coefficients are numcri*. 
caTly equal but of opposite sign. 
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The terms y^coa6rd do not come under the group¬ 
ing ; the term y^jsin 6r0 is zero, so that y^ disappears from 
the value of Br- 

Take now the notations 


!/l + I/ll^(^V 2/2 + yiO = « 2 » + = 2/4 + y8 = « 4 » + 

Vi^yu^^v y2~’2/io~^2» yz^y^^^z* 

and also for symmetry, 2/© = % 

We now obtain if r=:l, 2, 3, 4, 5, 


«sa0 


r = y afiosiraS ...(7); QBr=^'^bfimr8$....(S)\ 

»=i 


while, 12 ^ 0 = .(9); 




afios gTT. ..(10) 


But the terms can be still further grouped. When r is 
odd, rss 1, 3, 5, we have 

co8 6r0= —1; cea5r0= — cosrO; 

cos 4>rdsst —cos 2rd ; cos SrO^O ; 
sin 5rd = sin sin4r0 = 8in2r0; 8in8rd = 8m3rd. 
When r is even, ?' = 2, 4, we have 
cos 6 rd = 1; cos 5r0 =» cos rO; 

cos4r0 = cos27^; cos 3rd = cos‘Ird; 
sin 5r0= — sin7’0; sin 4rd= — sin 2?’d; sin3rd = 0. 


Take now the notations 

(l0—’(Z-ij —Cq, (Ij —ftu = Cj, = 

4 - hg = dj, 6, =adj, 

= d/, fej — 6^ =s dg'. 

The formulae become 

r OfW, r = 1, 3, 5; 6il r ==* <*o'+c/cos rd + Cg'cos 2?*d.(11) 

6Br == disin rd+d^sin 2rd+d^sin 8rd.. .(12) 
r et*en, r»2, 4; 6^r=“Co+^i^^^’^+^2^^2^“bCjC08 3rd,(llJ 

6 JSr « d/siii rd+dj'sin 2rd;.(I Z') 

while for r*aO, 6, have 

12do«c^+(H+c,+C2...(13); 12d^«Oo-Oi+C2-<v*-0*) 
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The only acute angles retjuired for the evaluation are -r/G 
and ir/3. By giving to r its various values we tind that the 
coefficients are given by the equations 

12d0==((0+C2) + (cj + r3); 12/t3 = ((*^+C2) — (Cj4“C3); 

GJi=(c;+ + ; 6 . 4 , = (Co'+ ^c ')-; 

6d2 = (< 0 ^’ 3 )» b/1^ ~(^‘o i^’ 2 ) (i^'l ^*s) i 

6^4.3 =(*0 — C*2. 

QB,=^(d,'+d,’)- 6 «,=^((^-<^ 0 ; 

6 B^=^d,-d^. 

When thus reduced, the calculations are extremely 
simple: the only ciilculation tliat is not easy to effect 
mentally is the multiplication by ^* 12 . The terms 6/1, 
and 64s» and 6/I4, are obtained res{)ectively as the 
sum and tlie difference of tl\e siime terms. In the next 
article we give Runges scheme (slightly altered), which 
enables the solution to l>e effected! with great vam in any 
particular case, 

61. Bunge’s Scheme for Solution. First write the ordinates 
so that yi> ••• nre in a row^ and y^,... //,, in another 
row, placing the pail’s y, and y,^ and yj^, y^ and y,,... in 
the same column. Then add and subti'act; when there is 
only one term in a column it appears only in the sum. The 
arrangement is then as follows: 

Vor Vv }h* ?Av Vv Vs^ 2/0 
Vw Vw y^' y%y ?/7 

Sum a^, a,, a^, Oj, a^, 

Difference 6,, 63, fcj, 

Here « y^, a, = w,+y6, «= y, - y,,,.... In writing the 
rows, we continue the first row till y, is reached; then we 
write y,, y*> ••• from right to left, placing y, under y,, and 
OQDtioue till y„ is reached. 
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We next find the c*a and d*a in the same way. 



^^2* ^3 


6j, 62, 

K 






Sum 

Co, Cj, Cg 

Sum 

^2» 


Diff. 

Co > Cj , C2 

Ditf. 




Having calculated the ca and d’s, we arrange the 
equations for finding the coefficients Aq, ... of the cosine 
terms as follows: 

Cosine Terms. 


r 

0 and 6 

1 and 5 

2 and 4 

3 


i C 3 

'•o -g" ‘ I 

i''i 1 ' 

1 

1 


Iftt ('oluiiin 

Slid Column - 

i 

i 

1 



Sum of - 

I l-i.lo 

6.4, 

C.l, 

6.^3 

Diff. of CuU. - 

1 12.1„ 

1 

c.^, 



Thus, to find Aq and A^ take the division headed 0, 6, 
add the terms in the first column, getting + add those 
in the second, getting Cj + Cj*. then the sum of these two 
results, namely (Ct>+C2) + (ei+C3), is the value of while 
the difference, namely (<0 + ^2) —(c^+Cj), is the value of 
In the same way the other coefficients are found. 

There is a similar form for the coefficients of 

the sine terms. 

Sink TERMa 
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The following example will show the simplicity of the 
solution. 

ExitmjpU, Let the oixlioatee be l.% 18, 20, 18, 10, -1, -10, -14. 
-15, -14, -10, X 


13, 18, 

20, 

18, 

10, - 1, 

-10 

3, 

-10, 

I±lv - 

15, -14 


Sum 13, 21, 

10, 

4, - 

5, ~15, 

“-lo (a) 

Diff. 15, 

30, 

32, 

25, 13 

(6) 

13, 21, 

10, 4 



15, 30, 32 

-10, -15, 

-5 



13, 25 

Sum 3, 6, 

5, 4 


Sum 

28, 56, 32 (f/) 

Diff. 23, 36, 

15 

\<r) 

Diif. 

2, 6 (oT) 


The letters (a), (6X (<’)... at the end of the rows suggest that the 
numbers in these row's belong respectively to those denoted in the 
scheme by a’s, 6’s, c's, .... 

CofliWE Terms. 


I 

r ' 

0 and 6. 

1 and h. 

i and 4. 

3, 

( 

3 

6 

23 31 2 

3 

3 

23-15 

f 

• - • i 

5 

4 

7-5 

i 

-2-5 

-4 


l8t Col. 1 

8 

30-5 

0*5 


2nd Col. 1 

10 

1 312 

-1 


Sum - 1 

18«12.4o 

61-7 = 6/1, 

-0-5 = 6/1, 

8=6/4, 

Diff. . ; 

1 

-2=12.4, 

-0-7 =6.4 j 

1-5 = 6/4, 



.Sink Tkiim.s. 


! 

r 1 

1 and fi. j 

t and 4. 

1 ’ 

i 


14 I 47-6 
32 

1-7 4-3 

[ 28-32 

l»t Col. 

46 

1-7 


2nd Col. 

; 47*6 

43 


Bum * 

i »3-6-6ff, 

60-6/^ 

1 

1 

Diff. - 

1 -1-6-Off, 

-2-6-6ff, 

f _— 
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Hence 

il| = 10*3, ^2* -l3=“U3, i44=0‘2, ^^=—0*1, -40=—0*2, 

iJ, = 16*6, i?3=-0*7, J?4=-0'4, i?0=-0*3 

where the values are given to only one decimal place. 

The method of veriBcation stated in Exercises XVI., 5, is worthy of 
notice. 


52. Pourier*8 Series. The solution stated in § 51 will be 
found sufficient for most of the cases in which a curve has 
to be analysed into harmonic components by means of a 
limited number of selected ordinates. It is not hard to 
work out formulae when instead of 12 we have, say, 3i> 
ordinates, though the arithmetic is certainly tedious. (See 
Exercises XVI., (i.) 

We shall now suppose that the ecjuation of the curve is 

E *ven in the form y = f{x). Let the interval from 0 to 2*7r 
I divided into (2n4-l) equal parts, each part being 
27r/(2n4-l). Denote 27r/(27i + l) by 6; then the (272 4-1) 
values of x will be 

0 , 0, 20, 30,...2u0: 

and the values of y corresponding to these values of x are 
/(O),/(0),/(20),/(30),.../(2720), 
or, for brevity, y^, 

Assume as equation for y 

r d H r n 

y=.U) 


in which there are (2W+1) coefficients Af^ _ 

By exactly the same analysis as in § 49, we find 

^"y,cosr»0; ...(2) = *2 2/.8ini'«0;...(3) 




We shall now find the limit of these expressions for n 
becoming infinite. 

Multiply each side of (2) Iw 2irj{2n +1) or B, and write 
fisff) for y ,; we thus obtain the equation 

irAr «= ^/(a9)co8 raB . B. .(2') 
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Now, let 16 , (a+l)0=u4-5tt, so that 6t=Su; when 
3ss=0, n = 0, and when as=2n, u=2n0=s2Tr —0. Equation 
{2') now becomes 

M cs2tr- 0 

irAr— ^^f{u)cmriiSu .( 2 ^) 

But when ih becomes infinite, $ l>ecomes 0 and the sum 
in (2"") becomes a deiinite integral with respect to u, from 
u =5 0 to u = 2x. Therefore 



radii. 


(5) 


In exactly the same way we find 

7rJ?r=j^/(u)8inrucZit...(fi); 2x^4^ = |y(i/,)dtt. ...(7) 


The sum on the right hand side of (T) is now an infinite 
series, called Ponrier’s series, and the vaiues of the coefficients 
are given by the integrals (5), (6), (7). 

We may however obtain the coefficients without going 
through the analysis just given. In the fimt place oKserve 
that 


•'o 


f • 

cos 7*x COS axdx = 0, if I si 

= r; Jo 


= 7r, if s 

cosrxsinsxdx — O; fc 
Jo 


sin nc sin sirriiT = 0, if 8=1= 
= 7r, if 8 = 


ICC 

Jo 


‘2ir 

co8rj:dx 


= 0-rsin 

Jo 


rxdx\ 


r, 

r\ 


These results are proved, as in § 45, example 5. 

Now to find Arj multiply equation (1) by cos nr, the 
coefficient of ilr, and integrate both sides from 0 to 27r. 
Tlie integral of every tenn on the right, except that which 
contains Ar, will vanish because each term gives an integral 
of the type just written down. The tenn that contains At 
IB ArCOH^rx, and the integral of this is irAr* 

Hence T f(x)coH rxdx = irA r, 


which is the same equation as (5). Of course, the definite 
integral is the same whether the variable of integration 
is ^ or It. 
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In the same way we find JS^, by multiplying both sides 
of (1) by sin rx, and integrating from 0 to 27r; we find 
by simply integrating each side of (1) fmm 0 to 2x. 

Example 1. Find the valuea of ... ... if 

... ^Bisinx-\-B^iix2x-^ .(i) 

where the cosine series and the sine series are each continued to 
infinity. 

In this ca8e/(x)™x. To obtain Aq^ integiate each side of (i) from 
0 to 2;r ; thei-efore 

xdx ~ Ai^ix^ or .4^=7r. 

Tho integral of JjCOhjt, J|gCos2.r, ... is zero, so that only the integral 
of is left. 

To obtain where r luis any one of the values 1, 2, 3, ... , multiply 
each side of (i) l)y cosru; and integmle from O to 2r. (If r— 1, we 
multiply by cosx ; if r —10, wa multiply by cos 10.r and so on.) Now 


, r sinr.r . C(>8r.r~?' ^ 

I j'oos r.rf/.r X -—4—^ I =0. 


'File integral of the right side of (i) after multiplication by cosrur is 
irAr ; therefore O-trAr or Ar — 0. 

Hence no cosine term occum in the series. 

To obtain Bry multiply each side <)f (i) by sinr.r and integrate from 
0 to 2tp ; we find 

n , r - cos r.r sin r.fT' 23r 

TT/ir “ / .r sm rxax = .r x-1--j; - =-, 

Jo Ur r* Jo r 


and therefore 




£(|nation (i) now I)ecome,s 

2 2 , 2 . 2 . 

.r == TT - " sin X- - sin 2.r ~ ^ sin 3x —.sin iix - .(ii) 


3 


or. 


^/ sinx 8in2.r sin3x. sin ax . \ 


It is interesting ti» ooiufwire this solution with that obtaineil by the 
method of §51. Tliel2< 


! ordinates are 
^’ 6 ’ 0 ’ 6 ’ 


Ue 

6 ’ 


and it will be found that 
llx 

"o“T2 




12’ 


_ 1-96, B,- 


- 052 , 
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These values for i?i. Bp Bp B^^ B^^re fair approxituatioas to the 
values given in (iiX tut it will be noticed that cosine terms appear 
with five coefficients equal to —0^52 and one equal to -0*26. 

Example 2. Find the value of the series 

+ + ^ infinity. 

Write equation (ii) of example 1 in the form 

— ^sin x-f- i sin 2x+1 sin 3^*4- J sin 4r 4*_ 

Now let j?=ir/2 ; when the angle is an even multiple of r the sine 
will be zero, but when it is an odd multiple of .r the sine will be 4-1 
or - 1. The sine will be 4-1 when the multiple is 1, 6, 9, ... but -1 
when the multiple is 3, 7, 11, — 

Also when x=w/2 we have (ir - jr)/2 = ir/4. Therefore 

53. Validity of the Fooxier Series. The discussion of § 52 
suggests that, for values of x fn>in ;c = 0 to a? = 2'7r, a func¬ 
tion f{x) can be represented by an infinite series of the form 

/(a?) = i4o+]S^rC08r.r+V/J^inro? .(1) 

r^l " 


where Ar. Br have the values given in §52. A rigorous 
proof of the suggestion is, however, too difficult to be given 
here; but we shall 8tat<3 some restrictions that must be 
remembered in applying the theorem. 

(i) The function /(a?) is to be single-valued, finite and, in 
general, continuous. In other wonis, the graph of /(x) must 
have only one ordinate for each value of the acM^issa (a 
parallel to the y-axis must cut the curve in only one point); 

no ordinate must be infinite; and 
there mast be no break in the 
Y curve (§10). 

We say that the function must 
be in general continuous; but 
/ ^ certain kinds of breaches of con¬ 

tinuity may occur, of which the 

___most important is that shown in 

iflL ^ Here, the ordinate at 

^ x^OA aaa is equal to AB when x 

approaches a from the left, but is ecmal to AC when x 
approaches a from the right. The value of the aeries on 
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US 


the right of (1), when = is in this case neither AB nor 
AC, bfjU is fudf the sum of AB and AC. 

(ii) Equation (1) is only true, in general, for values of 
X l^tween 0 and 2^. The series in (1 ) is a periodic fhnction 
of X, the period being 2*^; that is, the value of the series 
is the same for x equal to x^±^2Tr, ... as for 

The complete graph of the series consists of the graph of 
the portion from a; = 0 to rr = 27r and its repetitions infinitely 
often, to the right from 27r to 47r. from 47r to Gtt, ... and to 

the left from 0 to — 2'7r, from — 27r to — 4^,_ Hence, 

unless f{x) is itself a periodic function with period 2x, the 
function on the left oi equation (1) will not be equal to the 
series on the right except for values of x betrveen 0 and 27r. 

For iiiRtance, the function ar in 52. example 1, is represented by a 
straight line of unlimited length 27). The aeries on the 

right of equation (ii), on the other band, is represented by the portion 
OC and its repetitions D£, HK, etc. 



(iii) If /(O) and ^(2*?r) are not eipial, the series in (1) is 
n<k equal to f{0) when a: = 0, tior to f{2ir) when x=5 2x, but 
is equal to half the sum of f(0) and f{2Tr) both when a; = 0 
ana when a; = 2'r. Thus, in example 1 of §52, every term 
of the series in equation (ii) (except the first, which is 
equal to 7r)is equal to 0 when x = 0 and when x = 2'ir; the 
value of the series for these two values of x is therefore w. 
But when x«0 the function x is 0, and when x^^ir the 
function x is 2'k. For theae values of x, therefore, the 
series and the function are not equal; the series is equal to 
w, which is half the sum of the values 0 and 27r of the 
fonciioii. 
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54 Change of Origia. It is often convenient to auppoee 
that X varies from — ir to -r, instead of from 0 to 2Tr; the 
range of x is still 2x. Graphically considered, the origin 
of coordinates is simply shifted to the point (ir, 0), and 
therefore x is replaced by x + ir. It is, however, simpler to 
work out the values of the coeflScients afresh. 

Let /(x)=a.4o+2-^rC08rx+]^5,8inrx.(1) 

r=l r»l 

where x now varies from — x to tt. 

To find the coefficients proceed exactly as before, but 
integrate from — x to x. We find 

Xilr=| j\x)coarxdx...{2); x5r=| f(x)smrxda:...(S); 

2x4o = |'/(x)(£x.(4) 

Note that if —the value of the series in (1) 
is equal to t)oth when £C** — tt and when 

X^ir. 


Example, Suppose f\x)^x. It will be readily found that 
Jr=«0, iffr=* -2cosr7r/r, so that 


2 , 2 

if r is odd, Br^ if r is even. 


Hence 


/sin X sin 2^ sin Zx sin 4x \ 
\ i 2 " 3 4 


When -JT the function x is ~tr, and when x^tt the function x 
m V ; the value of the series should therefore, both when - a* and 
when IT, be - IT-fir), that is zero, and this is obviously the caee. 

This series for x is not the same as that in § 52. The reason is, 
that in the two series the range of x u fiifermt. In ^ 52 we must 
have 0<x<2ir, while here we have -T<x<ir. This series mapr, 
however, be derived from that in § 62 by replacinff x in equation (u) 
of that article by x+ir. 


66. SiiM Serisa uid Ooiine Series. The value ol tAt 
given hy equation (2), § 54, may be written 

/(aj)(X)enccte+j^/(«)co» 
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In the first of these integrals put — u for x. Then u^^ir 
when ojcs—TT, and when 07 = 0; also 

cos ra » cos ru, = — du. Therefore 


f{x)co 8 rxdxs 2 /( — u)co8rucZu = J /( — u)co8rudtt. 


In the last integral we may write x in place of u; the 
value of TrAr becomes 

irAr^^ /(—a;)cos ncdo7 + j f{x)co8rxdx 

==f (f(x)+f(-x))Q(ysrx(lx .(5) 

Jo 

The same transformation gives for irBr, of § 54 

Tri?^=[ {fix)-f(-x)}smrxdx, .(6) 

Jo 

27rA,^\\f(x)+f{^x))dx .!.(7) 

Jo 


Now, suppose f{x) to be an even function of ar, that is, 
suppose that /( —x)=/(o;) (the function changing neither 
in 81^ nor in numerical value when x changes sign); then, 
the integrand in (6) is zero and £r is zero, while the 
integranas in (5) and (7) l:)ecome 2f(x)cosrx and 2f(x) 
resp^ively. Therefore, dividing each member by 2, 

I f{x)cos rxdx *?r^o = j .(9) 

Next, suppose f(x) to be an odd function of x, that is, 
suppose that /( — .'*’)= —(the function changing in sign 
but not in numerical value when x changes sign); ajtid 
Ar are now zero while for Br we have 

^Br = I f(x) sin rxdx .(10) 

It should be noticed that the valucvS of in (8) and 
in (9) imply that f{x) is given by a series of the form 

/(a;) = ^o+ .(11) 

X 


o.ta 
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in which there are no sine terms. The series (11) is a 
cosine series, and f{x) need only be defined for a half j^riod, 
that is, from a?«0 to The value of the series when 

X lies ^tween 0 and — tt is the same as for the correspond¬ 
ing value of X between 0 and tt. The value of the series 
when x = 0 is f{0), and when is /('tt); that is, the 

series and the function f{x) are equal both when a; = 0 and 
when a; = Tr. 

Similarly Br, as given by (10), is the coefficient of sin nr 
in the series 

/(a:)= ^ -BfSin rjr.(12) 

in which there are no cosine terms; the series (12) is a 
sine series. The value of the series when £r=0 is obviously 
0 , and when ic = 7r is also 0; the value of the function/(ar) 
is not necessarily zero for a:==0 and x = x. 

We may note that Ar may be found from (11) by multi¬ 
plying by cos rx and integrating from 0 to -tt, and Br may 
be found from (12) by multiplying by sin rx and integrating 
from 0 to X. In practice it is usually better to find the 
coefficients in this way than to apply the formulae which 
give their value. The method, however, by which the 
results in this article and in §54 have been deduced has 
the advantage of showing their connection with the theorem 
of §52. When the function is defined for the whole pericxl 
there is mily one series that represents it; but when tlie 
function is only defined for the naif perio<l, there are two 
essentiallv different series for the function, namely the sine 
series ana the cosine seriea. As a matter of fact, when the 
function is only defined for the half period we can find 
many series to represent it, but the sine and the cosine 
series are the only two that are of much importance. 

66. Worked Examples. We shall now^ work out some 
examples illustrating the various formulae. The student 
should always keep the follow ing peculiarities in mind. 

(i) If the function f{x) is discontinuous when xaaa (in the 
way stated in §53, (i)) the value of the series when x^a 
is half the sum of the two values otf(x) when x=»a. 

(ii) II the range of x is from 0 to 2 t (§ 52) the value of 
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in which there are no sine terms. The series (11) is a 
eosise series, and f{x) need only he defined for a half period, 
that is, from ® = 0 to » = x. The value of the series when 
* lies ^tween 0 and — x is the same as for the correspond¬ 
ing value of X between 0 and x. The value of the series 
when a; = 0 is /(O), and when a;=»x is /(x); that is, the 
series and the function /(x) are equal both when x=0 and 
when x=sx. 

Similarly 5,, as given by (10), is the coeflScient of sinr® 
in the series 

/(*)= ^ 5,sin rx .(12) 

in which there are no cosine terms; the series (12) is a 
sine series. The value of the series wlien u =0 is obviously 
0 , and when a; = '7r is also 0; the value of the function f(x) 
is not necessarily zero for a: = 0 and x — ir. 

We may note that Ar may be found from (11) by multi¬ 
plying by cos rx and inte^ating from 0 to x, and Br may 
oe found from (12) by multiplying by sin rx and integrating 
from 0 to X. In practice it is usually better to find the 
coeiBcients in this way than to apply the formulae which 
give their value. The method, however, by which the 
results in this article and in §54 have been deduced has 
the advantage of showing their connection with tlie theorem 
of § 52. When the function is defined for the whole periofl 
there is only one 8e7*ies that represents it; but when the 
function is only defined for the half period, there are two 
essentially different series for the function, namely the sine 
series and the cosine series. Ab a matter of fact, when the 
function is only defined for the half jicriod we can find 
many series to represent it, but the sine and the cosine 
series are the only two that are of much importance. 

66 . Worked Eiaiiiples. We shall now work out some 
examples illustrating the various formulae. The student 
should always keep the following peculiarities in mind. 

(i) If the function f{x) is discontinuous when x^a{in the 
way stated in §63, (i)) the value of the series when x^a 
is half the sum of the two values of f(x) when 

(ii) If the range of x is from 0 to 2x (§ 52) the value of 
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6. If 4/> eqiiidintant ordinatea ... are given corresponding 

to the values 0, 2d, ... of x, wheie 0=2trjAp=iej2p ; and if 

r~2p-\ 

^ — 2 Jr COS nr + ^ Br^inrx 

r=Tl r=a:l 

show tliat, with the same notations as in § 50, 

tax ft-I 

2pAr~ £ c', cosr^0, 2 pA 2 p-r— Z c', COHSTT cos rsdj 

««a0 $ts0 

gjsp t-mp 

2pBr - £ c/, sill 2pBjp.r *= £ cf, coa(« -1) jr sin r$Q 

a^l *=tl 

when r is odd ; but 


2 /)Jr~ £ cos 

<3tcU 

4=1 




*^p 

£ c, cos «r cos 

•=o 


«=p-i 

£ tT# 0 O 8 (« ~ l)7r sin w 

4=1 


. when r is even. When r~(), 2/), the values are 


4pJ« = 


Jl-p 

■ £ ^^ 

4=0 


4/>J2p== £ O^COSiTT. 


[Tlie above eiiuatiuns are the most convenient for calculations. If 
j^/>~3G the angles that o('cur are, in degrees, 0®, 10% 20% ... 90® or may 
>e rtHluced to these. Runge in the article referred to in Si 48 gives a 
cheme for 30 onlinates, analogous to that of § 51 for 12 ordinates, 
though necessarily more complicated. Tests analogous to those given 
fm exainjile 5 can be readily established for the case of \p equidistant 
ordinates.] 


7. Find a cosine series for x. Test that the series is zero when 
and is equal to ir when x— tt. 

8. Show, by expinding sinx in a cosine series that 


8inx== 



2 cos 2.J’ 
1.3" 


2 cos 4.r 
3.5 


2 cos (xr 
5.7“ 



Verify that the series is zero both when x~0 and when x=7r. 
What function does the series represent when x lies between 0 and 

-IT? 

9. Find a cosine series that is etiual to 1 from x=0 to x — t Z and 
equal to 0 from x««tr^2 to .r=«7r. What is the value of the series 
wnen x has the values 0, 7r/2^ ir i 

10. Find a series that is equal to -1 from x=~7r to.r«-7r/2, 
equal to 0 from x^ •-rrj^ to .r=0, eiiual to 1 from x=0 to x«ir^2, and 
equal to 0 from x^irj2 to x = 7r. What is the value of the series 
wiien X has the value^i - r, *- r/2, 0, ir/2, rr ? 

11. Find a sine series that is equal to x from x=s0 to x»:r,3, equal 
to ir/3 from x«a7r/3 to x®=27r/3, and equal to tt-x from x~27r/3 to 

What does the series represent for values of x from to 

- IT? 
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18* Find a sine aeries that in equal to 1. 

13. Find a series that represents from to Find 

also a sine aeries for (from to x«ir). 

14. Show that, if a is a fraction, 

2a sin air / I cos x . cos 2x cos 3»r , 1 

CO.-^+--»Z3*+-I- 

15. Find, by using example 14, the sum of the infinite series 

1_ f_L+- (-1-+-i-U 

a \o-l a + 1/ \a-2^a + 2/ \a-3 o + 3/^'" 

where a is a fraction. 

16. Show that, if a ia a fraction, 

. 2 sin air ( ain x 2 sin 2x 3 sin 3Lr 4 sin 4.i* , ) 

„nor = —+ „ 

17. Find, by using example 16, the sura of the infinite senes 

I—o^l+a (3 —a^34*a) a) f? —tt^7-ha.)^ *** 

where a ia a fraction. 

18. Deduce from example H the sum of the infinite series 

l + + .... 

19. Provei, by integrating both sides of equation (ii), example 1, 
§ 52, that 

(x-ir)* ir^ cosX , cos2r , cos 3x , 

. in 1 X rt-l •' 


12 


2 « 


3« 


20. Deduce the equation in example 16 by differentiating that in 
example 14. 



CHAPTER XII. 


INVERSE CIRCULAR FUNCTIONS. LOGARITHMIC AND 
EXIWENTIAL FUNCTIONS. 


68 . Inverse Circulaj Functions. It is necessary to re¬ 
member the restriction on the range of the angles denoted 
by the symbols sin Kc, cos'^x, tan“Cr, cot"^a:. 


The range of and of tan~U' is from ~7r/2 to tt/S, inclusive of 

these angles ; the range of coa'^x and of cot'^x is from 0 to ir, inclusive 
of these angles. For example, 

sin-K-i)^^ - g * = co 8~>(-1 ) = tt , 

Un-K-l)^ cot = tan->(-«^)=-|i cot-H-«)=r. 


The ar^ment of these functions occurs so frequently in 
the combination x/a that it is well to have the derivatives 
for that combination; we therefore state the derivatives for 
both arguments, x and x/a. We suppose a to be positive. 


Take the second form, sad let y = 8in"'(a^/«). Then 

1 


dx d'u 

oj^asiny, ^^acosy, — — 


dx a cos y 


But 


cosV = 1 - sinV = 1 -;^= 


«* a*—a^ 


so that acosy = ^(a*—a?); the + sign must be mven to 
the root, because y lies between — ■7r/2 and ir/2, and cos y is 
therefore positive. Hence, 


1 




166 


INTRODUCTION TO THE CALCULUS, 




Let y =: cos~ ^(jr/a), so that x — a ccxs y. Then 
dx , dy —1 —1 

j~ = - rt sin y, 3.- = - .-= . . 

ay " dx uBuiy v(a* —»/“) 

The + sipi must l>o given icy the root, because y lies 
between 0 and -r, and therefore sin y is positive. 

III. Dxtan-»x = j-^; = ‘-j. 

Let y = tan • \x/a), so that x = a tan y. Then 

dy ^ ® = « (1 + tan*y)= 

and therefore 

In a similar way it is proved that 


From these results we at once obtain the integrals: 

V. .=sin-»x. 

or 


or =—coi^^x; 

VI. 

or =—cot"*x; 


■cos 


-©■ 




The following important integral is proved in § 45, 
example 6: 

VII. |^(a»-x*)dx=*|x^(a*-x»)+ ia%iB-»(^. 


Note that and - oos-'x differ by a constant; for 
- ( - COS"*4r)« sin"* j? cos~*jr «ir/2. 

The two functions may therefore Ihj integrals of the same function. A 
similar remark applies to tan-* 4 f and - cor*x. 
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69. Worked Examples. For elementary work the chief 
value of the inverse circular functions is that they furnish 
integrals of functions of the form 

+ hx — x^) X- + bx + c 

the factors of x^-\-hx-\-c Ixnng imaginary, like those of 
We illustrate by the following examples : 


Example l. Evaluate \——J^ 


Let /> = w ; then dx-^duy and 

( __ i du _ 

J -J 

Replacing u by we find that 
f dx . 

i V r r 



Exam tile 2. Evaluate f ^ 

^ J v^(4 + f>x-3u'2) 

llie first step i« to reduce 4 4-5x~3jr^ to the form of the ditference 
of two wiuares, that is, t(» the form c2~(x-f6)- ; of course, when the 
coefficient of is not -* 1 there will be a constant factor. 

In the present case we have 

4 + f,,: - an- + f;.r - . 1 ^) = 3{;| - (x- 1)'}, 

^/<4 + 5.r-ar0=- ^/3 . ^/.J ((.r-5)’}, 

r ’ /i_ 

In example 1 put <^73/6 for c and —5/6 for 5, and we find that the 
integral is equal to 

JlxTbyT(^ 

Put ti for and the integral becomes 


SO that 


1 
^/3 


Example 3. Evaluate 
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Example 4, Evaluate ^ 


dx 


• Tjt-I-S 

Arrange 5cr*—7x-|-8 as the sum of two squares ; we find 


so that 


C dx \ ^ dx 


which, by example 4, is equal to 

5 Vlll Vn' 111/10/ s'lll'*" V v'lll 


’)• 


Note that 


^111^ 10 
c * 10 JllV 


If the constant term c* (in exaiunle 3) is a fraction, equal to w*/«* 
say, the factor 1/c is w/m ; the fttuclent should from the first practise 
writing it as njm and not as 14*(wi,'«). 

The next exainnle illastratoB a method of obtaining a 
power series for a function that is sometimes useful. 

Example 5. Show that, if .r* is less than or equal to 1, 

x^ jd 

tan~‘x = x~‘- + to infinity. 

M o 7 


M* ’ • 


Dividing 1 by 14-u* w’e find 

Jl^ 

Integrate both sides of (i) from 0 to x ; therefore 

C*it^du 
ur ' 


(i) 


, , ** x* j*"-' 

t»n'^=-^-3+6-7+-*2« 


•-I f*u^du 

- i ^ Jq i 


.(ii) 


Now, a^/(l 4-u*) is less than «*", and tlierefore the area l)etween the 
graph of t4***/(l 4'»*X the a-axis and the ordinate at u^x is less than 
the corresponding area for the graph of u*". Hence 


14 -i? Vo 


u^du or 


2nVr 


Further, if j:* is not greater than 1, jr*"+*/(2n4-l) is not greater, 
numerically, than l/(2^i4-lX ^nd therefore l)ecomes very small when n 
becomes very large. Hence we have 

. m 


, ^ jJ*-' ^ 


where the error mede by etopping at the term ia laet, 

numeric»Uy,th*n«*'^‘/(^+l)- 
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Ux^\ we find, since tan’M =» ir/4, 



?+!-!+ 

3ft 7 


*1 


(iv) 


tbe same seri^ as in § 52, example 2. 

The series (iv) is not very suitable for the calculation of w. 
better series is obtained by using the identity (Machines Formula) 


TT 

4 


4tan->(i)-tan->(^). 


A 


The values of tan~*(l/5) and tan“*(1/239) can be calculated from (iii) 
with very little labour. 


In Exercises XVII., examples 37-40, the student will find 
a transformation that is useful in higher work but that 
may be passed over by beginnera 


EXERCISES. XVII. 

Differentiate the functions in examples 1~13. 

1. stn”*2r. 2. 8in”*(l~j*). 3. sin~'^— 

4* cos'"*(l — x). 5. 8in''*{a,r-t-6). 6. tan"'(l — jr). 

7, 8. xsin'^x. 9. xsin-'x-Hv^(l 

10 . ^x*sin“*.r - ~J-). 

IL K-*-- l)v/(3+2x-j^) + 28in-'( ' “i) 

12. xtan~’.r. 13. (I4'x*)tan‘*x-x. 

Integrate the functions in examples 14-30. 


14. 

1 

16. 

1 

16. 

1 

v(3-x*y 


7(7^ 

17. 


18. 


19. 


so. 

1 

21. 

V(6x-4^X 

22. 

1 


v'(ax--.i^y 

88. Jiax-:>»). 

24. 

1 

1^/(3-f“4x~4.i:*y 

25. 

v'(3 + 4.r-44?*> 

26. 

,y(24x-JXc*-7). 

27. 

1 

Oft 

1 

3-f./^’ 

40. 



1 ^_J_ 

*»+*+!■ a**+ 84*+26 
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Evaluate the definite integrals in examples 31-36. 

17(0^0-^' fa > 

dv 


«• i 

34. 




35. 




(iff 




38. 

36. I 


dx 

*- dx 
sf(2ax-\^ 


37. If tan |4? = show that 


2m 


1 


• ?r 


ooax-»r^, 
2 du 


a:«2tan~‘if, d'x = 


l-fM' 


I 


Then, show that 

I ~ f ™ i tan'*tan 

+ 3coji.1* J 44'M* ^ ** 

.'o 5 4-3 008 JF “ ' 4 


38. Show^ by the method need in example 37, that if > 6*, and a 
positive 

(4*6 cos .r 


« /s+t 

/••X r 

<”> .1 aTJ ~ ^ 




Verify (i) by differentiation, 
39. Show that, if tan^*****^, 

J 5 + 3 

40* Prove that 


fix f 2du i/3-f5tanix\ 

3sini-i a+euW = 4 \ 4 ~^-)' 


_ dx IT 

.L|6+38inx* 4’ 

60. Oomponnd Interest Law. .Suppose a principal of £P 
to earn interest at the rate of f per cent. i>er annum; let 
the interest be calculated at n equal intervals in each year 
and let it be added to the principal os srmn os it is earned, 
so that the interest, as soon as it is eamml, begins to bear 
interest It is easy to prove that at the end of t yeswrs the 
isrincipal will amount to 
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Let 

then 


7> 1 mp 



Suppose now that n, and therefore m, is very large; the 
interest is thus added on at very sliort intervals. But when 
m is very large the expression 



is finite ; in fact, it can be shown (see below) that when m 
l>ecomes iniinite that expression converges to the number 
2*71828 , usually denoted by e. Again, when n becomes 

intinito the growth of the principal may be said to be 
ctmiinuoxt^ ; in each interval of time, however short, interest 
is earned and immediately begins to bear interest. The 
amount A at the end of t years, when interest is added on 
continuously to the principal, is thus 

A — Pe)^, .since L(h—) 


A quantity A which varies with t according to the law 

A^P^ 

is such that, when i increases by equal amounts, A is 
mvdiii)lied by equal amounts. Thus, when t increases by h, 
A will change from 

Pe^ to or from Pe^ to 

that is, when t increases by h, A is multiplied by e^. 

The function is called the exponential ftuiction, and is of 
great importance in mechanics an<l physics. A simple 
instance is the law of the density of the air at different 
heights; as we descend a hill, the density of the air is 
equally multiplied in equal distances of descent; for the 
increase in density per foot of descent is due to the weight 
of a layer which is itself proportional to the density* 


We will asstune the result 




a.i.o. 


= «»2-7182818. 
L 


,.(l) 
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and refer for the proof to the author’s ^ 46, 49. We give 

the following as a s^t^gestion^ not aa a proof. Expanding by the 
binomial theorem, we have 



= 1 -f . 


1 fn(m-l) 
i/t ~”r.2 



7n(m - !)(«< - 2) 

1.2.3 



1 ] m 

■ 1+Y+TT^ 




1.2.3 


+ 


the (r-hiy^ term Wing 

l)r 

When m becomes infinite, each t)f the fractions 


I 

■ m' 


1 - 




Ixicomes I, and we find 




the (r+1/* term being l/r!. 

The series (2) is an infinite series, but a few terms, say the first 10, 
give a very gcKxi approximation to its value. The error due to 
neglecting all the terms after the (r+1)*^ i,H less than l/r(r!). 

For purposes of reference, the expression of as a power fieries 
may also W given. 

.«' 


where a quantity, depending on x and a, which is small when n 
is large, and which converges to zero when n becomes infinite. If x, 
is the numerical value of x (that is, x itself when x is positive, but -x 
when X is negative) is less than 

4r,**^*-r(n +1 -Xj)(n!). 

Equation (3) holds for every value of x ; when x is fairly small a 
few terms yield a fair approximation to the value of e". 


61. DnivirtiTM and Intagnla of loga; uid «*. We do not, 
to begin with, specify the base of the logarithma 


2>,loga; 


b«0 Sx 
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Sx 1 

I^et— = —; then, when Sx becomes zero, m becomes 
X rti 

infinite. Now 

1 1ok(i+ 1)=2 log(l+I)_! log{(l+i)”}. 

But, when m becomes infinite, (l + l/7?t)^ becomes e\ 

therefore ] 

D^\og ^ — ^ Jog e. 

If ^ is the base of the logaritlirns, then loge = l, and 
therefore 

I. Dxlogx=^~. 

Note, Unless the contrary is stated, the base we assume 
for tfie logarithm will always be ; we thus avoid the 
cumbrous nvctor log e. Logarithms to the base e are called 
Napierian, or hyperl)olic, or natural logarithms so as to 
distinguish them from logarithms to the base 10, which are 
called common or Briqgian logarithms. Of course the 

derivative of logi^a; is (as we have just proved) - log^^c. 

We can also, by the substitution prove 


IL 

For, if u = 


Dxlog(ax+b) = 


:aic + 6 


ax+b 


d . log(u^ + b) d, log ii dn __ 1 a 

dx ~ dn dx^u* ax+b* 


Next, we find the derivative of e*. Let y = then 
X = log y and 

*1; !& = , = «-, 80 that 

dy y’ dx ^ 

III. D*e* = e*. 

By the substitution w=oa:, we find 

IV. Dxe“ = ae« 
d. «“* d. dv, 

dx dv, dx 




For, 
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From these re.sults the following integrals an? obtained: 


V. 

VL 


{idx =logx; = 

je*dx = e*; je“dx=^e“ 


To these we add 

VII. J {x+V(*»+k)). 

VIII. |^/(x* + k)dx=ix^/(x«+k)+.lklog{i + v'(x*+k)}, 

which are proved in examples 1,2; k may )h\ either positive 
or negative, but x^ + k must not, of course, Ix) negative. 


Ejtumple 1. I f y = log {x -f -f i)!» fi n<l t/y,V6\ 
Let M = no that y = log« ; then 

c/y dt/ du I du 1 dti 

tijc dxt * dx u dx X + 4* I) dx 


But 




x + v't'^^ + O 

s'V+'t-r’ 


do that 


(ir 


1 


From thia result we obtain the integral of 


Example 2. If y-Jx ^/(x*4-iO‘hH log{x +find 
Take separately x -f 1:) and k log { x -f -f k) }. We have 

2x3 + 1- 

^;trr+i5' 

^(*log{x+^/(x*+i’)}J=«^^^-—... (by example 1). 

Adding these two results and dividing bv 2, we find 

from which the integral of i» obtained. 


These integrals shonld be compared with those obtained 
when the inteCTand is or 

the coefficient of ** is negative, the integrJ contains 



SOME STANDARD INTEGRALS. 


inverse circular functions; when the coefficient of 3?® is 
pysitive, the integml contains log^irithma 


Kxtimpl^ 3, DifTerentiate log tan 
IjOt tan ; th«Mi 

«/. log tan ^ r log </ dn \ 1 

dx du d.r n 2 


HOC* 


BO that 


d . log tan i.j; 


dx 2 sin hx a »s siii x’ 

Fit)jn thiii ivsult \vf cl<Hluct* the inU^grals 

I <ix log tan Ax, f dx “ log tan 
/ Bin X - ./ oofl X 




To obtain the intogi al of 1 cos.r, let ; the integral is thus 

rtMluced to that of 1 sin w. 

Ex*ivipfr 4. Integnite log.r. 

Apply integration by |«irtH (^47); take log.r as the pnxiuct of 1 
and l<‘g.r, and Ix gin by integrating the factor b Thus, 

I 1 . log.rr/./*«log.r. .r ~ J X. L/,r=^.rlogx- jl(lr, 
m that ^ ’* ~ 


EA'atn}^*^ o. rntve that if .r nunierieally less tlrm 1, or equal 
to 4-1 inof “* 1 k 

ji^ ^ 

log (I 4- .r) “• X -' - 4-4“... ti) infinity. 

Proc:e**d ii'< in example o. Dividing 1 by 1 4-^/. we find, 

1 «" 

^ -1 - </4-a-- ... t u” ' 4- ;;-, 

1 4- 1 + H 

and therefore, integrating fnun 0 to x, 

t . V r* . D . ,r^ _ f*irdu ,.v 


1. >« (1 + .r) ».r - ~ . -b - f 


Now BtipjKwse in the first place that j\ and therefore w, is pwViVe; 
we, see, exactly a« in 50, that 


f^u**du f* _- 
f 1 . < f d*i 

1 4- w 


If X is not greater than I the quantity is not greater 

than l/(n4-l) and ia thei'ufore aiiiall when « ia large, and converges to 
xert> when n Inn'oinea infinite. log(l-p.r) ia therefore equal to the 
infinite «ene« ; the error, when the neriea is at<>p})ed at the term .r*/^ 
ia leai than x**^*/(w*f 1)^ 
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Next suppose .v, and therefore »j, to lie n,M<Uim ; let — Xj, where 
X| is positive and less than 1. Put -r for m in the integral in (>); then 


0 1 HK 

The leaiit \Tilue of ] 


‘i-rYdv 


. 


in the integral is 1-x,; therefore, as v 
increases from 0 to a*,, the integrand r'* (I - r) {a less than 
except for the one value i -.r,. llent o as before, by considering areas^ 


Jo i 


I r-r ~A.(") 


r,’ 

d-Xj (1-Xj)(a-f 1)' 

Tlie limit of V(1 “•)(/<■♦“ 1) b*r Iks'iujuiui intinite is zer**, 
provided a*, is less tlian I, :is we have supposed it to b(‘. The series for 
fog(l *f a*) tnerefoi'C holds for negative values <*f r that are nuinerieally 
less than \ ; the error, when the seri^.H is stopped at the term y* jk 
is less than the quantity in (iv). 

When X —I we have the identity, 

log 2 O - .1 f* - J -f ..., ...V^') 

but this is a very l>ad series for ealnilating log 2. 

lietter series for calculating logarithms may \m obuiincd thus: 

Take hi^st the series for !og(l yr), 

, ^ ,1* y y 

log (l 4* .r) --.r~ 


a 


.(Vi) 


For X put - X ; then 

log (I - r) - r - ' 

Subtract (vii) from (vi); therefore 
1 4-x \ 


.(vii) 


l-f.e 


Next let 
so that 

Expiation (viii) now l>econu:s 


) .(-) 


y-M 

y ’ 
1 


r ’ . < 1. 

^y + i 


1 \ 


(y +1) =“ y+“ 1 *-• + -( , 




from which log(y-h I) is found when log y is known. Thu» 
y =» I ; log 2==*2f^4* ^,-f ^ 4- ^ 4- 1* 

ystt 2 ; logJog 2 4 2^ ^ 4. ^ . 4. ^ 4- ^ 4. 1 * 

then log4-a2log2; log 6 w obtained by putting 4 for y in (ix), and 
w on. 
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It will \)e a good exerci«o for the Btudont to calculate the logarithms 
of the fii*»t ten integers ; the aeries (ix) converges very rapidly even 
when y - ± 


EXERCISES. XVI11. 

1 . DiHelentiate and integrate — L- 

\.v~a/ 

2 . Oirterentiate log( ) and integrate ^ ^ 

\o-.r/ — 

DiHorcMitiate the funetions in examples 3-34 : 

3. log(S''+''f V 4. K.g{^'(.- +«>+s'(.r-a)}. 

V ^ O - ^ 

6. logi./- - <i.r)1. 6. log 

— OX~f* #/“ / 

7. l<>g(Hin.r). 8. It^g(eos.r). 9. h)g/| 

\l”Sin.r/ 

10 . log(~t 11 . lt>g(l-f sin.r). 12 . log(.r4*Hin jr). 

13. .r+Iog(Hin r-fo(*s.r). 14. 3.r - log(sin .r-f2 cos.r). 

15. .rtan ^T--log^'(l 4-.^*). 16. .r+h‘gCr^ ^4 1) +tan W 

^/3 \ ^3 

17. \ (x 4-1) 4- 2.r 4- 3 ) 4 l<»g ! .r 4-1 4- 4- ir + 3)}. 

18. r log X. 19. X*' h»g X. 20. 4- ~ 4- log (f 

21. ae*. 22. « 23. 24. 25. nr. 

26. 10 27. ^"'Hinx. 28. e'cos.r. 29. e^^sin(4x4-3), 

30. e ’*ooh(4x 4 ■'>). 31. e"'sin(/u 4e). 32. e'**cos(/jut'4'C). 

33 . 2('"+* 34. 

35. Show* that tlie <>|ieration of differentiating is e<;[uivalent to 
mtdtiplying ^ hy a, and find the tt*'* ilerivative ot 

36. Find the 2*’*, 3*^, and derivatives of logx. 

37. 0}f is the al>scifWA and MP the oixlinate at the jwint P{a, j3) 

on the hyj>eiiM:)ia 1, a and fi l>eing Iwth j.Kvsitive. Find 

the ai'ea AMP^ A lajing* the vertex neart^t /*; and showr that the 
expression for the arwi may lie put in the form 
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36. Show that, if the area of the nt rtor OA P (example Zl^ 0 being 
the origin of cooi^inates) is denoted by | ti, 

If 0 = 1, 6 = 1, show that 

39. The curve given by the equation if ^is called a 

catenary : graph the curve (5^ (>8. Fig. 

If s is the arc, lueasurtHl fruiii the vertex (0, a\ pr4»v«- that 

(i) + c *), (h) -j, (iii) 

40. Tlie curve given by the e<{uati(>n //stH‘(.r >/) is called the 
catenary of uniform strcniTth ; gtaph tlu^ curve. 

If * is the arc, measured from the origin (0, show tliat 


... d* :r 

(l) -=sc*c , 
^ ' dx a 


(ii) ). 


4L Show that the arc of the paralM>lameasured fn.*m the 
vertex up to the |ioint whose ab.'w msii ./% is given by the t-spiation 

^ // 4 .2 . , P\ f 4 V ( 1/ - 4 ir) ) 

* = jj-V(4-r*+r)+^-K’^ ^ 

Also, j + + + 

See, for an approximate formula, Exercim's IX., KJ.J 


Find the integrals of the functions in examples 42~ 48 ; compare 
§59. 

47. v'{(Jr-l)(x-2)}. 48. s'(..^ + 2«.< +//0. 


Apply the method of integnO-ion by jMirte to integrate the functioiu 
in ezemplee 49-57. 

tt. xlogx. 50. Jt*log4c. 61. jTlogx 62. xif. S3. JiV. 

64. 4»«*. 86. 4«-*. 66. 67. 
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58# A rope, which is tightly stretched, makes a half turn round a 
cjiindrioal p)st^ the put A i*h of the rt»pe in contact with the post 
lying in a plane whi(m intersecU the axis of the jx>8t at 0. The angle 
AOr in 0 nidians and the tension at I* is T. Assuming that the mte 
^dT/dO at which the teiision dcci'eiift<*H is equal to fiT^ where /z is 
the coefticient of friction l>etween the rmpe and the ix)st, and that the 
Umsions at A and II are reajK'otively and (7\>T^\ find the 
I'elation l»etween 7\ and 7\,. 

Find also the relation when the roj>e makes (i) one complete turn, 
(ii) two complete turns round the 

59. Calcuhite, by equation (ix). example 5, ^ 61, to 5 deciiim! places 
the Napier ian logarithms of '2, 3, 4, r>, 6, 7, 8, 9, 10, and then find the 
common logarithms to 4 dot irtral places. 

60. If M “-tan Lr, show that 

f du' f da /2 + tiinix\ 

J 3 4- r> Vi *s j* J 4 - a* ^ i 2 - tan Ix) 

Prove also that, if ami u j>ositivc, 

f y _1 I ( % 4-^)4- - ^)\ 

j « 4- h c<»s X ^ \^ (h 4- u) - a ^ (o - a)/ 

where u =-* tan Jx. (Comimr e Kxer < iscs X VII., 37- 40.) 

62. Important Examples. The followingr cxain{>les arc of 
great im[>ortaiiee iu all applications of the exjxaiential 
function. 

Kramplv 1. Find the integrals (»f c**co»(6jt:4-c) and c^'sin (^u*4*c). 

Note that tlu'st* functions differ onlv in this, that one has the cosine 
and the other the sine ; tire angle and the exjxmential ai^ the same. 

The integrals may Ix’ dcductHl very readily from the derivatives of 
the functions. Let 

a ('’'cos {bx 4* c), V ^c’^'^sin {bx 4-c). 

Lifferentiate, an'anging so that in the derivatives the cxKsine terra 
comes first ; we find 

J)h fw/'^^cos {bx 4* *■) - bt7*^mn {bx4-c)^au - bv^ 

Dv /V*'* tHm (hx 4 -*') + oe'^^siu {kr 4- c) — hu 4-01?. 

Now solve for u and r, in terms of Ihi and Dv ; we obtain 
fi f)u 4* h Pv a Dv ~ bDu 

a* 4* 4“ b^ 

But the integnds of />« and />e ai^ u and e resjK>ctively ; we 
therefore find, by integrating the last tw’o e<|uatiotia and putting for 
H and p their values, 

+ .(c) 

.(s) 
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If the etnjctiir© of these intagmls be examined it will be easy to 
deduce a rule for I'eniembering them. 

The moi*e usual method of evaluating the integrals is that of 
iutegnition by parts, l^et 

j cos (kv 4- e)dj\ sin 4- c)(tr. 

To evaluate l\ begin by integmtiinj ; we fiml 

— cos (ojr4*c) — / “ { -* l>Hin <o.r-f r)}aa*™ - .H— 

a ^ ' I a ^ ' </ 

so timt Cl P - h<^ — (Jtx 4* t'). 

Integrating e**Hin(/ix4'^) in a similar manner, we find 

6/^4- tf™ #’'*■' sin {hr 4* r). 

Tliese two equations, when solvtnl for /‘and give the siime values 
for the integrals as before. 

Example 2. Evaluate / sin hxi{j\ L and *V l>eiiig ixisitive. 

Jo 

In (sX example 1, put -i' for n and o for c ; then 




- / sin hr - h <M>« hr 

.. 


n 


/r 

0 


- e sin hX 4 h rott l>y) , I* 

. 


(i) 


If we define the integi-al when one of its limits is infinite fis follows 


e Hiii hj'tLr^^ li 

r. 



sin hxfix^ 


(ii) 


%re can readily find its value in this ease?. The limit of e is zem 
when y becomes infinite; also the? functions sitihX and v**s^hy can 
not l)e numerically gmitcr than unity. Therefore the fii'st fiiictiou 
in (i) convergeato zero when .V Ik^couhth infinite, and we find 


i' 


c?'*-* sin brdr 


We proceed in a similar w'ay in all raises in which one of the limits 
of an integral is infinite. For example 

,-.v 


r 

Jit i4.T^ .v®.« Jo 1 4 


e*”* dx=^ Ij 
fix 


1» « * 


ExampU 3. Find the turning values of c*‘*^in(/Ar4-cX « and b 
toeing p<^itive. 

Let sin {bx^ c) »/(.r); then 

f{x)^ -ae“‘*^sin(6jr4-c)4*/s«‘“***cos(^jF4*e) 

«• --0^'^\a»in{bx^c)-‘bcm(jbx-^c)} .....(1) 
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This expreiuiion may be put in a more convenient form. Choose 
ft and Q ho that ft cos 6/—a, ft sin ; these equations give 

H -4- Urn 0 - b;a .(2) 

Since a and b are |;X)Hitivi% the smallest value of $ is an acute angle ; 
this is the value to he chosen, which shouhl be expressed in radians. 
Equation (1) now becomes 

/'{d ) ca - l{€~ ccm 0 sin (ftr-i- c) - sin c< m(bx 4- c) } 

~ fte"**' «in(ftr-f c - 0) .(3) 

l i'om (3) we sec that, to obtain the derivative of c~"sin 
Imve simply to multiply # sin (ftr-fc) by -ft and subtract ^ fiom 
iht* angle ; b<»t)i A* nnci h aie independent of c. llencti to obtain the 
derivative of the function in (3) we lutdtiply it by - ft and subtract 0 
from the angle ; thus 

r{x) ~ sin {bx 4-c - 2t^),.( 4) 

may Isi easily veritie<l by dim;t dilterentiation. 
lV>r the turinfig valuer we uwl f{x) e<jual to zero ; therefore by (3) 
ihj turning values are given t)y 

sin(/».r4-r — or />.r 4*c - />7r 

wh<u*o n is 0, db 1, 4 2, .... We shall coniine <mv attention to 
values <»f r ; therefore, denoting by .r^, .r,, ... .c„, the values of x 
fcii* the cables 0, 1. 2, ... n <»f we find 

0-i- TT-^O '■r 2Tr-^0-r 

//' ’ .' 

, ,, //TT 4- ^ - C 

and, geMerally, j\ 

It may bap|K*n (}»at the values <»f 0 and c are such as to make one 
nr two of the Htnaller vaiues <»f x negative. 

In [sirticular cNist^s it is easy U» decide vvliieh are the maxion^m ^nd 
which the ininimuin values of J{x); the gcneial case is ciisily decided. 
For / ft'c" **"*** sin(/>a’„ -rc- 2f?) /rV“'^siu(?ijr- 0% 

and therefore, since /rVsin is |MKsitive, 

, if H'~(b 2. 4, 6, ... (even integer) 

- 4-, if if — 1.3, 7. ... ((Hid integer). 

Hence /(.r) is a maximum for the values .r,„ x^ x^. ... of .r, and 
a minimum for the values .r„ .r^, .r.,. ... (^ 24. example 2). 

Tlie Ktudiuit sho dd work <mt, from the l>eginning, the particular 
case in which o 01, /» I, c^*0; the gntph is shown in Fig. 31. In 
this case tan 0 ^ 10 and 0 is 84’ 18' or 1*471 nidians. 

jr:0«sl*47, *r|K«4*01, ,rgss,7*75, 101)0, 

f(^o)-0*86, f(x^)^ --0-63, /(,r,):».0*4C, /‘(r^)- -0*33. 

It will Im a good exorcist* fm* the student to show that the ordinate 
and the gradient of e" '**sin(Ar4“c)are ecpial resi>ectivelv to the ordinate 
and the gradient of for those values of x tor whicli 
Ar4‘C«n»2mr 4*|tr (m»0, 1, 2, ...). 
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The two gfapba therefore touch at the points whose abscissae are 
given by these values of x. 

Since cos(^u'-f c)^sin(6;r+c-f- Jx), the turning values of c) 

may be. obtained from those of m\\{bx+c) by writing c-h^Tr for c. 



Pig. ai. 


The (lirten'iitial equation in the next exauq)]</ <x:cui*8 
very freqnenllj" in phvRical applications; a special case 
of it has already bc‘en discussed iu ^ 4.‘^, example 5. 


Exa^nple 4, Verify thut, if — i.'^ p^tnth'f\ the equation 

(Px j <Lr 

.o 

m satisfied by x wbei'c d, B are any constant.s and 

n is given by the equation 

To verify, we have simply to find and to eliininaU' the 

‘ dt dd 

two constants d, B from the three efjuations wliich give x and the 
two derivatives. From the equation 

cos(wr + B) .(ii) 

we obtain >)y differentiation 
dx 

dt '^) sin (nt 4- B) 

— - (ntA^B) . ••(iii) 

Differentiate again ; therefore 

^«a |ir " 2 “ - n^Aer^^ cm{nt 4- //)4- \hiAe^^'^%\n{7U 4- B) 

(h) and (iii). 
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Hence, taking all the terms to the left side, we find 

which is the aaiiie as equation (i) if ^ — or 

Equation (ii) represents (when k is {xisitive) what is often termed a 
dumped vibration ; it is a simple harmonic motion with a decreasing 
amplitude. 'Flio amplitude, wnen t has any value is ; when 

t has increased by I?’ (wheie T is the period 277^/^ of the circular 
function) tlie amplitude has decreased to The ratio of 

the first b) the second of these amplitudes is 

the Napierian logarithm of this ratio, namely \kT^ is called the 
logarlUmiic decrement of the amplitude. 


EXERCISES. XIX. 

(Jah'ulate the values of the integrals in examples 1-18; k is positive. 


1 . ^r*s\n,vdoV. 

2 , 

J e* cos xd.v. 

3. 1 e~'sinjrdr. 

4. 1 e viiii.rdx. 

5. 

1 c sin 4.rc/.r, 

6 . j e" cos 3jxiu\ 

7. I e* tiin'ird.r. 

8 . 

J e"' cos-.rdxo 

9. 1 c“® cos 2.rcfx 





10. / ' Ci >s (4.r -f 5) d 
Jo 

.r. 

11 . / c 

Jo 

sin nidt. 

r*. 


r» 


12 . 1 cos fifdt. 


13. 

“ sin (fiti-a)dt. 

Jo 


Jo 


, . /**' c/,r 


r® d^r 

-« f* 

H- ".2 r r 

15. 


16, / jre”V.r. 



J- ® -f- 4 

Jo 

« d,v 


r* 

dx 

17. 


18. 




Jo 


19. Evaluate 

20. Evaluate 

21. Prove 




the substitution r==^atant/. 


p ___ r_jiu 

Jo «*co8*.r+6'^8in^x «*+Pu* 


where wawtanar, and evaluate the integral. 


Graph the functions in examples 22-25. 

22. tf’"*8in2a\ 23. «~*co8 2x*. 24. 300jr. 26. a^^^sin hOOx; 
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26. Show that each of the functions aiven by the following 
equationa satisfies the differential equation of example 4, § 62, it, /i, n 
having the same meaninp as in that example: 

(i) sin (»t+/l), (ii) jF=e-**'(^co8n/+F8in»<). 

27. Find the value of x which satisfies the differential equation of 
example 4, § 62, and also the conditions that x*=a and clxj<iU’«> V when 

/sasO. 


28. Verify that, if /t- JF* is negative^ the equation 






is satisfied by where il, B are any constants 

and m is given by the equation 


^ 29. Verify that the equation 


d^x 

3? 




is satisfied by where ii and B are any constants. 



CHAPTER Xin 


APPLICATIONS. CURVATURE. BENDING OF BEAMS. 

CATfiaSTARY. ALTERNATE CURRENTS. 

IX>UBLE INTEGRALS. 

63. Oeometncal Applications. Let OM be the abscissa 
and MP the ordinate of the point P {oc, y) on the curve 
whose equation \s y— f(x), and let the tangent at P meet 
the axes at L, K (Fig. 82). 



The line CPQ drawn tlirough P perpendicular to the 
tai^ent LP is called the normal at P. 

When the tangent and the normal are spoken of as finite 
Mfmente, the portions LP and PO intercepted between P 
and the o^axis are the segments referred to. In the same 
way the projections of these segments on the is-axis, namely 
LM Mid Mm, aro called the snbtangent and the sabnonwl 
respectively. 
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These segments may be expressed in terms of the values 
of X, y, y' at F, where y' means F^y- If the angle XLP is 
denoted by then y' = tan 

Subtangent = LM = y/tan ^ = yjy'. 

Subnormal == MQ = y tan <p = yy'. 

Tangent ^LP = y/sin <p = yj(l+ y'^)/y\ 
Normal = PO = y/cos <(> = y^(l + y'*), 

OL=OM-LM=x - yly'={xy'-y)ly', 

OK = — OL tan — OL. y = y—xy'. 

These expressions are true for all positions of P provided the 
of the segments be attended to. Thus, if the value given by the 
formula for LM is negative^ L will be to the right of M \ because in 
Fig. 32, which may be taken as the standard "diagram, j?, y, y' are 
all positive, and when y and y are positive X is to the left of M. 

To find the equations of the tangent and normal (the 
tmlimited lines) take x, y as current coordinates and denote 
the values of x, y, y' for the point P by y(. Then 

the equations are 

for the tangent, y-= y({x-xj; 

for the normal, y ~ = — -l7(;r—Xj). 

2^1 

Note that the gradient of the tangent is y^' and therefore 
the gradient of the normal is — l/y^. 

Example 1 . Find the subtangent and the subnormal of the ellipse 

Suppose X and y to positive ; then 

subtangent 

subnormal ^MG^yy'^ - 
X m to the right and to the left of M* 

ti^ier^ora OX ♦ 
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ExautpUi. For the hyperbola «y=o® find A"/*: £P. 

KP OM xnf c* «* 

Zir “ ■^T “ ~ S i ^ ■ 

Since the ratio is negatim P lies between K and Z; KP^PL, 
Hence KL is bisected at P. 

64 Curvature. Let P and Q be two points on a plane 
curve, and + the angles which the tangents at P 
and Q make with the cc-axis, s the arc measured from some 
fixed point on the curve up to P, and the arc PQ 
(Fig. 83). 

IDefinitious. The angle is called the total curvature of 
the are PQ ; the quotient S^jSs is called the average curvature* 
of the arc PQ ; and the limit of when Q approaches P 
as its limiting position, that is, d^jiU is called the curvature 
of the curve at P. 

For a circle of radius R the arc Ss is equal to and 
therefore 

6sds^ 

that is, the average curvature of any arc of a circle is equal 
to the curvature at any point of the circle. In other words, 
a circle is a curve of constant curvature, and its curvature 
is equal to the reciprocal of its radiua 
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prove that, when Q tends to P as its limiting position, C 
will tend to a point G on the normal at P as its limiting 
posit'•»! such that PO is equal to dsjdtfh 
To prove this, observe that i-P&QssS^ and, from the 
triangle PG'Q, 


PC' chord PQ_ chord PQ Ss 

mnPQO'” sinPC'^ “ arcPQ 

Now, the limit of lPQO' as Q tends to Pis 90®; also, the 
limits of the three fractions last written are 1, dald^, 1 
respectively. Therefore, since sin 90° = 1, the limit of PC' 
is dsjdift. In other words, C' tends to a point, G say, on 
PC' such that 


PC= 


ds 

3^’ 


or 


1 dd> 
pa~ds' 


The circle whose centre is G and radius PG has therefore 
the same tangent and the same curvature as tlie curve has 
at P. This circle is called the drcle of curvature, its radius 
PG (which is equal to dB[d<p) the radius of curvature, and its 
centre C the centre of curvature at the point P. 

We shall generally use R for the radius of curvature; its 
reciprocal IJR will therefore be the curv'ature. 


Expression for the Curvature. The curvature may be 
expressed in terms of the first and second derivatives of the 
cnrdinate at the point. For, since 


tan tft- 


dy 

'(ix 


COS^: 


dx 

'll'- 




we get by differentiating the first equation with respect to « 
d<l> ds dx\dxJ 


, dx 

I X -T* » 
ds 


that is 


sec*^X^= 


cPy 


imd therefore 

Bot 8ec*^o<> 1 +tan*^*» 1 $ 
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«.d therefore ’ =^.g^{l + (g)*}',.(l) 

80 that .( 2 ) 

If the gradient dy/dx is so small that for all values of x 
within the range considered its square may be rejected, 
equation (1) becomes 

R~ds~(h^ .' ^ 

The value for the curvature given by (3) is that generally 
used in the approximate theory of the bending of beams. 


Equation (3) may also be proved independently. For, if the 
gi'adient is very small, </> is approximately equal to tan <f> (see § 41, 
example 2) and to its projection &r. Hence, approximately, 


s 

S(fi __ 8. t an <fi ' dx ^ 


therefore, 


<_/</> 

dU 


Example 1. 


The jmrabola 

di/ dh/ 2 


R lie da^ \ 


1 + 







Near the origin is very small; hence near the origin the 
eurvature is simply 2/p. 


Example 2. The ellipse y*/6*=a 1. 

'2;r , 2y dy ^ dy 

But a*y^«*a*6*; simplifying a little, we find 
dPy 1 
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The negative sign arises from the negative sign of 

(y being assumed positive); the root implied in the index 
3/2 is taken as positive. In the standard figure (Fig. 33) 

is positive. When is jxxsitive the gradient is an 

increasing function and the curve is concave upwards, as it 

d^u 

is near P in Fig. 33; but when - ~ is negative the gradient 


is a decreasing fmiction and the curve is convex upwaids 
for such values. (Exercises IV., example 54.) 


EXERCISES. XX. 


1. Find the equations of the tangent and normal to the ciivle 

at the point (.r„ on the cirele. 

If the tangent cut the at T, show that 0^1/. OT is equal to 

/?2 where .rj-aif. 

2. Find the equations of the tangent and normal at the point 

y») parabola Wliat form do the oquatione Uike 

if X, =» y I =» 2ut ? 

show that the subtangont ia bisected at the vertex. 

3. Show that in the jmnibola i/^^4ax the subnormal is constant. 
Conversely, show that if the subnormal of a curve is constant, equal 

to 2a saj, the curve is a jiarabola C, where C is any constant. 

4. Find the equations of the tangent and normal at the point 

on the ellipse What fonn do these equations 

take if 3«a cos yj = 6 sin 0 ? 

5. C is the centre of an ellipe. A'A and ZT B the major and minor 
axes; iZand m are the projections on the major and minor axes of a 
point P on the ellipse and ir, / are the points where the tangent at P 
cuts the axes. Prove 

Cm.Ct^CIIK 

Establish corresponding theorems for the hyperbola. 

8. Using the notation of §63, show that for the adiabatic curves 


Explain the ifteaning of the minus sign. 

7. In the semi'Cubical parabola show that 






'2 «’ 


MQ‘ 


27 

T~a ’ 
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B 

8 . Show that for the curve the subtangent is constant. 

Conversely, show that if the snbtangent of a curve is constant, equal 

ft 

to a say, the curve is where C is any constant. (Compare 

example 3.) 

9. Find the subtangent, the subnormal and the normal of the 

c z 

catenary 4-€“«0* Show that the perpendicular from the foot 

of the ordinate at any point to the tangent at that point is of constant 
length. (See § 68.) 

10. Find the subtangent and subnormal of the cur\'e of sines, 
y— a ftin(,r/^). 

11. Find the curvature at the origin of the cur\'es 

(i)y»»x*, (ii) y = (iii)y«fi.r®, (iv) 4*5.1:^ 

12. Find the curvature at the origin of the ciiiwes 

(i) (ii) y=r-h.r“4-A’® ; 

(iii) (iv) y 

13. The radius of curvature at the point (t, v) on the hyperbola 

/f=(.r>+y»)l/2c*. 

14. Tlie radius of curvature of the catenary of example 9 is and 
that of the catenary of uniform strength y»c log sec(;r/c) is csec(:r/<jX 

18. Show that at the origin on the curve 

y = 2,r + 3^ — 2jy 4-y^ 
the radius of curvature is f ^/5. 

67. Bending of a Beam. On a heavy uniform beam, 
which rests horizontallv on two supports near its ends, a 
load is placed and the beam bends slightly. It is required 
to find an expression for the couple called into play by the 
stresses acting across any given cross-section which is 
originally vertical and perpendicular to the length of the 
beam, the cross-section being assumed to I'emain plane 
when the beam is bent 

In the usual theory it is further assumed tliat there is 
one set of filaments, running from end to end of the beam 
and forming what is called the neutral surface, that are 
neither extended nor contracted. Let ABDG (Fig. 34) be a 
vertical section parallel to the length of the ^am and let 
EF be the line in which the section cuts the neutral surface. 
SF is n<4; altered in length but is curved sli^htiy. Fila- 
weQtB in the scoticm ABJ^ parallel to toe original position 
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Integratiiig and determining the oonstanta m that when 
and d^dx^O when we hnd 

which of course gives the same maximum deflection as before. 

Ejcam^e 2. A l>eam of uniform cross-section and length L with a 
uniformly distributed load w f)er unit of length. 

Take the same coordinates as for equation (6) of the last example. 


The bending moment at Q is 

if = ^wL X .r — wx X ^x^ht(Lx - .v^) .(1) 

Hence for the curve of the beam we find the equation 

.( 2 ) 

Integrating and determining the constants so that y=0 when 
and we obtain 

.(3) 


The greatest deflection yj, given hy x— is 

6wL* 

^'”384A'/. 


.(4) 


if the beam is not merely supported Kt Ay B but tangentially 
that is, fixed so that the ends ai'e kept liori^ojital (for example, by 
being built in) a couple K is required for this fixation. The smn 
being L and the ujiwaitl reaction being at .d, /fas l)efore, tnen 
the equation for the curve is 


.(5) 

At A both y and dyjdx are zero; thei*efore 

Efy ^ \ Ax* — ~ x),.(G) 

Since y^O at the end B where we find, by putting ,r«= A in (Gk 
that Therefore 

Ely a= - x)*.(7) 

We see from (7) that dyfdx is also zero at Zf, as it should be. 

The greatest aeflection, given by is y^ where 

y^^wL^jZMEIy 


which is one-fifth of the deflection when the /nds are simply supported. 


68. The Conunon Catenary. A uniform flexible chain of 
weight w per unit of length is suspended from two points 
A and J5; to find the curve which the chain assumes. 

Any small piece PQ of length is in equilibrium under 
the action of three forcesj namely:—its weight tv8$ acting 
vertically dovmwards and the tensions^ T and T+6T say, 
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actmff at the ends P and Q in 
The tnree forces are therefore 


the direction of the tangents. 
concurrent (Fig. MX 



Let ^ and bt‘ the angles which the tangents at P 

and Q resi>ectively make with the (horizontal) .r-axis. First 
resr)lve horizontally; therefore 

(7’+<52^cos(0 + ^f/>)—jf’co8^ = 0, that is, S{TcoH<f>):^0, 

Hence, the horizontal coiajKment of the tension is constant; 
if this constant is we get 

.tO 

Next resolve vertically; therefore 

(T+ST)B\n(d> + S(f))--l'’Bind>~wS'^, that is, ^ = 

• os 

Taking the limit for Ss converging to zero, we find 

d(Tsin f) . . 

<(»”“■. 

Using (1) and noting that (compare § 66) 

d t an^ d tan <f> dx _ . //1 i 

da dx ds~ di* ' VI Vfib/ J ’ 

Wd get for equation (2) the form 



(3) 
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which is the differential equation of the curve ; the variables 
X, y, ift here refer to the point P. 

To integrate, let be denoted by u for the moment; 

also put a for TJw. ^uation (3) thus becomes 
I du. 1 du da 

a y/(l + u®) a . 

Integrate, choosing the constant of integration so that u 
may be zero when x is zero; we find 


log{tt+^(l+tt*)}=‘®, or c5=«4-,y(l+«*). .(5) 

(X 

Again «" = l/{u+^(i4-tt®)} =-u+v'(l+«■*)•.(6) 

Now, from (5) and (6) we get, by subtracting and dividing 

dy .(I -f\ 

= -e ;.(7) 


and therefore 



,( 8 ) 


the constant of integration being chosen so that y=« when 
fls*=0. Equation (8) is the recjuired equation. 

The curve given by equation (8) is called the common 
catenary, or simply the catenary. Its graph is shown in 
Fig. 36. 


EXERCISES. XXI. 


In the following examples the notation of § 67 is adhered to; the 
beam is supposed to be of uniform cross-section and to be horizontal 
in the unstrained position. „ 

1. For a beam tangentially fixed at A and loaded at the end B, 
the weight of the beam being neglected, the curve is (origin at A) 

% For a beam tani^ntiallj fixed at A and free at tbo end with 
a nniformljr distributed load the curve is 

3, For a beam supported at its middle point and uniformly loaded^ 
tbe curve is (oriKiia at (7, the positive direction of the v axis being 
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4* If in example I, § 67, the origin is at and the positive direc¬ 
tion of the y-axis is downwards, show that for a point euch as P 
between C and B the equation is 


Integrate the equation. 

6. Show that if, in equation (7), example 2, § 67, the origin is at 
the middle point of AD that equation becomes 

the positive direction of the ^^-axis being downwards. 


6 . For a beam supported at its ends and loaded at a point D such 
that AD^a^ DB—by the equation for a point between A and D is 




hW 


(iX 


and for a point between B and D is 

jdhf aW 


- 

The integral of (i) is 

ryr ab(a-h^b)W 
hly^ —' ,v X- 
^ 6(a-|-6) 

and the integral of (ii) is 

<xh{%aArh)W 


a + 6 
6 (a+i.) 


(a + b-x). 


.(ii) 


.(iii) 


ir 


[The constants are found from the conditions that (i) and (ii) give 
the same values of y and of dy/dx when x=a, and that for (i) y«=0 
W'hen and for (ii)y=0 when 


7. The deflection yi and the gradient y'l at D in example 6 are 
amW ah(b--a)W 

' 3(a ^b) EV “ 3(a -f h)Er 


^1 = 


8 , Show that a in § 68 is the length of a piece of the chain whose 
weight is equal to the tension at the low’est point or vertex of the 
catenary. 

9. Show that the tension at any point of the common catenary is 
equal to the weight of a piece of the cnain whose length is equal to the 
ordinate at the point. 

^ 10. If from the foot of the ordinate at P in Fig. 36, a perpen¬ 
dicular is drawn to the tangent at P to meet the tangent at v, snow 
that MQ^a and CF, 


11. The ends ^4, B of a chain are in the same horixontal and the 
chain bears a continuously distributed load, which is uniform per foot 
run of the span {w lb. per foot run). Taking the origin at the lowest 
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point of the chain and the y^axis vertical (upwards), show that the 
equation of the curve of the chain ia whei’e H is the 

tension at the lowest point of the chain. 

If the span AB=:2b and if the depth of the lowest point of the chain 
below AB is v, show that the tension at is 


12. If the half len^a^th s of the chain in example 11 undergoes a small 
change 6^, say through strain or through change of temperature, show 
that the amount by which the chain will sag is approxitnately 3d&f/4r. 

[Use the approximate \'alue for j?, namely s — b-hSc^/Sb, given in 
Exercises IX., example 16.] 

13. A coixl, whose end.s are free, presses tightly against a rough 
cylinder along an aix; A the cord lying in a plane which is normal to 
*t!ie axis of the cylinder. If T is the tension at any jx)int Pol the cord 

!>etweea d and B and if 6 is the angle between the radii OA and OP 
(0 l>eing the point in which the plane of the cord cuts the axis of the 
cylinder), show that, when slipping is alxiut to take place, T satisfies 
the equation 


dr 

39 


4 - fx 0 


where fx is the coefficient of friction. 


If the tension at A is show that 


69. Example flrom Electricity. In this example the nota¬ 
tion of differentials will be used; thus, if in time St the 
current i increases by Si, the increment of i is Si while the 
differential of i is di, which is eqtial to (4} 22) 


The equations obtained are all, ultimately, equations between 
limits, and the small errors due to writing the differential 
tor the increment disappear. In practical work the 
differential is frequently used in place of the increment; 
thus, in 45§37-“40, dx, ay, dm, dw,,, are frequently used 
instead oi Sx, Sy, Sm, SW. 

We consider the case of a variable current flowing in a 
circuit containing resistance and self-induction. At time 
t seconds let the impressed E.M.E be E volts, the current 
i amperes, the resistance R ohms and the inductance 
L henries, R and X being constant 

The energy communicated to the circuit in a nhovi time 
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dt is Eidt Joules. Of this energy the amount i^Rdt takes 
the form or heat while the amount iLdi goes to increase 
the energy of the magnetic field or, as is sometimes said, to 
overcome the counter E.m.f. due to self-induction, 'i'he 
energy communicated to tlie circuit is equal to the sum of 
these two amounts. Hence we have 

iLdi + i^^Rdi^ Eidty .(1) 

and therefore, dividing by idt, we obtain 

. .P) 


as the equation connecting the various quantities. 

We disease one or two simple cases, it being understood 
that E is either a constant or a function of t 

To obtain tlie integral of (2) divide by i, the coefficient 
of dijdt ; the (‘quation takes the form 


di R . E 


(3) 


No\v multiply by where it should be noted that the 
coefficient of t in the index of e is the coefficient of i in equa¬ 
tion (8); we get, as can at once be tested by differentiation, 



and tlierefore, integrating and putting A for the constant 
of integration, 

ie‘-=A + \je^dt~A+f{t) .( 5 ) 

whore f(t) is the value of the inte^al. 

Now multiply by therefore 

Ht m 

i^Ae ^+e V( 0 * . 

Equation (6) is the integral of equation (2) or (3V 


Emmple 1 . 
In this cas<s 


constant«« ; t« 0 when r =«0. 

rt j. ilf pt m 


(6) 
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When faeO, t«0, and therefore 

0 » d -f EfJR ; A EfJR, 


so that 




(7) 


If we put L/R=^ 7*, then T (which, since the index of e must be a 
pure number, is a quantity of the same kind as t, that is a time) is 
called the time-constant of the circuit If X—0 01, /f=0*1, then 7^«= A. 
At the end of ^*** of a second the exponential term is and tW 
current is • 

t = ^«(l -f-*) = ^(l-0-368)=0-6:i2^‘’. 


As # increases, the exponential term in (7) soon l>ecomes very small; 
thus if and the tenn *ac“** —0*082. Tlie value of i there* 

fore very rapidly appreachea the steady value EJR. 


Krainpte 2. E^n\i\pt where jSJj is a constant. 
F C ^ 

In this case /(0= sin ptdt 


JU 


r. {R»\npt-pLcmpt) 

” *® S*+ .. 

by § 62, example 1, 

A more convenient form i» obtained by putting 

y?=/roo8^, pX=/*8in0, 

so that tan ^==jt>X/y?. 

Equation (8) now becomes 

. 




(9) 


and equation (6) becomes 

.co> 

The exponential term decrease very rapidly and the value of i 
becomes, after a very short time. 


.( 11 ) 

The joAose-anj^le of that is the angle pt-B^is less than that of 
E b^ 0^ which m called the angle of lag. When expressed in terms 
of time the phase of the current is said to be behind that of the 
^eetromotive force* 
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EXERCISES. XXIL 

1. If in § 69, equation (7), ia put for EJR and if ij, 4, denote 

the values of % for t equal to !r, 2 ^, , show that 

^=0-632, ^=0-865, ^=0-950, ^*>=0-982. 

»o *0 H »o 

2 . lntegi*ate the equation 

^iven that i==/o when t—0. Calculate the values ... where 

«i, 4 , ... have the same meaning as in example 1 . 

3. The current t satisfies the conditions of example 1 , § 69, from 
^=*0 to ; at time 4 the electromotive force A'q ceases to act, so that 
i satisfies the equation 

L§+Xi-0. 


from t^ti onwards. Dniw the graph of f. 


4. If at time in the case of example 1 , § 69, the xesistance is 
suddenl)^ increiised to / 2 j, where is constant, show that for values 
of t greater than 4 , 


*;{>- * }+#{•- 




6 . Show that for the value of 1 in example 4 the product f /4 
tends, as ^ is taken neai'er and nearer to 4 , to the value 


if Rt^fL is at all large. (Note, for example, that 0*0000464.) 

6 . In the case of example 1, §69, show that the quantity of 
electricity, that travei*ses tne circuit in consequence of seli-indu^iou 
from /SB 4 to 4 is given by the equation 


LMi. 




5—^“- 


'J .*1 _*i\ 

\« * -« * j- 


If 4-«0 and 4 is very large show that 

r p 


where 4 steady value of the current and T the time^nstant. 
Give the graphical interpretation of Q. 

7, Show that the work done amnst the electroinetive force of 
self-induction in the case considered in § 69, as the current increases 
from aero to the value 4 is 
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8. If »=/sin (pt+o) show that 

Ji=p/8in(pt + a+|). 

Note that co8x==sia(r*f ir/2). 

9. Find (i) the average value, (ii) the r.m.s. value of the curi'enfc 
i (example 8) for a complete period. (§ 46, example 2.) 

10. For the value of i in § 69 (11) show that, if It is very large 
compared with pL^ the value of i is approximately 

while if pL is large compared with H the value is appmximately 

I =: ~ —j^empL 

11. Show that the energy communicated to the circuit during one 
period T( — 2irip) in the case of §69, example 2, is 






f Eidt^ 

•• 

and that the mean value of Ei for the periml T is 


2 


E^ 


C08 6 - 


w 

T 


12. If B and 1 are the R.ii.8. values of E and i for the period *1' 
show that the mean value WjTiti example 11 is 


W 


BxtXCO80, 


13. In §69, example 2, determine the constant A if t=a0 when 
Work out the solution and represent it graphically if /f=a50, 

^mlOOO, — (Bedell and Crehore, Altematifif/ CurrmU, 

p. 56. London : Wliittaker.) 

14, A condenser of capacity C is charged till the potential difference 
(r.n.) of its plates is ; the two plates are then connected by a wire 
of resistance E but of negligible inductance. If at time I tbe r.n. is F, 
the charge and the current t\ then 

QssfiCFf Fa*/?», 

and therefore F«0. 

Show that (i) F* (I!) 
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15. If in example 14 the inductance is then 
9.CI-, i.-f, + 

.»dth«r.(o™ 

[This eo^uation is of the form given in example 4, §62. In the 
notation or that example 

HentMj if 4L>CIi^y V is periodic with decreasing amplitude, while 
if 4/>< C/€\ V is not periodic.] 

70. Double Integrals. The notation of double integi-ala 
rxjcurs so frequently in elementary appliciitions of the 
calculus to mechanics that it seems proper to give an ex¬ 
planation of it. The following problem, though it may be 
solved more simply otherwise, snows clearly the nature of 
double integration. 

Example. Find the second moment of an ellipse about an axis 
through its centre perpendicular to its plane. 

l^t the equation of the ellif^we (Fig. 37) be 

.( 1 ) 



Pig. 3T. 

Divide the ellipse into a large number n of small rectangles by 
dm wing two sets of straight lines parallel to the axes ; portions of the 
rectan^es at the boundary of the ellipse will, of course, lie outside 
the elltp^ 

Let I^RS be a typical rectangle; 
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The second moment of SA is, apptt>xtmately, OP*. 6A which is equal 
to and therefore the second moment of the ellipse is, 

approximately, 

or .W 

where the summation is to be extended over all the n small 
rectangles. 

Tlie required moment is the limit to which the sum (2) converges 
when n becomes infinite, each rectangle at the same time converging 
to zero. 

To obtain this limit we proceed as follows. 

JF\r»t^ let J! and 8jc be Kept constant, and sum with respect to y. 
This operation will give all the terms in (2) that arise from the 
rectangles in a strip parallel to they-axia ; if it will 

give all the I'ectangles arising from the strip K*JJLK. When §y 
converges to zero, the limit of the part of (2) thus arising is 

.(3) 

In finding this integral it must ha remembered that .r is treat€<l as 
a constant. The integral will contain .r (or 0M\ MK and MK\ But 
by equation (1) 

MK’ =. - * v'(«* - +1 VO* - .(4) 


80 that, on the whole, (3) contains x and the constants a, b. For 
brevity, let rj^fg 

. (■>) 


The terms of (2) arising fiom a strip parallel to the y axia have 
therefore for limit /^(x)Sx. 

Secondly* Find now the limit of F.F{x)hx^ that is, find the limit of 
the sum of all the terms arising from the strips like K'LLK* Tlie 
limit of this sum is 

JV(x)(ir..(G) 


When F{x) is replaced by its value (5), the integral (6) is written 
thus : y* yj^jf 

i./^L ..*.<^> 

which is called a double integral. 

The mode of deriving (6) shows that (7), which is merely the fuller 
symbol for (6), means :—Integrate (^4-y*) tcith reepect toy from 
to y^MK^ treating xa$a conetomt during this integration ; then integrate 
the reetdi with reejoect to x from x^ — a to x^a. 

We might also find the limit of (2) by first keeping y and 8y 
eonstant Instead of (3) we should have 


(8) 










DOUBLE INTEGRALS. 


195 


irtudk arises from the strip C'CDU, and instead of (7) ve should have 

/ » rto 

dy .(9) 

-h JJSC* 

In (9) we first integrate as to keeping y cm^ianty from EC to 
x«* Ev where by (1) 

EC'^ EC=^ +p(b^-f), 

and then we integrate the result aa to from yr=~6to^ = 6. 

The evaluation of (7) or (9) is not hard ; take (7), then 

( 10 ) 

We have now to integrate with respect to x from x— - a to x^a. 
Since the integrand contains only even powers of x, the integral will 
l>e (mce the integral from a;=0 to x^a. To integrate, put x—asinii 
and we find 

£ ? 

rf 

«■ 4ab I (a* sin% cos% +C08*?^)<fo 


( 11 ) 


The area of the ellipse is Traby and therefore the square of the radius 
of gyration is J(a*+6^). 

Instead of the symbols (7), (9) the form 

// (r^+y^dvdy .( 12 ) 

is often used. To make this symbol quite definite some phrase must 
be used to indicate the limits; for example, “ the integration being 
extended over the area of the ellipse,” the particular method ot 
etfecting the integrations being left unstated. 

Enough has been said to indicate the general meaning of 
a double integral; for further details see the authored 
Calculus, §§ 135.136. 






CHAPTER XIV. 


GRAPHICAL INTEGRATION. 

71. Qiaphical Construction of DeiiTed Ourre. In § 20 the 

meaning of the expression “derived curve” has l)een ex¬ 
plained. We now state a graphical method of tracing the 
derived curve of a given curve. 
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O'on the y-axis draw O'Jl' parallel to OJT, and take O'Jl', O'F 
as the axes for the derivecf curve. 

I^t PT be the tangent at any point P on the given curve, 
and let MP^y^f(pc) be the coordinates of P. If 

PR is parallel to OX and RT perpendicular to PR, then 

^ tan RPT==^. 
ax PR 


Now take a point U on O'X' to the left of 0' and draw 
U/> parallel to PT to meet the common axis of ordinates 
at jK The triangles UO'p and PR2' are similar; therefore 


ap_RT_dy 

UO'^'PR^dx^ 


0'p = ^.U0'. 


Produce PM to cut O'X' at M' and draw pP' parallel to 
O'X' to meet PM' at P'; then 

M’P=^0'p = ^£.UO'. 


If the unit segment for the ordinates of the derived curve 
is taken equal to {/O', then 


M’P' = 


iy 

dx 


so that M'P is the ordinate of the derived curve correspond¬ 
ing to the point P on the given curve. The abscissa O'M* 
of P' is e<|ual to the abscissa OM of P, and P, P' may 
be called corresponding points, MP, M'P' corresponding 
ordinates. 

To find the point corresponding to any other point Q on 
the given curve, draw Uq parallel to the tangent QS to 
meet the y-axis at q and then draw gQ'parallel to O'X' to 
meet the ordinate of Q (produced) at y; Qf is the point 
corresponding to Q. 

In this way we can find any number of points on the 
derived cur\^e and then, by drawing a fair curve through 
these points, the derived curve itself 


72. Integral Curve. If we denote any ordinate of the 
derived curve by so that y'^f\x)^dyjdx where y or f{x) 
is the corresponding ordinate of the given curve, then the 
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area (YM'P'A' bounded by the derived curve, the two axes 
and the ordinate ATP' is equal to 

rvM 

1 y'dte. 

Jo 

But this integral is equal to /(^)-~/(0), that is, to 
MP^OA, In other words, the area bounded by the 
derived curve, the two axes of coordinates of the derived 
curve, and the ordinate at any point of the derived curve is 
equal to the corresponding ordinate of the given curve 
diminished by the ominate at the origin of the given curve. 

In the same way we see that the area M'N'U'P' is equal 
to the ordinate at C diminished by the ordinate at P, namely 
NG-MP. 

With respect to the derived curve, therefore, the given 
curve is such that the difference between any two of its 
ordinates is equal to the area bounded by the corresponding 
ordinates of the derived curve, the £r-axis of the derivea 
curve, and the derived curve itself. From this property the 
given curve is called the integral curve of the derived curve. 

Of the two curv'es APO, A'P'C' either may now be con¬ 
sidered to be the given curve; if A PC is considered as 
given, then A'P'C' is its derived curv^e, while if A'P'C' is 
considered as given then A PO is its integral curve. 

In the expression for the area, namely MP — OA, the 
term — Od is the constant of integration ; if the axis OX 
be drawn through A this term will disappear. In practice 
the origin is usually cho8<*n so that tfm integral curve 
passes tmough it; the ordinate MP then measui'es the area. 

Before stating a graphical construction for the integral 
curve we shall refer to the question of units (see also § 32). 
Expressing M'P' explicitly in terms of U0\ wo have 

U(y, 80 that ^M'Fdx^y. UO'. 

For both curves the ir-scale is the same, say a inches ««»1. 
Let the y-scale of the integral curve APO be b inches«1. 
The scale for the ordinates of the curve A'FC is U(y ; 
tet U(y as-n. inches. 

The value (/O' tiierefore represents yxbn square 
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inches; j/ *= 1 gives hn sq. in., y = 7 gives Ihn sq. in, and so on. 
If, for instance, the y-scale is r' = 20 and if — then 
fe = 1 /20, 71 =s 3/4 and the value y = 7 represents 7 x ^ X f , 
that is f^ths of a square inch. 

If all the values are expressed in inches, then the number 
of inches in the ordinate of the integral curve multiplied by 
the number of inches in UO' will give the number of square 
inches in the area, when the integral curv^e goes through 
the origin; if the integi*al curve does not go through the 
origin, it will be necessary to subtract the corresponding 
value of OA, the ordinate at the origin. 

We have chosen the unit for the y-scale of the curve 
A'P'C to be UO'; it is easy however to make the necessary 
changes when the unit is difierently chosen. 

73. Graphical Oonstmction of Integral Curve. The follow¬ 
ing method of constructing an integral curve is based on 
that of §71 for drawing the derived curve. 

On the a?-axis O'X' of the curve whose integral curve 
is to be drawn, lay off from 0' equal short segments OTp 
2i3j,... and through the points Ij, 2i, Sj,... draw 
pai'allels to the common y-axis. (Fig. 39.) 

Ijdt the ordinates at 2^ 4^ 6p... cut the given curve at 
2', 4', 6',... and let 2^ 4^', 6",... be the projections of these 
points on the y-axis; O' is the point at which the curve 
cuts the y-axis. 

Let us take the integral curve that passes throu^ 0; 
then the tangent to it at 0 is parallel to U0\ Draw 
this tangent and let it meet the ordinate through at 1. 

The tangent at the point on the integral curve correspond* 
ing to 2' is pfirallel to i72". Draw 13 parallel to £72''cutting 
2^2' at 2 and meeting the ordinate drawn through 3^ at 3; 
2 is the point corresponding to 2'. 

In the same way araw 35 parallel to C/4", catting 4^4' at 4 
and the ordinate through 5^ at 5; 4 is the point correspond¬ 
ing to 4\ 

The construction may be repeated and we thus get a 
series of lines 01, 13, 36,... which are, approximately, 
tangents to the integral curve, the points 0, 2, 4,,.. being 
their points of contact 
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The point 0 from which the construction begins is, of 
course, arbitrary but when that is iised the integral curve 
is determinate. The position of the other points 2, 4,... is 
approximate; a discussion of the nature of the approxima¬ 
tion is given in the author’s Calculus, § 83. 



The lines through 1,, 3^, 6,,... parallel to the j^-axis are 
often called median lines and the lines UO', U^, 174",... 

direction lines. 

It is difficult to draw a derived curve with any consider¬ 
able degree of accuracy, because it is difficult to draw 
accurately the tangent at a point on a curve. It is, however, 
eaw to obtain great accuracy in drawing an integral curve. 

The integral curve of tlie integral curve is called the 
second intei^ curve of the given one; the integral curve of 
the second integral curve is called the third integral curve of 
the ^ven one, and so on. 

If P is any point on a given curve and P', P*,... the 
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corresponding points on the first, second,... integral curves, 
and if y, y^,... are the ordinates at P, P', P^... respec¬ 
tively, then the gradient of the first integral curve at is 
y, the gradient of the second integral curve at P^ is y^, and 
so on. This property of corresponding ordinates is con¬ 
stantly used in applications. 

The integral curve of a straight line y ~ parallel to the x-axis, is 
the straight line yi-hxy whose gradient is h, 

Tlie integral curve of a sti'aight line not parallel to the 

j;-axis, is the parabola 

In each case the integral curve has been supposed to pass through 
the origin ; of course, if it does not pass through the origin there will 
be a constant term. 

74. First Moments. We shall now apply the method of 
giuphical integration to the determination of first and 
second momente of plane areas; the area is supposed to be 
bounded by a curve, the coordinate axes and an ordinate. 
We begin with first moments, and take the problem of 
finding the first moment of the area OABP (Fig. 40) about 
any axis in its plane perpendicular to OA. 

Draw O'P n the integral curve of OPB and let M'P', 
N'Q" be the ordinates corresponding to JfP, NQ respectively. 
By the fundamental property of the integral curve, the 
areas OMP, ONQ are e(jual respectively to the ordinates 
il/'P', N'Q:, and therefore the area of tne strip MJS'QP is 
equal to 

If y denote any ordinate of the given curve we shall 
indicate by y^ the corresponding oixJinate of the first 
integral curve, by the corresponding ordinate of the 
second integral curve and so on; thus if MP—y then 
APP'^^yy We shall also use the notation of differentials 
dx, dy, ay ^,... instead of that of increments &c, Sy, Sy^, — 
(See § 69 and § 22.) 

Now let 

0M^x^aM\ MN^dx^MN\ MP^y, 

then Wq^M'F^dy^. 

The area of the strip MNQP is equal to ydJcc; but this 
area is also, as we have seen, equal to FQf — mF. There¬ 
fore we have the important result 

ydx^dyi- 
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Similarly, wo have y-^dx^dy^, y^xsady^, and so on; 
these results are in fact mere consequences oi the definitions 
of the curves. 

(i) Let the axis of moments be ,4 B. 

Through P', Qf draw parallels to O'A' meeting AB at 
S', F' and OF at H', a respectively. Let 04=3a; then 
MA=>a-x^P'J!:'. 



The moment of the strip MNQP about 4B may be taken 
as MA.ydx, or (a—x)yaa;, wliich is equal to {a—x)dy^. 
But {a—x)dy, is equal to P'S’. E’F" which may be taken 
as the area or the strip P'E'F'Q'. Therefore the moment 
of the strip MNQP about AB is equal to the area of the 
strip P'E'^F'i^. Hence the nmment of the whole area 
OABP about 4B is the sum of the strips like P'E'F'Q', 
that is, is equal to the area O'A'B'P' of the first integral 
curve. 

(Note that, when the area OABP is divided into strips 
by a series of ordinates, to each of these strips like MNQP 
will correspond a strip of the area O'A'NP' like P'E'F'Q '; 
integration for the first moment is reduced to integration 
of the strips of the area O'A'NF. Similar correspondences 
will be met with repeatedly in this method of graphical 
intenation.) 

(in Let the axis of moments be OF 

Tbe moment of the strip MNQP about 0 F is «. ydx, or 
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which is equal to the area of the strip H'P'Q'K' of 
the area O'P'B'C', where C' is the point on 0 Y at which the 
parallel through B' to A'O' meets OF. Hence tlje moment 
of the whole area OABP about OF is equal to the area 
0'FRC\ 

(iii) Let the axis of moments be LUD\ any line per¬ 
pendicular to OA and not intersecting the area OA BP. 

If (yA\ C'B are produced to meet LL'J)' at L\ D' it is 
easily seen that the re<|uired moment is the area 0*IJUB!P\ 
the proof is precisely the same as for case (i). 

(iv) Let the axis of moments be MP, any line perpen¬ 
dicular to OA and intersecting the area OABP. 

The moment of the area OMP about MP is by (i) equal 
to the area O'M'P ; the moment of the area MABP al)out 
MP is by (ii) equal to the area P B'R\ where R is the 
point at which MP meets C'B\ Therefore the required 
moment is the differmce of these areas. 

7S. Various Constructloxis. The moment in case (i) of 
§74 is the area O'AB'P' of the first integral curve, and is 
therefore e<jual to the ordinate of the second integral curve 
corresponding to A'B' or AB. For the sake of clearness 
we shall draw the second integral curve in a separate 
diagram, retaining O'A' as the cc-axis; points on the second 
integral curve will be denoted by letters with two accents : 
thus, R corresponds to P' on the first integral curve and to 
P on the given curve. (Fig. 41.) 

(a) Centroid of Area. Let the tangent at B" to the 
second intej^l curve cut O'A' at G" and O'Y at V": the 
centroid of the area OABP will lie on the ordinate 
through 0". 

From the figure, the gradient at R' is A'B"IG"A '; but 
the gradient at R is also equal to AR, the ordinate at R 
on the first integral curve. Hence 

^ ur IT /i ^ j^. 

But A‘jB^ is equal to the area OABP, and A'F' is equal 
to the moment of tlmt area about A’ff, so that the centroid 
lies on the ordinate through Q'\ 
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(b) Moment of Area alwnt OY. In case (ii), §74, the 
moment is equal to the area O'P'B'C' (Fig. 40), that is, to 
the rectangle O'A'JS'C' diminished by the area O'A'B'P'. 

Now, the integral curve of the straight line G*B' is the 
straight line through O' parallel to the tangent G'’£"; if 
this straight line meet A'b" produced at b" (not shown in 
figure) then A'b" will be equal to the rectangle O'A'B'G'. 
From A'b" subtract A'B", which is equal to the area 
O'A'BP', and we obtain B'b" as the line which represents 
the area O'BBC' ; but Bb" is equal to V"0', and therefore 
I" O' represents the area O'BBC, that is, the moment of 
OABP about OY. 



(c) Moment of Area about LL'. Let G"B’ be produced to 
meet the axis LL' at L", and let the integral curve Cb" of 
G'B be produced to meet LL' at I" (not shown in figure). 
The line LT' will be equal to the area of the rectangle 
CL'D'C'. Also, L’l" is equal to V'C which, as we have 


(a) Monest of Ana about iiP. This moment is the 


jnst seen, is equal to the area CBBC' ; therefore ZiT- 
that is, L'L" is equal to the area O'L'BBB. Hence 
is eaual to the moment of OABP about LL'. 


LT 

L'L 




GENERAL RULE. 


205 


difference of the areas O'M'P’ and P'RR' (Fig 40). Suppose 
O'M'P' less than P'B'R ; the moment is then RBR- O'M'P'. 

Now O’M'F^AfP^ (Fig. 41). Also FFR is equal to 
the rectangle M'A'RR diminislied by M'A'RR. But the 
rectangle is equal to WA'y.A'R, and M'A'RR is equal to 
A'R'-M'F'. Therefore 

FRR- O'M’P' = M'A'xA'B'-(A 'R - M’F)- M'F 

= il/'A' X 'I, r, - A'R, since A’R = > 

lx A. lx A 

=2’rj^.{M'A'-G''A’) or 

If F'M' be produced to meet VR at R', then 
A'R '; G''A'=R”M ': M'G", 
so that FRR - O'M'F = RM’. 

When the axi.s pat«es through G" the moment is zero. 
We have thus another proof that the centroid of the area 
lies on the ordinate through G". 

General Bale. By examining the various cases we see 
that the moment of the area OA BP about any axis per¬ 
pendicular to OA is equal to the line intercepted on the 
axis between O'A' and the tangent V'B" to the second 
integral curve at R. 

(c) Moment of Strip MNQP about AB and about OY. 
Let the tangent at F meet A'R at T" and O'F at t" 
(Fig. 41). Then, by the general rule applied to the area 
OMP, the moment of Oil/P aboxit AB is A'T". If the 
tangent at Q" (Fig. 42) meet A'R at T'^, then the moment 
of ONQ about AB is A'T\. Hence the moment of the 
strip MNQP (the difference of ONQ and OMP) about AB 
is (Fig. 42). 

Similarly it will be seen that if the tangent at Q’ meet 
O'Fat the moment of the strip MNQP about OF is 

7& Second Moments. We shall find the second moment 
of Uie area OABP (Fig. 40) about any axis perpendicular 
to OA. 

The second moment about AJ3 is, the previous notation 

being retained, f*, , 

(a-a))*y<ie. 



206 


INTRODUCTION TO THE CALCULUS. 


Integrating by parts, we find 

£(« - xfydx = |^(« 2£(a - x^y^dne. 

But (a—xy = 0 when x = a, and ^1 = 0 when a! = 0,so that 
the integrated part is zero. Integrating again, we find 

|j(a— xfydx =|^2(a—*) ^2]^+ ^£2/2^^= 

The moment is therefore twice the area (yA'Bf of the 
second integral curve, and is therefore equal to 2^'JS'" where 
A'B" is the ordinate of the third integral curve correspond¬ 
ing to AB. 

We have given this proof because of its simplicity; we 
shall however discuas the various cases in a manner similar 
to that adopted in §§ 74, 75. 



(i) Let the axis of the moments be B. 

The second moment of the strip MNQP about AB is 
{a—xyyda, that is (a—z).(a—x)ydx. But (a-‘X)ydx is 
^ fir^ moment of the strip about AB, and is therefore, 
§76 («),-rri. 

Tiie area (Fig. 42) bounded by the arc F'Q’, the tangents 
<iJ*P”i,and the line may be taken as a triangle 
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with vertex P* and base T"T\ (any error due to this 
approximation will not affect the limit of the summation 
which gives the moment of the whole area OA BP). The 
altitude of this triangle is a—a;, so that {a--x)y.T"T'\ is 
equal to twice its area. 

Hence the second moment of the strip MNQP about AB 
is twice the area P'T"T'\Q". 

Troceeding now as in §74 (i) (see the remark made at 
that place) we iind that the second moment of the whole 
area OABP about AB is ecjiial to twice the area O A'P' of 
the second integral curve, 

(ii) Let the axis pass through the centroid of the area 

OABP. 

Let la denote the second moment about the axis through 
G"' parallel to AB; we know [§75 (a)] that this axis passes 
through the centroid. Then, by §39, Theorem 2, is 
iHpial to the moment abmt AB diminished by the product 
of the area OABP and G''A''^. 

But the area is ecpial to A'P^ and A'B y. G'^A' is equal to 
A'B" ; theroforc 

Ja - 20'A'P'P' ^ G"A' X A'P' 

^20V"B"P\ 

(iii) Any axis perpendicular to OA. 

Let the axis be, for example, MP or M'P'; then the 
moment is equal to Ig+A'PxM'G'^ But A'RxM'G'' is 
equal to and therefore A'PxM'G"^ is equal to 

nM' X M'0^\ that is, to twice the triangle MG"B!\ Hence 
the moment about MP is equal to twice the area 0'0"B"P' 
together with twice the triangle 

Similarly the moment about OF is twice the area 
O'O^P'P' together with twice the triangle C/G^V' ; the 
moment about LL' is twice the area 0'L*Lg'P\ 


77. Ckmstmetion for Second Moment. Let the integral 
curve of tlie straight line V'&'P' be constructed with O'* 
as origin, and let S'" be the point on the integral curve of 
O'P'S' (that is, on the thira integral curve of OPB) cor- 
rempuding to S. (Fi^. 43.) 

The ordinate A'S" is equal to the area O'A'P^ and tiie 
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ordinate A'b'" is equal to the triangle GTA'B'. Hence 
is equal to tiie area O'CTB'F', that is, to 



Draw (y"A*" parallel to O'il', at a distance below CfA' 
equal to b"'R" then the second moment of the area OABP 
about any axis is twice the line intercepted on the axis 
between (/"A"' and the parabola p"'G"h"'. For example 
the second moment about M'"p"’ is 

78. Beferencea. The method of graphical integration 
has in recent years been extensively applied in the treat¬ 
ment of problems in mechanias, but the discuasion of its 
various uses would lead us far beyond tlie scope of a 
mathematical text-book. It is hoped however that enough 
has been said to enable the student to apply the method in 
his further studies. A few references are here given. 

The standard work is the book of m! Abdank- 
Abakanowicz, Les InUgraphes; la courbe intigrale et set 
appliccUions (Paris: Gauthier-Villars), of which there is a 
Oerman translation by Bitterli, Die Integraphen (Leipzig: 
Teubner). This work contains a full description of the 
Int^raph—on instrument for tracing integral curves. 

An article by Prof. W. F. Durand in the Sibley Journal 
of EiMi/neering, Janoaty, 1897, and an article bjr Mr. John 
O, Johnstone, The Uses of the Jntegraph in Shtp CaUnda- 
Uont, in the Trantactians of the Institution of Engmeors 
and Shipbuilders in Scotland, March, 1904, will also be 
found usefuL 


CHAPTER XV. 


MACLAURIN’S THEOREM. DIFFERENTIAL EQUATIONS. 

79. Infinite Series. In § 44 it has been proved that 
sin X is approximately et|ual to a .sum of powers of x, and a 
limit for the em)r ineurred by stopping at any particular 
term is given. The .structure or “law” of the terms is .such 
that any nanunl iernt can Ik; written down becau.se the 

or “general” term is ( —1 V “’.-r®"''/(27i —1>!; the series of 
terms can therefore be continued to any extent. When n, 
the number of terms, tends to infinity the error tends to 
zero (p. 116), and it is customary to say 

8 in*=a:-^,+'g,-^l+... to infinity.(1) 

The exprc.ssion on the right of (1) is called an infinite 
series, and it Ls said that the series “ represents ” sin x. 

Of coursti it is i>n|w>s8ible actually to calculate and add 
up an infinite numl)cr of terms; but when the law of the 
terras is known and when, as in this example, all the terms 
that follow a definite term, say the 10’** or the 100***, 
contribute a demonstrably small amount, the infinite series 
is quite intelligible. Infinite series are of very great use; 
for instance, see p. 166, where it is shown how logarithms 
may be calculate. We shall consider very briefly some 
rules for the use of infinite series. 

80. Oonfergenee. Divergence. Let u., u,, tt^,... be an 
endless set or sequence of numbers, ana let denote the 
sum of tire first n terms, 

0 


e.].a 
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When n tends to infinity the expression 164 + ^ 2 +-. 
becomes an infinite series ; if, as n tends to infinity, tends 
to a definite, finite limit, s say, the series is said to converge 
or to bo convergent and to have the sum a or to converge to a, 
but if tends to infinity the series is said to diverge or to 
be divergent. 

If Tn denote the series formed by Ix^^innintJf at the 

+ term, 

^ n = f 1 + * to infinity, 

r,i is called "‘the remainder after n terms/’ Wlien the 
series converges, which is equal to a —must tend to 
zero when n tends to infinity: /%, will be small when n is 
sufficiently large. If is srnall when ii is small the series 
is said to be rajndly or highly convergent; for purposes 
of calculation rapid convergence is obviously a valuable 
quality. 

Example, If the »erie» is a geometrical progression (o.?.). 

In this case ^ 

-- 

1 - r I - r 

(0 If r is ntimeritjally less than unity r** tends to 0 wlieii n tends to 
infinity ; the infinite series is therefoi-e convergent and its sum e is 
aj{l — r). In this case r^^af^j{\ -r), 

(ii) II r is numerically greater than unity tends to infinity ; there¬ 
fore «« tends to infinity and the series is divergent. 

It may happen that #„ does not tend to a definite, finite 
limit; thns, if in the o.p. r = — 1, we have 

«„ = a —«+a—a + ... to n terms. 

Mtd «» = 2iix or 0 according as n is even or odd. In this 
case the eerie.? is said io oscillate; e„ does not become 
infinite, but it has no definite limit, and is therefore not 
convergent 

Obviously a series cannot oscillate when all the terras are 
of riie same sign. If the terms are all positive «„ will 
increase as n increases, and then one of two Uiings mi»tt 
happen. Sither a, will increase beyond all bound as n 
teoos to infinity 1e.g. if «,»l+2+3+...+'»“i»('»+I)]. 
in which case the series will diverge, or else, however great 
n may be tahmii «• will never exceed some fixed number, 
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h say; in this case we will assume that 8^ will tend, as n 
tenuB to infinity, to a definite limit which will not exceed k, 
and the series therefore will converge. 

We shall represent an infinite series by such notations as 

00 _ _ 

v^+Ui+...; 

1 

Note, In testing whether a series is convergent or not, 
we may neglect any finite numlx^T of terms; such terms 
would not affect the character of the series for n tending 
to infinity. 

81. Ratio Test. The following test or rule is very 
important; it may be referred to as the Ratio Test. 

i4it Uj + ‘^^ 2 + •* ^ series of jyoaitive terms such that 

when n tends to infinity the ratio tends to the 

definite nunil^er r ; the series will converge if r<Cl, but 
will diverge if ]. The test fails to decide whether the 
series converge*s or diverges if r==l. 

(i) r<; 1. Since the limit of in r the ratio will 

differ very little from r when n is mfieiently large, and 
will therefore be less than some number, p say, which 
may be greater than r but will V>e less than unity. Let 

^ th^i p for every value of n that is equal to 
or gi‘eater than tlie fixed number m; then 

/> '^mpy 

^ 'Rm-fS Rm+2p ^ 

and so on. Hence each term, beginning with Um^i, is less 
than the corresponding term of the o.p. RmP+'Rn»p®+.*.> 
which, since p<l» the sum Ump/(1—p)- Therefore 
tlie sura 8n of any number n of the terms of the given 
series, however gi'eat n may be taken, is less than the fixed 
number k, where 

i:«Ui + ii5+...+t^m+Rmp/(l-pX 

and therefore, by the assumption stated towards the end of 
§80, Bn will tend to a definite limit and the series will 
converge, 

(ii) r>l. With the same notation as in (i) we now 
have /) > 1, and each term, beginning with is greater 
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than the corresponding term of a G.P. which tends to 
infinity. The sericvs therefore will diverge. 

Note. In the examples the limit L is the limit for n 
tending to infinity. 


Example 1. 



Hei'e 


nn 


(h-I-1) 


2\n4-l 

3 




2 

3’ 


and therefore Ltt„^i/«t»== Thus <l and the series converges. 
(We might take fn = 4, p —g or m = 5, p = §, etc.; usually m is not at 
a)) large.) 


Example 2. The series l + J-hJ + I-f 
show that it diverges. 

Here L = L -4 t = I', rVr = ^ > 

n + l l+l/n 


is called the harmonic settles ; 


and the Ratio Teat fails since r-^1. But we can prove the result as 
follows: Ikiginning with the third term, tjike the terms in groujm of 
2, 4 or 2*, 8 or 2^ ... 2*"... ; then 

J -f J > 14-1 or .1, I + J 4*}4* J f or i, 

J 4* Vo 4... 4* ^ 

and 80 on. The sum of p of these grotips is .Jp, whicli may be made 
as big as we please l)ecau8e the number of groufm is unlimited. Hence 
the given series diverges. 

This example is noteworthy bccau.sc Un~l /7i, and there¬ 
fore tends to ;5ero as n tends to infinity. It is easy to see 
that a series Su cannot converge unless —0; for if 

= s so also is and, since = — 

L = L(S„ = s - 8 = 0. 

The example, however, shows that Lw„ may be zero and 
yet that the series may diverge. 


82. Absolate Convergence. If a series which contains 
both positive and negative terms is convergent when all 
the negative terms have their signs changed, it will be 
convergent as it stands. For, obviously, both the sum of 
the n terms and the remainder of the given series are 
numerically lees than the corresponding sum and remainder 
of the series of positive terms, and as the latter remainder 
tends to zero so does the remainder of the given series, 
wiiich is therefore convergent 
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A series is said to be absolutely convergent or imconditiou- 
ally convergent when the series formed from it by making 
all its terms positive is convergent; any other cx)nvergent 
series is said to be conditionally convergent. 

The series 1 is dissolutely convergent because the 

series I“i" •• [P* 

but the series + which has the sum log 2 fp. 166, (v)], is 

2 4 

only conditionally convergent since the harmonic series is divergent. 

Absolutely convergent series are specially useful; they 
may be treated in most respects exactly like finite series. 

Extensimv of the Ratio Test A series will be absolutely 
convergent if is numerically less than unity. 

Note, The mcrnet^al value of a number, x say, occurs 
so often that the symbol |a?| is used to denote it; \x\ means 
cr if .r is positive, but —a; if x is negative. Thus 

|51=5, |-5|=5, Icos 120^1 = = 

83. Examples. The following examples include many 
of the more important cases. The limit L is the limit 
for n=:oo. 

1 . The Binomial Series. 14-y r4-“-Y“-— 

=./iLr-5±I or=( 

Un n \ 

Hence the eeriesi converges absolutely if ) < 1, diverges if |i:j > 1. 

(If m is a po.sitive integer the series terminates, and the question of 
convergence does not arise.) 

jfA 

2 . The Logarithmic Series. ^'•’2 +3 - 


w+1 ,\ 




-JT. 


_!!L^«_f . 

w,, n -I-1 1 + i jn ’ 




Hence the series converges absolutely if ja:| < 1, diverges if j > 1, 
We know (§82) that it converges conditionally it x^\ and diverges 
if — 1, 

3. The Exponential Series, 1 ^f -f -«t -f., 


^0. 


X ^ 

--as;—.; --- 

Un n' Hn 

Hence the seriee converges abeolately whatever nombrnr x maj be. 
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4. The Sine Series, ar-+ . 

31 o! <! 




It,*! 

■S7""2^r(2« + 1)' «. 

Hence the seiies converges absolut-ely whatever :v may be. 




.rfi 


5. The Cosine Serie^s. 1 - ^ 4- r,- - Wr + — 

2! 41 o' 

Lw« 4 .i/w»— 0, and the aeries converges al>solutely for every .r. 


^■*‘2 Y'*‘2.4 5 ■^2.4.6 7 


1-i + j?-. 

__ ” 

^n(2»+l) .1 ’ K,, 

■^2« 


(2n-iy*r* 


Hence the serias converges abaojntely if (.rj < b diverges if | jrj > 1. 


7. Let w, 4 *« 2 +... (or and /i| 4-^/0 + ... (or iVi) be two aeries of 
positive terms. If (i) eacli Unin of is less than the corrcsiionding 
term of ISo, then D« converges if converges ; but if (ii) each term 
of 'IsH is greater than the corresjmnding tei in of w<i, then iJw diverges 
if 2a diverges. 

(i) Ijet 2a converge and have i: as its siim. 17ie sum of the first 
n tenns of 2a is less than k whatever number u may l>e ; but the sum 
of the first n terms of 2 m is less than the corresponding sum for 2a, 
and therefore less than 4 Bence 2 m converges by the assumption 
stated towards the end of 80. If the terms of 2« are not all positive, 
but are numerically less than the corres|)onding (j>ositive) terms of 2a, 
then 2 m will be absoluteli/ convergent. 

(ii) The proof for divergence may be left to the student as it is so 
obvious. 

Thia theorem is often called the Compariion Test, and is very useful. 

. 


After the first, the terms are less than the corre8|>onding terms of 

’ . W) 


i + j-b+-2“3+- 


(n - l)n 


that is, l+(^-|) + (|-J)+-+(«bi-3+-* 

Thus converges to 2, and therefore (a) converges. 


^+|i + §S+^+...<7) 

If compare with series (a); (y) will be thus seen to converge. 
If i<1, compare with the harmonic series; M will lie seen to diverge, 
series (y) converges if only i> 1, though disproof does not show it 
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COS;*? co8 2jc , cos3.r cos4i* , 

lU. 

Comparison with the series (a), Ex. 8, shows that this series con¬ 
verges aiwjoliitel^ for every .r. [See p. 149, (i).] 

84. Maclaurin’s Theorem. A function f(x) can frequentl}^^ 
be represented by an infinite serie»s of ascending integral 
powers of x (a Power Series in x); we have liad examples 
of such series for the functions sin a: and cos .7: (p. 113), 
tan (p. 158) and log(l +^35) (p. 165). We shall now give 
the general theorem of which these are particular cases; 
the way in which we derive it is not really a proof, but it 
8ufi(jmts the theorem. For a more accurate statement and 
references, see § 87. 

Suppose that f(x) can be reprcvsented by a Power Series 
in X, Hay 

/(x) = or-o +(fiX + a^x^ + + . •. + +.(1) 

We nmst assuTue the series to l>e convergent, say for 
j.rjr.e; when the coefficients have been found in any 
particular case, the' convergence can often l)e tested by the 


rules already given. 

Now differentiate (1) once, twice, thrice, ...; then 

fXx) ~ + 2^(2^ + +... + ^ui^x/* “ ^ +...(2) 

/"(x) = 1.2a2 + 2. SagO: + -.. + {n — l)na^x'^ .(3) 

f'Xx)^l , 2. SiL^+2, 3. 

+(71 — 2){n — 1 )iw«x** ~®+.(4) 


/C’*>(a:)=1.2.3...(n-l)7ia„ 

+ 2.3 ... n(n + l)an^iX+ .(5) 


Put = 0 in each of the equations (1), (2),...; we thus 

‘d /(O)-ao; /'(O)-aj; /"(0) = 1.2«,; 

/"(0)=1.2. So,; f\0) = 1.2.3 . 

Solving these for a^, a^, Og,, we obtain 

ao“/(0); «i»/(0): 

a,“§ir(0); ... 
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Thus, finally, 

/(a!)=/(0)+®/'(0)+|^r(0)+... +~f’'K0)+ .(M) 

Elqviation (m) gives Maclaurin’s Theorem for the repre¬ 
sentation (or expansion) of f(x) as a Power Series in x. 

If, instead of assuming a Power Series in x, we assume 
one in (x—a), say 

f(x)=‘bQ+b^(x—a)+b^(x-af+...+b„(x-a)*+..., (!') 

we diflerentiate as before, but in (1') and in the equations 
formed by differentiating it we now put a instead of 0 for ,x; 
w'e thus find 

/(*) =/(«)+(‘^ - «)/'(«) 

.,,+<*r^£/.>(a)+ . (T) 

A useful form of equation (t) is obtained by putting 
a+h for X ; thus 

/(a-h/0=/(V0+¥'(«)+|j/"(«)+...••• • (Tj) 

Ekfuation (t) gives Taylor’s Theorem for the expansion 
of fix). 

It must be specially noted that the expansions only hold 
SO long as the series are convergent; if the series in (m) or 
(t) diverges, say for x==c, then the series is not equal to /(c). 


86. Some Standard Series. 

1. liax 

and (p. 108) 

Hence /(0)««0; /(0)«sin^ = 1; » 

/''(0)-Bin2ir=-0: .... 


Thus the coeffioiente of the even powers are zero; the value of 
when n fa odd is -pl and -1 alternately. Therefore 


ain 


3 ! ^ 6 ! 



Th« aeries convergee for eveiy value of x (§ 83, Ex. 4). 
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2 . ootx. 

Here f{x)*^co%x and /<*'^(.r)~cos 
find 



C 08 J?s« 


1~ 


2! 




As in example 1, we 


the seri^ converging for every x (§ 83, Ex. 5). 

The series in examples 1 and 2 aie the same as in § 44 


3. (l+xr. 
Hei'e /(.r)s 
that 

and therefore 


(l-fJt)"* and + so 

/(0)==1, /’•>(0)=w(m~l)...(m-« + l), 


(14* ^r)"* ~ 1 4- mx 4- . 


nl 


The series converges absolutely if |xj < 1 (§ 83, Ex. 1). 

If tt and b ai-e not equal, (a+b)^ can be written a”^(\+bla)^ or 
6"*(l ’{^ajb)'^ and x put for bja or afb according as |^| is less or greater 
than |a{. 

This is the Binomial Theorem; m may be p>sitive or negative, integral 
or fiactional. Of 0001*86 if m is a positive integer the series terminates 
with 


The series for e*, log(l +x) and have been already 

given; it will be a good exercise to establish them by 
Slaclaurin's Theorem. Tlie method of integrating a series, 
applied in the case of log(l+x) and of tan “'a;, is very 
useful. It is often difficult to calculate but without 

/^’*>(0) Maelaurin’s series cannot be found Sometimes only 
a few terms of an expansion are recjuired and the necessary 
derivatives can be calculated, often with a good deal of 
labour. See Ex. 4 in Exercises XXIIL (See also Ex. 2 in 
the same set for expansions consisting of a few terms.) 
The following example illustrates the method of integrating 
a series. 


4. We know that sin^^r is the integral of l//>/(l -3^). Now, 

by the Binomial Theorem, since l/v^(l ~-x*)«(l 


-1 ^ - 


.3.5 


jc®4*... 


^2.476^ 

Integiate, noting that the constant of integration is zero, since 
sin*** A*Is zero when x is zero ; then 

. . .1 1.3.t?», 1.3.5^^ , 

*.n 3 + 2.-4 6+076 7+••• • 

whidi holds if {jrj <) (§ 83, £x 6X 
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d. An approximate value of a root of the equation /(j:)«0 ia known; 
show how to find a closer approximation to this root. (Scmb p. 46, Ex. 26.) 

Let a be the given appit>xirnation ; then/(a) is small nut not zero. 
Choose a number h nearly equal to a but auc/i that f(b) and f(a) have 
op]^m(e signs. The graph of /(.r) will crvm the .r-axis between the 
Joints A and B whose abscissiie are a and and therefore the nmt 
lies between a and b. Suppose a-f A to be the root; then /(a4'A)«=?0. 
But by Taylor^s Theoi’em [§ B4, (t,)]. 

/(a+A) = /•(«)+A/(<i) + ~f'{a) +..., ' 


SO that 


r/(a) + A/(«)+-'^/"(a)+. 


Since 

square 


the 


5 A is small, we may, for the next approximation, neglect 
and higher powei's of A ; w'e thus fina 

0 =/(a)+A/(a) or A = - f{a)!f{a\ 
and the new value for the root is a-f A or a - f{a)}f{a). 

Similarly, if A-f were the root, we should find 

A=: --m!j\h) ; 6+A- 6-/(6)//(A). 

We thus have two appi'oximations, but we do not know which is the 
better ; in fact one of tliem will often be worse than that from which 
we start, 'fhe rule for deciding between thorn is as follows : 

If/(a) and/"'(«») have the same sign, we take a -f A ; but if they have 
opposite signs, f{b) and /"'(A) will have the same sign, and we take A 4- A. 

It is necessary for the validity of the rule that/(.v) and fXx) should 
neither vanish nor change sign from x — a to x^h ; for a proof of the 
rule see the author's larger treatise on the Calculus^ p. 246. The method 
is known as HewtoWs Bole. 


6 . Solve the equation a? -psin x - 0. 

Here /(.r)»x4-sin.r~g ; \ 

trial, the angle will be found to lie between 30’' and 31“ or, in 
radians since x is in radians, between 0 62.36 and 0-5411. Now 

/(0‘5236) « - 0‘0236, /(0-,5236)1 -8660; 

/(0'6411) = 4-0*0089, /<0'5411) -1 *8672. 

Since f*{x) is n^ative and /(0*6236) also negative, we take 0*5236, 
and for a 4-A, we nnd 

a_^^|^*0-6236+|^^=0-6236+0-0126, 
an that a4A»*«0'6362. 

If we call this value a,, we get for a still lietter 

approximation ; this new value is 0 5362674, the error in which is 
less than a unit of the last figure. In degrees, the angle is 30* 4^ 

The al>ove eouation gives the solution of the problem : A is a point 
on the dreiimierence of a circle and AJ6, AG are two chm^ whidh 
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triaect the ai'ea o£ the circle ; find the angle (^) between AB and the 
diameter through A. 


86. Exponential Values of Sine ajid Cosine. We suppose 
that the student knows that complex numbers a + ih may 
be combined by the ordinary rules of algebra; The symbols 
a and b denote real numl)ers (such as 2, — ^5, 

the symbol i is “ the imaginary unit/’ and is such that 
1. Every integral power of i has one of the four 
values —1, — +1* l"hus. 

— 'i^ = t2= — 1, 

i^z=zi, —i2~ ; 


and so on, the values i, — I, — +1 recurring periodically. 

Similarly, 

and so on. 

Now, in the series 


/Y.S 1^4 /y*5 /y»6 <y*7 

^+^+2-! + 3!+‘4!+‘5-!+6l+'7!+- 


put iO for X, and it becomes 


.e^ .0^ 


or, taking the real and the pure imaginary terms as separate 
series, 


0^.0* 0" 


1-^+3 


i+- + H^“3!+r!“7!+-7’ 


2^4! 6 


that is, 


cos0+isin0. 


Wo may therefore take the symbol c** to mean cos 0+isinO, 
and in the same way e *" may be taken to mean cos B — i sin 0. 
Hence we liave 

cos0-l-i8m0=e", cosO—isin0: 
and therefore, solving for cos 0 and sin 0, 




CO80! 




ain0= 




2i 


These are called the Exponential Values of cos 0 and sin 0. 
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If we aasume that the power is subject to the ordinary 
laws of indices, it is easy to verify from these expressions 
that, for example, 

co3*0+-8in®0=l, cos(0-1-^) = cos 0cossin Osin 

Again, if we differentiate, aasuming that the symbol i 
may be treated as a constant, we see that 


<2. sin 0 


1 d(e‘*—e 
'ii df 


:2(<?'* + «"^) = CO8 0, 


<2. cos 0_ 

“30“~ 


2 ■ a—=2'' * >= 


because 



Example 1. Expi^ess ^ in terms of sine and cosine. 

The expression *= A (c<»6 2.r +i »iii SU*) + 5(coa sin 2jr) 
s»(d + iff) cos + i(d ~ B) sin 2x. 

Example 2. Express 4* in terms of a real exponential 

and of sine and cosine. 

We have <?-**<, 

Hence the given expression is equal to 

4- B) ct>8 2x + i(A - B )sin 2ir}. 

Similarly 

Ae^'-^^*-^B€^'~^^^*—e-^{{AA-B)coQnx+t(A - Zl)8infLr}. 

The exponential values of sine and cosine will be found 
useful a little later (§ 91). 


87. Taylor's Theorem with Bemainder. Wo merely state 
the Theorem for purposes of reference; a full discussion 
will be found in the author's larger treatise, Chap. XVIIL 
If f(x) and its first n derivatives are continuous (§ 10) 
from x^a to the value of x considered, then 

/(*>■•/(«)+(» + ■ ■ ■ 


where 




REMAINDER IN TAYLOR’S THEOREM. 


221 


is called the Remainder after n terms. All that is 
known of the number is that it lies between a and x \ 
that is, aC^x^Cix if but if x<a. 

When n tends to infinity the sum becomes an infinite 
series; if tends to 0 the series will then converge and 
represent/(a:). If does not tend to 0 the equation (T) is 
still true 4is it stands. 

Maelaurin’a Theorem is obtained by making a = 0. 

The following particular cases oi (t) are useful. Let 
then 

(i) 7) = 1; /(a+//)=/(a)+///(a;i). 

(ii) n = 2; f(a + h)=f{a)+kfia)+jf'(x^). 

X. and may be different, but both lie between a and 
a + /t. 

EXERCISES. XXIIT. 


1. Prove that the following expansions hold for every x : 

(i) sin (x-ha)~sin a-f .^'cesa - sir a ~ co8a + ... ; 

(ii) co8(j:4“a) = co8a-X9ina- “7 cosa-f ^sina-f... ; 

(ill) co8*x«l - r-6’"”^*** ’ 

(iv) 8'«®*«co9(rflin a)=l -fxcosa+’^j eo8 2a-h gYC08 3a+.... 


Show that />'*<^®®*®cas(xsina)=e*‘^*co8(x8ina+M«). 


2. By sulistituting the series for cos a* and sin x and dividing, show 
that up to the terms stated the following approximations may be 
obtained: 


(i) 8ecj;=l+y 

(ii) tan 
» 1 

(iii) xcotjpsal 


6.r* eixfi ^ 
24 720 ’ 

5 ^ 17 .^, 
*^ *15 Mb ’ 

45 046 * 


Why can cotf not be expanded by Maclaurin’s Theorem f 


3. Show that if b'l < 1, 
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I. Show that up to the terms given, 

JT® 

(i) log(l+sin.e)=»a?--2+^-^; 


(ii) log (1 + COS .r)=log 2 - 


4 96 


Od^lculate only the hx'st four derivatives in each case. 

5. Show fix)m the series for tan"^r that the angle tan'’*<i^=»=5'* 

42' as". 

*6. Prove that the series for log(l4-‘r) and a:(6-f «r)/(^“h4.r) are 
identical up to tlie term in (inclusive). 

7. Find an expression for the enw R in the approximation to 
log (14-^) given in example 6, namely 

Multiply by 6-f 4.r and expand log(l -h.r); then 
(6+4x) //=(6 + 4.. ) {x- j + j - 


and therefore 

-(3+2.r)^= 


-K-D" 


2{>i - 3 )j:" 
«(« -1) 


+ + - if 0<X<1, 

4 4 4 


so that 


^ 4(T^.i7)(3 + 2.t ) 0 < ■'^ < 1- 


8 . Aasumiiig the equation iog(lfind a, b, 

dm that the first four terms in the expansion of the fraction may 
be the same as those in tlie series for log(l4'.r), and investigate an 
expression for K 

Tlie simplest method is to write the equation in the form 
(1-f 4-cjr4‘Cf;x^log(l -f x)-a:(r/ + 5cF) ; 

then expand logp -h r) and equate to zero the coefficients of x, jj* 
and on the right side. Tjiis gives a«l, c»»l, We 

then have 

(6 -f ftr 4*^ - OTe'** 07? 

< X if 0 < Of < 1. 

^ Bbounples 6-^13 are talLeii from Sohlfimilch^s tilmiQdmh^ Yol h 
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Hence logO 

where 0 <:r < 1 and 0 < /:>< jj. 

If 0 < ^ < §, then It=px^, where 0 < p < 

0, Show that 0 2623574 < log 1*3 < 0*2623700. 

12 — 5:r^ 

10. Prove that cos x » P-*^> 

where 0 < p < if 0<x < —• 

480 2 

11. Prove that m\ ^ 

1 Stt 

whei*e 0<p< if 0 < jc < -g^. 

12. Show that the equation log(l4'X)=: Jr has a root between G 
and 1, and from the approximate value of log(l 4*.r) in example 8 show 
that ^3 -1 is an approximation to the root. Deduce the more accurate 
approximation 0*733(3<J, whicli is correct to 5 decimals. 

13. Show by gi*apliiciil considerations that the equation 

(1 +x2)co8.i?= 1 

has an infinite nunibei* of r(X)t«, and that one root lies between 0 and 
7r/2 ; prove that for this root approximately. This angle is 

62" 46\ 

14 Find the real root of 3 . 1 .?®-f5ar-~ 40 = 0. 

15. Solve the equation .r=co« 4 ?. 

16. Find the root of the equation tanx=2jr that lies between 0 
and 7r/2, 

17. Solve the equation (1 27*34. 

Write in the form .tTog(l +4^)-log27*34 =0. 

18. Prove that if |4r| < 1, 

log {x +- 2 3 + o 6 ■ 2 74.6 


19. Ify»=2log| 


1+V(1-JP> 


prove that, (f-fl < U 


<J») ^'“21+9.4 8’^2.4.6 
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20. The time of a complete oscillation of a simple pendulum of 
length f, oscillating throura an angle a on each side of the vertical. 
i« 4A^^/(%X where 


■f. 




Show that 




88. Differential Equations. In §§67-69 various problems 
have led to differential equations; as sucli equations occur 
frequently in applications, we consider some simple types. 

An ordinary differential equation is an e<pmt.ion between 
one independent variable, one dependent variable and one 
or more derivatives of the depen<lent variable. The order 
of the equation is that of the highest derivative in it; the 
degree is that of the highest derivative when the equation 
is cleared of fractions and the j)owers of the derivatives are 
positive integers. 


For example, the equation 


dr* 




ia of the 2®^ order and the degree. The equation 


IB of the I** order and the 2”^ degree. Equation (3), p. 186, is of 
the 2®** order and the 2"^ degree. 


Just as the complete integral of m A, where A is 
any constant, so the complete integral of any differential 
equation contains one or more arbitrary constants, and the 
nvmher of such constants is eq'oxil to the order of the equa¬ 
tion. In order to see why we maj expect this number of con¬ 
stants, let us consider the formation of a differential equation 
from an equation that may be regarded as its complete 
integrai. 

From the equation form two differential equations, 

fi) one from wnich the* constant B b absent and (ii) one from which 
noth oonatante A and B are abeent. 

Let accents denote ^-derivatives, and differentiate the given aqua- 
tioii once; we have 

..(1); A ..(2) 
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To eliminate one constant B we must have two equations; the 
rei)uired second e<]uation is c»htaiiied l>y differentiation, and this 
process introducesy. Solve (2) for B and put the value so found in 

(1); wethusobuiu .ri/'- 1 /= .(3) 

an equation of the first order. 

To eliminate the two constants A and /?, we must have three 
e<)uations ; we have already (1) and (2), and the requii*ed third equa¬ 
tion may be found by differentiating (2). We thus introduce the 
second derivative y', and have the new equation 

.(4) 

We now eliminate A between (3) and (4), or A and B between (1), (2) 
aiKl (4), and obUiii _ 2 .,.y + 2^ = 0, .(5) 

an equation of tbe second order. 

If A is regaideil as a given constant, the complete integral of (3) 
is equation (1), while, if Inith A and B are arbitrary, equation (1) is 
the complete integial of (5). 

If we give particular values to A and Z?, we get pa^cnlar integTala 
of (5), Thus y — -f* 0 *, y =« — .r-, // — i x are particular integrals. 

For other examples see p. 112, examples 56, 57 ; p. 172, example 4 ; 
and p. 174, exaniples 26, 28, 29. 

From the consideration of tlie process by whicli a dif- 
feiential Cijuatioix is derived from an eijuation that contains 
the two variables and one or more arbitrary constants, we 
have the rule for testing the complete integral or solution 
of a given differential equation: 

From the supposed complete integral and the equations 
obtitined by differentiating it, eliminate the arbitrary con¬ 
stants; if the re.sulting differential equation is the same as 
the given one the solution is correct 

89. Equations of the First Order and the First Degree* 

These equations ai^e of the form 

where A and B are any functions of x and y (or constants). 
The following are the more important types: 

Type X. Variables Separable. The variables are said to be 
separable when the equation can be written in the form 

or F{y)dy^f{x)dXr 


o.i.a 


F 
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where /(aj) ia a function of x alone and F{y) a function of y 
alone. The complete solution is 


jjf’(3/)«Zy=I f(x) dx+ 


constant. 


Example 1 . 
We have 


sd/f 


St/y _ 3dlr 
^4-2"".# -^ I ’ 

therefore 2 log (t/^2) log( j:? 4 -1)4-const, 

or log [(y 4- 2)'j — log [(.r 4-1 )*] 4* const. 

It is convenient to write the constant in the form logC; then the 
solution may be put in the simple form 

0/4-2)2-C'(.r4-iy*. 


It is often useful to choose the constant in a particular 
form, as here ; if log G is arbitrary ko is (7, and neither form 
is more general than tlie other. {Test thje solution hy tlie 
ride given (it the end (tf § HH.) 

Example 2. Find the curve in which the subtangent is double the 
abscissa, and which passes through the (</, 2a\ 

From the expression on p. 176, the subUngent at (.r, y) is yjy\ and 
therefore y/y 2 jc. Hence ^dyly^dvlx^ and therefore 

2 log y «log X 4- log € or y- O. 

The curve goes through («, 2a), and therefore Ca or C^Aa. 

The required curve is therefore the pamlK>lA 


Type n. Homogeneoiis Equations. An eejuation is called 
homogeneous when it is of the form Ay+B^O, where A 
and B are homogeneous and of the same degree in x and y. 
To solve, change the dependent variable from v to t)y 
the substitution y = vx. This gives y' = v'x + For y and 

y' put their values in terms oF and v ; the variables will 
then be separable. 


Example 3. 

Potting vx for y and ifxAr v for >/, we get 

4-1 +r)+» 0, 

or, dividing by and rearranging, 



iirVrK-^ 
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The integral is log v - ^ log (2v -f 1)+log x s»con»t., 
or C, 

or x}p‘ == Ci^if 4- x) 

when yjx is put for v, (Test the solution,) 

Typo III. Linear Equations. The ecjuation is said to be 
linear when it is of tlie form Ay +By + C^O, where A, jB, 0 
are functions of x alone or coiiManis, 

I)ivide by ^4 and put P for B/A and Q for — C/A ; the 
equation becomes 

Fii*st suppose Q = 0; tlie variables are then separable, 
and we obtain 

+ P dx^i) or log 1 / 4 -Pi— const, 

where Pj = |p dx. We may write P^ s=log and the solu¬ 
tion Vx‘comes 

log (i/e^‘) — const or i/e^i — C. 

The student should verify by diderentiation that 
d , . (dn . ^ \ „ 


Now take the general case. MtiUiply by e'’*; the left 
side becomes 

Therefore ~ 

and the solution is ye’’^ — ^Qe’’idx+ const. 

Cor. The equation y'-\-Py *= Qy* may be reduced to the 
linear form by putting t;=y-»+i, and taking v as new 
dependent variable. 

jSjeamptei. (l+jr*)^+ay«ar(l+ai*). 

Divide by (l 4-jt*) ; thea we find 
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#Dd therefore !+**)■ Hence 

+*■*)}*:»? v/(l +«*X 

80 that 3 ^s/(l i(l 

BxampU 5. 

Let y«:v and the equation l>ec<»iues linear, iianieljr 

of which the solution is 

«s = »=C’e-‘“+~e-" 

^ a 

For further examples in which the determination of the 
constant so as to satisfy particular conditions is illustrated, 
see the examples in § 69. 

Remark The student must observe carefully which letter 
denotes the independent variable; in the examples of §69 

the independent variable is t, and P^ — ^Pdt. 

90. Xtinear Equations. A linear (H| nation is one in which 
the dependent variable and its derivatives occur only in the 
first degree and the coefficients are functions of the inde¬ 
pendent variable alone (or wmstants). The typical linear 
equation of the second order i.s, when the coefficient of y" is 
made unity by division if necessary, 

y"-^-Py ■^Qy = R> .(i) 

where P, Q and R are functions of x alone. 

The complete integral of all linear equations is the sum 
of two functions; 

L Tlte Complementary Function (c.f), which is the com¬ 
plete integral of the e(|uation when R (or in general the term 
independent of y and its derivatives) is zero. This function 
will contain two (when the equation is of the n*** order, ij) 
arbitrary cmistanta 

11. 27te Particular Integral (p.l.), which is any solution 
whatever of the equation as it stands. This function con¬ 
tains no arbitrary constant. 
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We prove the propoeition for equation (1) of the second order, but 
the reasoning is quite general. 

If v==w and v*=v satisfy 

/+/y+$//=o,.(2) 


so does + where A, B are any constants. For if u and v 

satisfy (2), then „'' + /v + $m=0 , a''+=0 , 

and + + 

- A {H'’ + Pu' + Qu)+Biv"A-l’v'+Qv) 

= 0 , 

and therefore satisfies (2), and is the complete integral of 

(2) since it contains two arbitrary constants. 

Next, if IT is a value of y which satisfies (l)and if we put + 
for y, we have 

Y* -f /V -f Qy d (a" 4- /V' 4- Qii) 4 4 Pif' 4 Qv) 4 4 Pio' 4 Qw 

since u and v satisfy (2) and w satisfies (1). This value of ^ therefore 
satisfies {!), and since it contains two arbitrary constants it is the 
complete solution. 

If the equation had l>een of the 3'** order there would have been 
three functions, v, z, and the solution would have been 
y — J 4 /fr 4 Cz + w^ 

and so on. 

The only equations we consider are those in which P, Q 
are constants. 

91. The (Complementary Function, Tlie equation for the 
complementary function is 

y''+2ay'+by = 0, .(1) 

where a, b are constanta (The notation for the coefficients 
l)a.H been changed to call attention to the fact that they are 
constants.) 

I. Let y — ^{\ constant); then 

y"+2ay' + by = (X*+2aX+ b)e>^. 

If, therefore, X is a root of the e(]uation (the auxiliary 
equation) X*+2rrX+6 = 0.(2) 

will satisfy (1). If \ and X, are the two roots of (2), 
then and are two integrals of (1), and the complete 
solution of (1) is ^ „ Ae^r^+B^. 
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We must consider the roots more carefully, however. 

II. If the two roots are equal and there is only one 
distinct integral, namely because now Xi = X 2 = 

is really only one constant. To find a second 
integi’al, let = then 

and therefore, since b = a\ 

y" + 2ay'+a?y = e' 

The equation (1), when a* = 6, is therefore satisfied if 
u" = 0, that is if tfc = ^4 + Bx. Hence 

y=:^(A+Bx)e-^^Afr^ + Bxe-<^ 

satisfies (1), and, since it contains two arbitrary consents, 
is the complete solution. 

We see that the second integral is xe‘’^ ; when —a is a 
double root of the auxiliary equation and xc'^ are 
the two integi*als for the c,F. 

HI. If a^<Cby the two roots are imaginary. Let 
where n is real; the two roots are —ci+ni 
and — a—ni — 1). The complete .solution is 

^e-‘^{{A +J8)cosn£C+i(-4 — J?)sin nx] 

by § 86, example 2. Let A + B^A', i{A — 5) = B '; since A 
and B may be any constants, A' and B are also arbitrary. 
Hence the complete solution is 

y ss ^ - ««(A'cos nx-\-B sin nx). 

Example 1. y' ~ 6y « 0. 

Aux. Eq., X**fA —6=e0; Ai«2, A2=«*-3. 

Solution^ 

Example % y'+4y4'13^‘«0. 

Aqx. Eq., X^-h4A+13«0; A|«=—2-f3«, Ajaa—2~^3i. 

Solution, cosSorH-i^sin 3.*?). 

(It does not matter whether we call the constants B at A' iB' in 
the final result) 
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Exarwple 3. - 2y + -- 0. 

The method is the same as for an equation of the S’*** order; put 
y = and proceed as l>efore. 

Aux. Eq., 

X<~A2-~2X + 2-0; Xi-- 1-=A2, A3.-r.~l+t, A4==~l~t. 

The integrals arising from the double root 1 are 6* and which 
together contribute The other two roots give 

a”*(JI cos xA-Bi sin x). 

Hence the complete solution is 

y = A e* + Bx^ + i cos 4- /?i sin x\ 

which contains four constants as it should. 

92. The Particular Integral The most important ca/ses 
are those in which R is a sum of terms of the form 
c sin ax, c cos ax, and the simplest method of finding a 
solution is by substitution. 

If R is the sum of two or more terms, we may find the 
particular integral for each separately and then add the 
solutions to obtain the whole p.l The equation for wdiich 
the particular integral is to l)e found is, a, h being constant, 

i/ + 2ai/+%==K.(1) 

1. jf2 = Put y = and try to determine the constant 
L so that (1) may he satisfied. We find 

L{a^ + 2aa + =zRts ce^, 

and will satisfy if X = c/(a®+2aa+?>). 

But if a is a root of the auxiliary equation (and therefore 
A(^ a term of the C.F.), a^+2aa + 6=:0 and L^^cIO, that is, 
L is not determined. In this case try Lxe^ or Lx^ef^ accord¬ 
ing as a is a single or a double root of the auxiliary equation. 

Example 1. y' - 4^ + 

Aux. Eq., A* - 4A+4 *= 0 ; A » 2, twice, 

and therefore ^o,p.» A«®* 4- Bxe"^. 

To find p.i. take and e®* separately, that is, find the p.i. for 


/-4y + 4y«e-^.(i) 

and y'-4/-f4y««^, ...(ii) 


and add the solutions to obtain the complete p.i. This course usually 
simplifies the work. 
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In (i) try ; this gives 1 or 1/25. 

In (ii) try since 2 is a double root of the auxiliary equa* 

tion ; this gives 2or Hence 

and y»c,F. + p.i. 

= .4s®* + + |:c*«**. 

IL 72- c sin ax 4 c'cos ax. 

To find PJ. try y = £sinaa;+3fcosaa:; then 
( — c^L — 2aaM+hL) sin ax4*( — aW+ 2aaL 4- hM) cos ax 
z^R:=:c sin ox4*c'cos ax, 

and this equation will be an identity if 

(b^a^)L--^2aaM^c, 2itaL + {b’-a^)M^o' 
y _ (6 — a^)c 4 2aac' "•2aac+(fe— 

~ (b — +4a‘^a* ^ (6 — 4- 4a^a* 

This solution holds if a=0, pi*ovided b is not equal to a^; 
but if a —0 and b — a^ the values of L, M arc not deter¬ 
mined. In this case sin ax and cos ax belong to c.F.; the 
form to try is ax4-Jf cos ax), 

and it will be found that L^cjta, M— —cj^a. 

For a method of solving when R is of the form sin ax 
(or cos ox), see examples 41-44 in Exercises XXIV, 

It may be noted that by expressing the sines and cosines 
as exponentials the type IL reduces to type L; the student 
should try to solve some examples in this way. 

Example 2. x-k-pxmt\ {pt - a). 

The equation occurs frequently in dynamical and electneal theory. 
The independent variable is t (see p. 49), and this fact must be care¬ 
fully not^ 

llie C.F. is given on pa|;es 172, 174; the cases for /x-Jife* positive 
and negative must be distinguish^. For r.i. try 

Z sin {pt -a)4 i/coB* a). 

By substitution, we find 

( - kpM-¥ pL) sin (pt-a) 

4^pZ4fiA0cos(pt-o)’wC8in(p<-a), 
and this equation will be an identity if 
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whence 

and 

where 


y Ifasa_ 

P.L«c{(/X“p*)8m(p^- a)-ipcos(p«~a)}/Z) 
«C8in (p^ ~ a - a,)/VZ), 

Z>«(p-p2)2+ifc^ and tana,s=^/(p~p*). 


If p — a positive iiumbev, the c.f. is (p. 172) i4e^^C08(?it+^), 

and therefore, it bein^ positive, tends to zero when it^ becomes large, 
so that the complete integral b^nies practically identical with the p.i. 

c 

If it«0 and p*=p*, p.i.= tcoH(pt-a), 


III. jR = polynomial in x. Try a polynomial in x of the 
same degree; if the auxiliary equation has one or more 
zero roots, a polynomial of higher degree will be necessary. 

Example 3. y" *f 2/ == 9.t*+ar+1. 

The auxiliary equation has 0 and - 2 for roots, so that 
c.p.“A + Z?e“^. 

For P.I. try ya* P, 

then 6Z^ + (6L + 4iO^-f{2jyr+2iV)==9jr*+6x+l. 

Equating coefficients, we find L^% - 1, ; but the constant 

P is not determined. The value of however, is really arbitrary, and 
may be alisorbed in the constant terra A of the c.f. Hence 


93. Two Special Forms. The following equations of the 
second order 

.(1). x=fix) .(2) 

are of imj^rtance in Dynamics. In (1) /(x) is a function 
of X, the first derivative of x ; in (2) f{x) is a function of 
the dependent variable x. 

To integi'ate, let ic = v in both cases and reduce each to an 
equation of the first order; the reduction is effected in 
ditterent ways in the two cases, though the second method 
may also be used in case (1). 

ddi dv 

Incaae(l), 

and the new equation is ^ =*/(«)• 


(3) 
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T /(jx •• dv di\v^) 

Iicmc( 2 ), 

and the new equation is ~/(^)* 


(see p. 51, ex, 2), 


.(4) 


In both cases the variables are separable, and it may be 
possible to find v. Supix>se such an etiuation to have been 
obtained (it is called a first interp'al ); put i* for v, and we 
have an equation of the first order which it may be possible 
to integrate. 

For example, let .r ~ - nh '; then (4) gives 

^2,2 -= j _ ^2 1. ^ -f. Jn*®* 

if Solve for v ; then 

^ =r= V =- 7isJ(a^ ~ .r^X n di =■ dx/,J(a^ - x*X 

JC 

Integrate: sin'* “4-^ or x^a»[i\(nt-h). 

Tlie two arbitrary constants are <t and 6. 


For examples, see Exercises XXIV,, 51-55; the example 
just worked can of course be solved more simply by the 
methods of § 91, but it sliows very clearly how to proceed 
in the general case in which f{x) is not so simple. 


EXERCISES. XXIV. 

The student should note that, just as in oidinary integration, a 
change of variable will frequently reduce a diffei-ential equation to a 
standard type. 

Integrate etiuations 1-20. 


2 . 


1 . 

3. (l+4^)(l+y*)^+2Liy(l-y*)»0. 4. 

5- (y-^)|^+y='0. 

7. 


6. 

8. (•p+y*)|j-y. 


®' W* J+ycotx-eosjs. 
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11. (l+j!*)^=jt;y + l+.r*. 

dt! 

13. ^+ytanjr—seer. 


15. ~+2*<=l+2<*. 
17. 


19. 


dLv 


-f-y sin j?. 


12. (l-.r*)^+.*y =a». 

14. r^+r+p=0. 

16. 

18. (l-^)^=.^(H'ay). 

20. co8^$-f xsin 


21. The normal at the point P(.r, ?/) on a curve meets the j^-axia 
at G ; if 0O-k.0I\ 0 being the origin, show that the ditTerential 
equation of the curve is 

and find the Cartesian equation. 


22. A curve crosses the ^y-axis at By and A is the projection on the 
^-axia of a point /%r, ?/) the curve ; if the area 6APB is equal to 
XsJ{ay)y show that the differential equation of the curve is 


.r£+2y=.2y^(-|), 


and find the Cartesian equation. 

1 ^. The arc < of a curve fixun the point (0, a) to the point {Xy y) on 
it is given by the equation y find the equation of the curve. 

Tn examples 24-*40, accents denote .r-d^rivatives and points i-deriva- 
tives ; find the complete integrals of the equations. 

24. ?/'-hay ~ 2a*y = 0. 25. ^)i4*a5.r=0, 

26. 2//" + 3y~2y-c'‘**. 27. 6:r+5x*fx==s ^ 


28. y"-2y-4y-e*. 

30. y' + 6y+ 18j/=00cos3jr. 
32. y'-f-Oy^a sin 3.r. 

34* y'+y-hy «ain .r, 

36. ap+2i«e-» + f. 

38. y"-2/+y«(.ir+l)-. 

40. ,r-hai~2a%as6<-l-c. 


29. y'-f2y+ 5?/=cos2a:, 

31. y'+9y~asin®a?. 

33. y'-|-y=«a8in jpsin 24?. 

35. .r+6:i+13ar=aco8 2^. 

37. y''--3y'+4y=*a4?«*+6e-^. 
39. 3y'-.y~4y==4?2. 


Find the particular integrals of equations 41-**44 by assuming for y 
the forms suggested: 

41. y'-f4yH-6y«fl* sin 34?; y » sin 34?+ Mam 34?). 
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42. y** 4* =* sin ; y «sin wr 4* if ooa 

43. /4-6y4'8y«a«*A‘^; 

44. y'4-2y4'2y«e“*sin.r ; y«.rtf“*(Lsinar4"ifcos.r). 

Find the particular integrals of equations 45, 46 (i) when and 
are unequal, (ii) when n*=pl 

45. it‘4-w^.ir»»asin2E)^ 46. .t* + 7i-ars»a«’^sin 

47. Find the integral of the equation 2ai -|-4:==0 which satisfies 
the conditions that a?=6 and when 0. If a and 6 are positive, 
sketch the integral curva 

48. Determine the constants in the integral of the equation 

jr 4* 4i 4- 5.r=a (cos t - sin /), 

so that jr=a0 and when ^ = 0. State the value to which x tends 

when t becomes large. 

49. Determine the constants in the integral of the equation 

ic4“a^x=8in t 

(a not equal to unity), so that x=»0 and x~0 when t -0. 

If 14-At what does the solution become when A tends to zero? 

50. If a is positive, what does the integral of the equation 

iF4-2ai:4-(a*4*A^A'=*A^sin pt 

tend to for large values of t ? 

61. Integrate the equation .r4-Ax*^—y (A and g positiveX choosing 
the constants so that ;r=0 and 'Jt=0 when 0. To what value does 
X tend when t tends to infinity ? 

52#^ Integrate the equation -g {k and g positiveX choosing 

the constants so that ;r=*0, x^V when ^-=0. 

53. Find a first integral of the equation of motion of a simple 
pendulum at length Z, namely, 

fd^ysin 0=0, 

choosing the constant so that ^^0 when 0=a. 

54. Integrate 

55. Find a first integral of the equation positive), 

given that ^>>>0 when x’»a. 
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A variable luay depend for its value on two or more variables that 
are themselves independent, that is, are such that one of them may 
vary while the others remain constant. Thus the area, u say, of a 
triangle in terms of two sides y and the included angle z is 
^A^^sin 2 ; is a function of the three independent variables a?, y, z, 

1 f A’ alone varies, ^ ~ ^ > 


if y alone varies 
if z alone varies 


da 

dy 

du , 


sin z ; 


These three derivatives are called partial derivatives or partial 
differential coefficients of u with respect to Xy y and z respectively. To 
caJl attention to the fact that in differentiating with respect to one 
variable the other indewndent variables are constant, it is now 
mstomary to use the symool 3 instead of d\ thus, when w—^Aysin^, 

^=Jy8mi, ^^Ixycmt. 

A function t* of two variables x and y is denoted by n=/(xy^) or 
a = F(Xy y\ the letters x and y being sepaiated by a comma. Similarly 
f{Xy y, z)y <j>(Ty y, 2 , t) dcnote functions of x, y, z and at, y, 2 , t 

Tlie equation y), when at, y, z are the coordinates of a point 

in space i-eferred to three rectangular axes, represents a surface; the 
two equations z^f{Xy y) and y=constant represent the curve in which 
the plane, y=»constant, cuts the surface. The derivative 'dzfdx may 
therefore be interpreted as the gradient at a point on the curve ; the 
derivative 'dzj'dy may be interpreted in a similar way. 

If II««A*® cosy, then 

^«6A-co8y, ^=6co8y, 

^«-^co8y, ^*;«A»8iny, ... 


=?3jc*co0y, 


c)» 

- . 

^«-A^8iny, 

The y-derivative of ^ is denoted by 
9 / 3 »\ 


Ty\ 


contracted to 


3% . 
SySi * 
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the ^p-deri native of ^ same way, 

9 /dti\ 


contacted to 


Now 


'dhi c) ('du\ 3 o V 

Sy Sp ~ ^ \ c\r / % 


dhi 

Si 

ss - 3x^ sia 


^“S-Aaphoi-^-’^ -ar-smy. 

The two derivatives are therefore equal, that is, the result is the 
same whether we diderentiate u hi’st as to and then as to y or first 
as to ?/ and then as to x. In other words, the order of differentiating 
is indifferent in this example ; it can he proved that the oixier is 
indifferent in the case of all the usual functions, and the student may 
verify the statement for particular cases, e.g, 

(i) tt=.rsiny-fysinar; (ii) u — e'^^cosbg ; (iii) w«= tan“*(y/.r). 

We now give an important extension of §23. If w=/(.r, y)and if 
X. y take the increments Sx, Sy resj>et‘tively, then the first apptoxima^ 
tion to the coiTes[)onding increment of u, is given by the equation 

. 

We have 


Su-/(x+Sx, y+Sy) -f{x, y) 

={/(j;+&r, y+8y) -/(x, y+Sy)}+ lf{x, y +8y) -/(x, y) f. 
Consider first the part /{r, .y+3y)-/(j?, y). In passing from the 
second terra to the first, y changes to y-f-Sy, but x does not change; 
hence, by § 23, we have 

y+8y)-/(*, 8y+^(8y)* 

Next, in passing from the second term of 

f{x +&r, y+8y) -/(x, y+8y) 

to the first term, x changes to j?+&r, but y 8y does not change; hence 

y-h8y)-/(4r, Sx^B{8xy. 


The right side of this equation may be put in the form 
(^^^+08y) Sx+B(Sxy, 

glnoe ^ becomes when Sy=0. Combining these 

results, we find 

ar+2^^by+[il(8y)»+C8y Sir+/?(&p)^ ...(a”) 

and therefore, by rejecting the squares mid the product of &r and Sjff 
we deduce equation (a). 
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The increments Ar, are arbiti’ary, and are usually denoted by 
dXy dy. The sum 

or 

is called the first approximation to S?i, or tAe differential of w, and is 
denoted by dw, so that , 3jt , Sa , 

du^^-^dx+^-d,j .(/i) 

In the same way, if m is a function of three variables .f, y, z, the first 
approximation or differential du is given by 


dll- 


and so on. 


'bu j . bu j ,biij 
- dv + % -f dz^ 


'bx 


■■<y) 


bn 


The term )^dx is called the partial differential of n with respect 

to ; the expiations (/3), (y) show that the total differential du (or the 
complete differential du) is the mm of the partial differentials. In 
Mechanics the theorem expressed by these equations appears as ^Hhe 
principle of the superposition of small rnotions.^^ 

If .r, y ai*e functixms of a variable we may suppose that the incre¬ 
ments &r, fiy are due to an increment U in t ; the increment 6w in u 
would therefore he due to the increment & in t^ the function u being 
now a function of t. Of. §26, I. Dividing equation (a) by St and 
taking the limit for 3^=0, we find 

dn^bu^ bu dy 
dt ^bx dt by dt . 


..(S) 


Similarly, if n is a function of x, y, z and x, y, z functions of t^ 
du bn dx bu dy bn dz 

. 

In (S; we may take t to l^e identical with x ; y, and therefore «, w’ould 
now be functions of x, and we should have 

du bu bu dy 

. 

Hero du\dx and bujbx have quite different meanings, and the student 
should see that he understands the difference. 

If 1(4=constant is the equation of a curve, dujdx is zero and {S) gives 
for the gradient dy bu /bu 


U) 


■(S') 


For example, if u=^ajfi+bt/^ and the constant is c, we find for the 
gradient at (x, y) on the conic a.t®+6y*=<;, 
dy iax etx 

dx 2>by by 

A few examples for practice in partial ^fferentiation will be found 
on page 248a 








MISCELLANEOUS EXAMPLES. 

Chapters /.-/F. 

1. At any point P on the cnrv^=a.r'* (n a positive int^er) the 
ordinate MP is drawn, and a point T t^iken on OX l>etween 0 and M 
such tliat TM=OMIn ; sliow tnat TP is the tangent to the curve at P, 

2. Show that the curve = + has one, and only one, 

point of inflexion, and that it lies midway between the turning points, 
if any. A certain cubic curve |>asses through the point (0, 20), has a 
turning point at (2, - 8), and a point of inflexion where ; find 
the equation of the curve, and sketch its gi'aph. 

3. Find the gradient of the tangent to the curve 

y « ora;® 4* 4* or+cf 

at its point of inflexion, and show that if that tangent is parallel to 
OX, then / is a perfect square. Draw a rough sketch of the curve in 
this case, assuming cc to be positive. 

4. A liandbill is to be printed containing 324 sq. cms. of text, and 
having margins of 4 cms. each top and bottc»m, and 2^ cms. each at the 
sides. Find the dimensions of the bill so that the cost for paper may 
be as small as possible. 

5. Determine the turning points and the points of inflexion on 
the curve y=24^--12.i^4-l6.r4-35, also the gradient of the curve at 
each of the latter. Sketch the graph of the curve, and in a seyiarate 
diagram show clearly how it meets its tangent at the point where 

4P«» —1. 

6. Show that a point of inflexion on a curve is a point where the 
concavity of the curve changes direction ; prove that the curve 

y».«4-2jp»~.3aa?*4-7 

Is eveiywhere concave upwards except between the ordinates -2 
aii<Lxrs»3, [See Ex. 54, p. 47.] Sketch the curve. 

Assuming the formulae for the volume F, and the superficial 
area of a sphere of radius show that dVfdr^fi^ and explain why 
^is should he so. 
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'^8. The radius of a spliere and the l>ase-radius of a cone of constant 
altitude k are equal and increasing at the same mte. Find the com¬ 
mon radius in terms of h at the instants when their volumes are 
inerting at the same rate. 

^*9. A horizontal trough with vertical ends is of V-shaped cross- 
section, the angle between the sides being 60*, and the length of the 
tmugh 6 feet. If water entei’s at the rate of 4 cubic feet per minute, 
find the rate at which the surface is rising when the depth is 1 foot. 

10. Prove that, if ?q, Vj, represent functions of Xy 

d / Ml 14a \ ^ du^ _ I 

dx \ Vj \ \ dv dx Vwg dx dx ) ) 

11. Prove that, if y — {ax + h)j{cx-{‘d\ 2yy"i=3y'^; and that, if 

a-f +y). 

' "'l2. If t show that xjx^ is constant. 

’ 43. If .r~?*cos B and — By where Xy r and B are functions of 
ty prove by differentiation that 

(i) X cos B — /*, ^ cos B - » sin ^ = rB ; 

(ii) Xcoa $ain B-^-yB% y cos j?sin 

Show that the first of the.^e CHpiations may be written 
and re write the others in the same fornh 

14. With the notation of the preceding question, show that if r^B is 
constant, then xi/^xy. 

“ 15. A ship B is 75 nautical miles due east of a ship A. B sails west 
at 9 knots and A south at 12 knots. Find their least distance apart 
and the time of its occurrence. 


16. If y is a function of x, and if 2 :=.^^ - Sary-fy®, show that 


If X varies in such a way that z is always zero, find dy/dx, and give 
a ^i^phical interpretation. 

Vl7. If 4t^4*9y*+16.r~ 18y-11 =0, calculate dyjdxy and find the 
iMints on the graph of the equation at which the tangent is (i) pamllel, 
(ii) perpendicular to the .r-axis. 


18. Find the gradient at any point on the curve 
and state the points on the curve at which the tangent is (i) paralleL 
(ii) perpendicular to the .v-axis. 


19. Calculate the gi^adient for the following curves : 
(i) V*); (ii) 10^*4* 


e.i.c. 
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2D« If OA*® -f 2/ixy +6^® «1, show that 

^ (hx 

21. Differentiate tlie equation ^->3avr^-f.r*=0 twice, and from the 
Insulting equations show that for this curve 

^/ 2a^x^ 

a “r «. — t). 


dx^ 


r 


Hence show that the curve is everywhere concave towards the 
jr-iaxia [See Ex. 54, p. 47.] 

^ 22. If -f 0 and express D^y and D^^y in terms 

of L 


2j^~ar-7 


/; 


Chapters K-VIII. 

2S. Show that the substitution —2 resolves 

(x-2y 

its component partial fractions, and integrate this function. Evaluate 

x^dx 

24 Sketch the curve ay = (o-ar)(.r~/3), a being positive and a>/J, 
and show that the area cut off by the .r*axis is (a - py*/6a. 

25. Show that the first quadrant of the ellipse is divided 

/o or 

by'the line into two parts, one of which is a third of the 

quadrant. ^ 


26. The friction in a journal is given by the equation 

F—k I ^^(cos 0)d^. 

Jo 

/ Evaluate the integia,! by Simpson’s rule for 11 ordinates. 

27. A cylindrical hole is driven through a solid sphere of radius f?, 
the axis of the cylinder coinciding with a diameter of the sphei*e and 
its radius being r. Calculate the volume of the part of the sphere left. 

2a A section consists of a semi-circular area ABCy radius 1*6 inches, 
surmounting a rectangle DEFG^ tlie whole figure being symmetrical 
about the line through the centre of the circle parallel to DE or FG. 
If PE»3 inches maEF^ 1 inch, find the |[> 08 ition of the centroid and 
the moment of inertia of the section abo\it the line of symmetry 
where M lies on the lower edge of the rectangle. 

20V A plane lamina in the form of a parabola is lowered^ with its 
asis vertical and its veitex downwards, into water ; find the depth of 
the centre of pressure when the vertex is at a depth A, and show that, 
if the lamipa descends with uniform velocity 7 inches pet second^ the 
desoende with uniform velocity 4 inches per seconA 
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30. A triangular lamina is immei'sed in a liquid with one side in 
the free surface, its plane making an angle $ with the vertical. Prove 
that, if the triangle be divided into two parts hy a horizontal line 
tlirough its centre of pressui*e, the thrusts on the two parts are equal. 
[Use the I’esult of Ex. 2, p. 94.] 

31. A piece of slieet metal is cut in the form of the segment of 
a parabola cut oft* by a double ordinate at a distance h from its vertex. 
If 2k is the length of the straight edge, A/ the mass of the piece, prove 
that its momeiit of inertia (i) about the tangent at the vertex is 
^ J/Zd-, (ii) about the axi.s of the parabola is Ji/P. 

32. Pi’ove that the moment of inertia of the solid anchor-ring 

described in Ex, 8, p. 87, about its axis of I’evolution, is |a^), 

where M is the mass of the ring. 

33. A plane lamina is symmetrical about OA\ one of two rectangular 
axes OY in its plane. Any line is drawn through in that 
plane, making an angle 6 with OX : prove that tlie moment of inertia 
of the lamina about this line is 

Deduce the M.i. of a rectangle, sides 2a and 26, about a diagonal. 

34. Find, in cubic feet, the volume occupied by one pound of dry 
air when at a pressure of 90 lbs. per square inch, and at a temperature 
of 60* F. 

Find also the work done by this volume of air when it expands 
adiabatically to a volume such that the pressure is 16 lbs. per square 
inch. 

36. A quantity of air compressed to ten atmo^herea is made to 
ex^xind isothermally down to one atmosphere. Calculate in atmo> 
sphei-es tlie mean piessure during the expansion. 

36. The graph of a polynomial of odd degree, 27i*f 1, in x crosses 
OX at the points where .r=0, 1, 2, 3...27t; show that the area 
l>etween the graph and OX from x^O U) x=2« is zero, [Fii'st shift 
the origin to Uie point (m, 0 ).] 

37. If 9 denote the length of an arc of the curve 

measured from whei^ it cn>8ses OF to a point whose abscissa is 
prove that where X; is a constant. 


Chapttrs /X., X. 

imple harmonic motion, 

state this equation in words. Calculate in o.q.s. units the value of 
the constaTit in the ease of the bob of a simple pendulum whose 
period of oscillation is 2 seconds, and which vibrates through a total 
arc of 3 cma 


38. Show that the differential equation of 
may be written in the form 
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^9. If Jp»a(l ~C 08 1) and y =«a(n^4'Sin ^), express ^ in terms of t. 


'40. A point travels round the circle ;c*4-^=*a* with uniform 
angular velocity co ; find its angular velocity s^ut the point (d, OX 
h>ay at the instants when it crosses the axes. 

' 41. AOB is a quadrant of a circle, centre 0 ; P is taken on the arc 
AB and Q on the mdius OAy so that lAOP^^lOPQ-O. Show that 
the area of the triangle QA P is ^a2(2 sin 0 — tan (9), and find the position 
of P when the area is a maxinmm. 

^2. Prove that if any segment of the sine eurve y=»a8in jcut off 

by the jr-axis revolves once al)oiit OX, the volume generated is one half 
that of the ciixiumscribed cylinder. 


^ 43. Prove (i) by interpreting each integral as a second moment, (ii) 
by evaluating each integral by a trigononiotric substitution, that 


- jr2) dUr=J jr(a* - ^)^dx. 


-j T i. _X 5 cos or-2 sin a? 

44 Integrate --—. 

2c4)8 4r4*5sin.r 

Ileterniine the constants A., /x in the identity 
# cos .r+17 sin or H X (2 cos -f 5 sin x) -f /x(5 cos jr - 2 sin xX 


and hence write down the integral of 

Integrate in the same way 
5 cos or-1-4 sin jr 
3 cos A'- 2 sin 0 ?’ 


cos r4 17 s in .r 
2 cos .r 4 5 sin^ 

A cos j? -f sin x 
P coa Xsin x^ 


45. Show that the graph of y^=(l +^)/(l -x) lies entirely between 
two fixed ordinates, is symmetrical about OX, has no turning points, 
and has points of inflexion where Determine its gradient 

where ~ 1, 0 and -h 1, and sketch the graph. 

Find the whole area enclosed by the curve and the asymptote, using 
the substitution 4?=cos 0 for the integration. 

- 46. Find the area between the curve whose equation i8y*(2a - 
and its asymptote. 

Show that the ordinate x^a divides the area into parts in the ratio 
of Ssr-S to Sir + S. 


^47. Draw sketches of the graphs of y«8in*.r, from 

V 

xv^Wy and write down the values of 
nitfixdx^ p un^xdXf sin^^jrcfcr, and j^mn^^sdx* 
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48. A particle of mass m, moving with constant acceleration in a 
straight line, has initial velocity V(^ and final velocity Prove that 
its mean kinetic energy, with respect to 

(i) the time, is + 

(ii) the displacement, is 

49. Prove that the mean distance of points on the perimeter of the 

ellipse = ^ from either focus, x being the variable, is equal 

to the semi-major axis; also that, if the eccentric angle be taken as 
variable, the mean square of their distances from the centi-e is 

50. The density of a sphere at distance r from the centre is 



where a is the radius of the sphere and is a constant. Find the 
mean density of the sphere. 


51. Determine the period of the function 12 sin 18^-f5 cos30^ 
drawing sketches of its terms in one diagram, and calculate its Root 
Mean Square over a full peiiod. 

52. If In denote I sin**^fl?6^, where n is a positive integer, show by 
integration by parts (first writing the integrand sin 0. sin’*''^^) that 


In this formula substitute then substitute similarly 

for i«- 4 , and so on, and thus determine the value of /„ as given in 
equation (A), p. 127, distinguishing between the cases of n odd and 
n even. 


53. Integrate (i) by the substitution 1, (ii) by 

the substitution jr«tan 0, Explain why you get different results. 


CAapfers XIL, XUL 

54. Show from the cosecant and secant graphs that the principal 

9r IT 

values of <508ec*“*;p, sec^^a? have the ranges to •f'g ^ud 0 to tt 
respectively. Find their derivatives, and show that 

4* sec'*'',*?» 

Differentiate 8ec"’*(/>/8ec xr). 
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55. Intoirrate f -——r—, first writing the denominator in the 

® j 3<308a;+4ain.r 

form /JsinQr-fa). Obtain the same integi-al by the sulwtitution 
M»stan Jjr. [See Ex. 37, p, 160.] ^ 

Use the first method to integmte - —• 

° Acos:P-f x?8ina? 

56. Evaluate f —--;— by the substitution u«tanj. 2 ?, 

J 13+3 cos .r *f 4 am .ji: 

and f —s-by the substitution w«tanjr. 

J cos^^~28ina?co8a*-f 5sin^^ 

67. Calculate, with the help of tables, correct to three decimals in 

flS 

each case, f -—(i) when «=|t, (ii) when e-Jf. 

Jo 14-ecos c/ 

68 . Determine the integral of by substituting x==tan 0 

and then i4=:8iu 0. What single algebraic substitution would effect 
the integration ? 

69. Sketch the curve whose equation is and find 

(i) the whole area between the curve and its asymptote, (ii) the area 
bounded by the curve and 0 V. 

60. Prove that the following expreasions are positive for all positive 
values of x : 

(i) (jr-l>?*-fl ; (ii) (a:-2)c*+4?+2 ; (iii) (.r~3)e*-f|jrr^4-20:4'3. 

61. Wlien a thin plate at uniform temperature v is surrounded by 
a gas kept at the slightly lower temperature the plate cools at a 
rate pro^rtional to («? —^o) 5 4f initially the temperature of the plate 
is r, prove that after time t it has fallen to r--ro)e-**, where it 
is the constant of proportionality. 

Calculate the missing readings in the following table : 

( mins. 0 5 10 

60* C. ----- 

v* a 66 60 63 

02. Find, in terras of the gradient at any point of the curve 
given by the equations o?a=alogcot^0-acoe^, ^^aainffy and prove 
that the length of the tangent intercepted between OX and the point 
of contaiet is constant. 

63. In Fig. 32, p. 175, show that 

PiT-arVa+y*). and Zir»(.r-|,)^(l+y»). 

Prove that the length of any tangent to the curve 
intercepted between the coordinate axes is idways a, ^ 
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64. A curve is plotted whose ordinates are the velocities, for the 
corresponding values of .r, of a point moving along OX. If MP is any 
ordinate of the curve, PG the ttomal to the curve cutting OX in (X 
prove tlrnt MQ is the acceleration of the point as it passes through M, 

65. The coordinates of a point on a curve are given as functions 
of a variable t j prove that the radius of curvature is 

Calculate the curvature at any point of 

x=^a sin ^ (1 +co 8 1\ ^==a cos^ (1 - cos t). 

66 . Calculate the ludiua of curvature, at the origin, of the curve 

~ +17^^ 4-- 5a:-f 1= 0. 

Prove that if the centre of curvature of the ellipse ^ + ^ == 1 at 
one end of the minor axis lies at the other end, then the eccen¬ 
tricity of the ellipse is - 1 -. 

67. Sketch the curve jr^ + 4a2(2a4?/)=0, and calculate its radius of 
curvature where it crosses OY. Sketch also the circle of curvature at 
that point, and write down its equation. 

68 . The cycloid (see Ex. 69, p. 112 ) is the i^riodic curve traced by 

a |X)iiit on the circumference oi a circle of i-aoius a which rolls without 
slipping along Od", the fK)int being initially at the origin. Show that 
after the circle has rolled through an angle G the coordinates of the 
point are = - sin — cos 6\ and prove the following pro¬ 

perties of the curve ; 

(i) Tlie area under an arch of the cycloid is three times that of the 

genei'ating circle, 

(ii) Tlie length of an arch is eiglit times the radius of the circle. 

i iii) The volume of revolution ot an arch about OX is 57r^a^. 
iv) The mperficial area of this solid of revolution is -* 5 ^ Tra^, 

(v) The radiiiB of curvature is — 4a sin \.0. 

(vi) The ceutroias of the ai'ea under an arch and of the arch itself 
are at heights and Ja, respectively, above OX. (Apply 
Pappus’ Theoi*em 8 .) 

69. A horizontal liney=X* cuts the cycloid (see preceding example) 
in two points P and P iJetween .r ==0 and prove that 

arc OPx arc OP 

(Note that 0/>/=«2ir— 

70* The surface density at any point (a?, y) of a thin plate cut in 
the form of a quadrant of the elli|:^ is proportional 

to xg. Calculate, by double integration, the mean value of the 
density of the plate. Find also the coordinates of the centroid of the 
pkte. 
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71. (i) If WI{W—to\ prove that, approximately, 

5p _ w S 

(ii) If 4S=s:^a6siD C, prove that, approximately, 


8a Bb 


-4* cot 080» 


72. If w=log>/(j;:®+y®) or if t4=»tan“*(y/xX prove that 


Zhf ^ 


73. If u *•= e~*****^(i4 cos tu:+jB sin nx\ prove that 


3u «< 


74. If « = 




?!Nb 

w~ 


-d 


► C^U 

'3^* 


75. If ojr^-f £>y+c-e® 4- 2 ^^-f 2 ^&r+ 2 Aj 7 /=Ir, prove that 
'dz ^ 'dz _ kX'\‘hyA- ft 

’Se gx f-y^+c*' ^ gx^rfy^-cz 
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idx 


I 


e* + e- 


1 . 

3. b>a>0. [Puta;=a8inft] 

Jo 6* - jr 

6 .; 


otr. 


^/(at- 12 -.®*) 


[See Ex. 62, p. 112.] 7. fxlog(l+x*)dx. 


„ r x^dr 
®‘ Jo (j^+aY 


11. IJ(a^-xYdv. [Substitute ar=a8in»0.3 12. ^ 

13. f4 sin .» sin 2»sin 3r dx. 14. f ■ - , ■ > —— 

16. 16, /bj-^ItsTs)- tAlg.bnuoi.«.6.] 

”• /Tijsr^rrsii- **• 

19. f - ^ [Multiply alx)ve and below by cos ; then use the 

J a 4*0 tan tr device of Ex. 44, Misc. Exs., p. 244.] 

20. r 7" (ir, 21. [Express in terms 

Ji x/{(^~4)(6~^n J 25~24sin^^ of us2jr.] 


“•/, 


X(f^ 


(l+Jca)^/(l-\2^) 

dx __ 

(14* +(14* ^ 


/: 




Jtan 
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[Integ^te by parts, taking «*8inx aa the inte* 
grable part. See Ex. 1,162.] 

fV(4r*-7x-2)cfo. 28. 

f 30 f n /(-»’-1) 

J (-1 ~ - 2aar)* ' J - 2)(.r - 5) 

integrand iu form 

f COS 0 dS aro«*io1-klA frw wViAirtA fo»» A^-r^O fan 


(I+3 810^(9/ 


[Change variable to </>, where tan <^«:2 tan A] 


r V(164-6.r-:r®)da?. 


f sin~^rdlr 

J 

. [Cf. Ex. 21, p. 173.] 


tan dx 


[Cf. 19.] 


[First rationalise the denominator.] 

f dx ^ < 2 ^ 

jcosV ’ (x+2)/i7(a;~l) 

f^tan0aec>0elff. 40. [Cf. 19.] 

Jo J a-hdiau^x ^ 

fr^i where Phas the values (i) e®, (ii) 1, (iii) 

J 1 

j^^SdS. 43. 

If+si^ssr.- 

48, 

f -— ^ Discuss the case 5=«0. 

1 + 2 ^ 008 04- 


4a 49. 

“• /(ii+JiWCTO^’ (li)'!.. »■>»•. 

[Snbetitate x«>ntaaft and then un&ou (or, xmnul>J0 -«*X ^ 
one operation^] 
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Exercises. I. Page 17. 


1. 2, 0, 8, 14. 2. 1, l|, f. 

3. 3aV+2a(3*+l)x+36»+26-l, 3z*+‘2tx^-l, 3a;«+2*»-l. 

4. 0, 0-5, 0-7.773, 1. 6. 4, 3. -4, 4 686, 4-948. 

7. .3. 8. o. 9. 3aArj*+6+.3or,Jx,+a(Ja:i)*. 

10. 3(M;j*+26xi+c + (3«M:|+6)Jxj+a(Jx,)’. 


11 . - 


2xj + 


11 10-*^ 


1 dx^ 


12 . 


5;^:, 




15. (i) 0-851, 0-857, 0-860; 

(ii) -0-691, -0-685, -0676. 


16. (i) -0-621, -0-516, -0-504; 
(ii) -0-721, -0-728, -0 734. 


17. (i) 1-374, 1-361, 1-347; 
(ii) 2-088, 2-129, 2166. 


20. COS a:, sec«, 10*+lO"*, (10*~10**)/a? are evea; the other functions 
are odd. 


Exercises. II. Page 31. 


1. 5, 

6. 14ar-12. 

9, 2a?+3. 

18. 1 

17. 6»+2-i. 
81. -4(3-*)*. 

9B * 

"• (iTW 
88. 2x-6. 


8. 

6. 

3. 

Sju. 

4. 8a;. 

6. 

11 -4a?. 

7. 


9. ~4ar+I2a:2^2ac“. 

10. 

12a:+ 6. 

11. 

3a^ + 12a; + ll. 

12. 2acx+o/+k. 

14. 

2*-^. 

IS. 

‘4 

“■ -?• 

18. 

6(2ir+l)> 

19. 

10(2a:+l)^ 

20. -3(1-*)*. 

88. 

1 

23. 

1 

24. ^ 

(*+!)»■ 

(!-*)*■ 

**• (2*+3)»’ 

88. 

1 

27. 

1 

.. 1 

\/(8* + 3) 

n/(2*+3)*‘ 


80. 

1 

91. 

10-61. 

M 720 

"*■ ~*t?" 
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s-_3_ 

41. 

A 


34. 

4 

(t>+3)* 

35. 

6+2c^ 

36. 

3 

2^/(3tt 

38. 

.3(2tt-6). 

39. 

c 

40. 

l*4c 

„U4- 

42. 

x> 1 

2+^ + i- 

43. 

1 

■ 3 ' 2x' 

44. 

2jJx, 


46. 




3(ac+2)’ 


49. 


(32r + 2 )» 

9 * 

1 

2(2»-3)’ 


Exercises. III. Page 39. 

1. Max. 28lati = 2i 2. Max. 2lJr »t a: = lj. 

8. Max. 4at.e= -1. 4. Max. -J 

Min. 0 ai 1. Min. - 6 at ar=2. 

Point of inflexion (0, 2). Point of inflexion - 2^). 

6 . Max. 17 at ar= - 1. Min. ~ 10 at x = 2. Point of inflexion (|, 3|)» 

6. Min. ~30 at a;= - 1. Max. 2ata:=l. Min.-3atx = 2. 

Point, of inflexioa -^0^) 

7. Min. - 11 at x= 1. Points of inflexion (0, - 10), (|, - lOg J). 

S. Vax- 11 at j:=: 1. Min. - 17 at jf=;3. Points of inflexion 


hv/3 17-39^/3^ 

2 * 8 j 


,0. .0), (i:^, ‘’-t|fe2). (Sijfl, 

9, Max. U at a;=:^. Points of inflexion (0, 1), ( - 1, 0). 

10. Max. at a:=f- Min. 0 at af=l. Points of inflexion 


\ 10 ’ 


1666 + 8V3 
100000 


U. Max. ?^.atar=^:^. 

Min. -?^at*=®^ 
y o 

Point of inflexion (2, 0). 


3\ /6 + v/6 1666 - 8V3\ 

V 10 ’ 100000 / 

12. Min. -6^3 at a:— -»,/3. 


Max. 6^3 at a;==^3. 
Point of inflexion (0, 0). 


18. Max. 20j at a?~ - Min. 0 at 2:=0. Max. 20] at 

Pobu.liiflnlon 

1 . 


Points of inflexion 


Xjm 6108^30^ 


m 6lQ3^m\ 
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15. Max. Min. 15ata?=3. 

16. Max. - 1 at x~ - 1. Min. 7 at a;=3. 
IS. Max. -20atx = l. Min. -23 at x=2. 

24 


anci 


17. Min. 9 at a?=2. 

= 2 . 

Points of inflexion where 07= - 

26. ^{a + 6-Vtt“-a64-6®). 3^x2*K^g^ 


«. -ff i 


unless 

1. 2dx. 

6. 2jcdx, 

9. (2<ia: f 5) <iaf. 
ifl. ^2ax 
16. + 

18. 2va?. 


21. - -V 

r+1 


a: v 

— or a = 
tn n 


6 . 


Exercises. IV. Page 45. 


2 . ac^. 
6. 2jrdaj. 


8. ^xdx, 

7. - 2x</ar. 


1 


10 . ^dx. 11 . - 

2^x 

13. n^aa:—>_ A.jdr. 

16. i(3x+l)5. 


24. 


“■ 2 z * 
27. 1*5516, 


86 . 


19. --f. 

22, 2>/v+T: 

f 

28. 21378. 


17. 

20 . 

23. 


4. 2axdx, 

8. (6a; - 4) <2x. 

-±.dx. 

14. 4*». 

1 

X* 




26. 3x®-x-3 + (6x-l)dr. 


89. 

41. 

48. 

46. 


6; 0. 

88. 

2 6 

40. 

2 6 
(x+I?* (*+!)*■ 

42, 

2(! , 6d 6e 24(1 

53+5*5 -5i~lF- 

44. 

3 15 

46. 

up’ ~Kjx'' 


29. 2*1889. 

120x5-90x4-24; 240x-90. 
6 ^ 24 

3?* ” 3 ?* 

6 _24 

(x-fl)*' “(X4*l)»* 






47, 2a»-12ox+12x*; -12a4-24x. 

48. ex(<^-6c*«x4-10ax»-6x3); 6(a*-12a«x4.30ax®-20x>). 

43. (0,3). 60. (0,6). 61. ("A. 

8 «. (- 2 . 0 ). 68 . 



254 


INTRODUCTION TO THE CALCULUS. 


Exercises. V. Page 64. 


1. 

(i) 400 ; 300 - 32<. 

(ii) 0 

: -82. (3760, 1400l); 


2. 

(i) U : V-gt. (ii) 0; - 

„ /av r«\ V 

9^ 

V 

V , m 

; XT- *• “3<*- 

4. 

^dNJcU is the time-rate of decrease of the number of lines that pass 


through the circuit; or the time-rate at which lines are withdrawn 


from the circuit. 





5. 


6. 

X 

7. 

X 

;7a^)' 

8. 

X 

-f a®)‘ 

9. 


10. 

Zx 

^(3x» + 6)* 

U. 


12. 

ax 

18. 

ax 


4/(aa?* -f b) 


14. 

x+l 

16. 

3x-2 

16. 

2-3x 

^/(x* + 2x-3)' 

;^(3ar‘-4* + 5)' 

V(6+4*-'3?)’ 

17. 

2ax + b 

18. 

X 

19. 

X 

2^{<u^+bx+cy 

s/(*»+l)*' 

>/(!-*“)*■ 

80. 

5(1-*) 

21. 

2ax+5 

82. 

2* 

v'iSa^-lOx + O)*' 

2^{aa^ ’^hx’¥ cj^* 

3*/(3J‘+1)*' 

28. 

o** 

24. 

ax^ 'y 

26. 

302^ + 6 

4^(aa:®*f 6)** 

4/(0**+6)*' 

34/(«**+6*+c)** 

26. 

ZaAa^-t2{aB’i-bA)x-{-aG‘^bB. 

27. 

4*»-20*. 


28. Z2^+I2x^lh 29. 2(2a:-l)(a» + 4)(l2;c-f5). 

20. (oaJ4-6)(cx4-d)*(6a<»+2a<i+36c). 

81. (Aae*H- Bx'\‘C){BaAx^-^3aBx-^4tAbx + aO + 2bB). 




«• 

4x®4-3x4-8 

as 

a® - cur ~ 2a^ 

4M». 

x/d-**) 


V(»“ + 4) 


x/(o»-^») - 

85. 

2aAa!*+A6x-f oH 


... (3*+4)(18**+63* 

-12) 




2V(ir4-3x~2) 

87. 

2x4-1 

88. 

~2 

89. 

ad-hc 

2x/(a: + 3)(*-2) 

(3»+6)»’ 

(cx+d!)* 

40. 

l-2»-a* 

41. 

2z 

42. 

l-6*-8** 


(■*?•+1)*' 

(a?+lF 

(2+5*+**)*- 

48. 

30*»+8*-8 

44. 

*+2 

46. 

1 

*»(2-*j» ■ 

n* 

2v(*+i)»‘ 


40. 

1-a* 



47. 

6x+2e 

{x*-a?-fl)s/{x*4-xa4-l)' 


2,^<aa!*+Sap+c)^ 


48. cttbic feet per eeo, Fommla {B'% 

49. (i) 4ir feet per mlnote; (ii) 40ir iqiiare feet per min. 
fl0^ square feet per min. 

4X» fi) fhtxv equme feel per mill.; ^ (ii) 4it^ etibio feet per mini 
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feet per min.} feet per min. 


58. foot per min. 


Max. Min. 66. Max. Min. 

Max. ; Min. 0. 67. Min. - J ; Max. 4. 

Neither maximum nor minimum ; but the function has 1 for upper 
limit and - 1 for lower limit. 

Min. ^ ; Max. 3. 60. Min. ; Max. 

Max.i:^oi 62. 


Min. ^; Max. 3. 
Max. 

3^3 

a/JH. 

-J(*» + 2x+2)i. 
_iwi; _J(3-a:9)* 


; 2J{a3(^-hhx'^c), 


65. AP:PB = a:h, 

67. i(a:» + 3a:-2)*. 

^^/{2x»~4x+l). 

4u» 

MO . 2(aa^ + h)^ 


; --(aa;® +6a;+ 

7l*f* 1 


76. u»5 j^[/(x)]"+». 


Exercises, VI. Page 63. 

x. 2. 3. 4. a;8 + a;. 5. 4-^05. 

7. 4x. 8. Jx»~-|x^+2a:. 

~+ 2a;. 10. omc®- f ^ 6a;® 4-cx. 

^ai4a:®4-^(a54-yl6)a:;® + 6fix. 12. 

3x4*fa;®4‘^x®~yx*. 14. \ax^-^^h3(^ + ic 2 e^-{-dx. 


16. 2Vx. 


log(x4-l). 20. 


0-41a;®*" 

2 


21. x + 21ogx. 22. logx- 


1 c 

3x*~2logx-~. 24. ax4-6logx-*^ 


T(?x4T?’ 


27. J^(2*+8)» 


80. fj{ax+h). 

a 


26. 1(2»+1)*. 
28. 42*+3). 

81. |log(2a;-3) 


-ilog(3-2ar). 88. *+21og(»-l). 81. *+flog(2af-3). 
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INTRODUCrriON TO THE CALCULUS. 


36. 

8T. 

40. 

48. 

46. 

47. 


1. ^ar-1 5111 

2 * ®iTr **• * 


12 ^2x+3 


41. 


Se. |*»-|a:»+14a:-2»log(*+2). 
1 

______ JHf. — 

x+a 

al?!. 42. I log (X*- 4). 


39. ~ log-Z.'J^. 
2^/3 ^*+V3 


^logCac^-a*). 

log(x - 1 ) +1 log {2x + 3). 


42 ^3x+^2l 


44. 4log(a:-3)-'31og(jc-2). 
46. 


1 , x~a 


-^[olog(x-a)-61og(x-6)l. 48. 

1 




60. iog=y :2 - 

X- i x-i 


68 . y = 

56. 

arrr Ficoao ; y = Ftsina - 58. jS?= jA?m(a®~a:*). 


62. y=^ti3^-^hx-hc, 

65. 

67. 

00 . 

61. 


61. y=: 6 j? --55 

54 




X 2 

a:= Fif cos a ; y = sin a J giK 
1 vs\ 50. s 


Ely =^ W{3Ls^ - <ix ?); ,24 
EIy^^W{ZL^x-A^}., -^-g. 
^rjy=^(L»x-2ix» + x‘); gg. 


km 

IP 


68 . 


24' 

w 




Exercisea. VIL Page 67. 

1. 2log(a*+a^). 2. ^log(a:*4'2ax+5»). 

8. |log(aie*+25a: + c). 4. 

6. -./(3-x*). e. + 

L B, ^{a3^ + 2bx^c)> 

.. s./(.■-.)■. 10 . 

“• “• -*y(3**-i4x+i0). 

12 . xIt(1®*>^“*5S»+8)i./(*+ 1)’, or, xIt {l5x’+3x®-4ar+8)is/(»+iy. 
14. A(6*+13)-./(»+3)*, or, xT(6i**+31*+3»)N/(*+3)- 
16. /,(5a*+6** + 8x+16)V{*-l). 1«. 


|i 7 (^^4* 6 )***^^ 


18. 
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19. 

91. 


log/t*)* 

2(*+2) 


9S. 


*+2 

. 7 (ai*+ 4 *+ 5 )’ 


20 . .^(3a»-2)V(**+l)». 

22 . 2(a j + 26 ) 

o®iy(oa! + 6 j' 


{6-o*y;y(i»+2<M:+6)* 





Exercises. 

VIII. 

Page 75. 



1 . 

4. 

2 . 

36. 

8 . 17 i 

4. 

21 . 


5. 

-63|. 

6 . 

5. 

7. 

-190. 

8 . 0. 

9. 

2 

3- 


10 . 

i 

IF- 

11 . 

2 A 

tfl* 

12 . 

662^. 


IS. 

5 

11 


14. 

32^/2 

3 ’ 

15. 

32,^ 

‘ 3 ‘ 

16. 

2 . 


17. 

2 . 


18. 

3iV 

la. 

2 log 2- 

= 1-3863. 


90. log.J’. 



21. log4 = l 

•3863. 

22 . 

2 log5: 

=:0-8047 


28. j log *1 

■''-=0-1905. 

24. 1 

log 3 = 

:0*5493. 

25. 




26. 32|. 

27. 2 

2 

3 

28. 1 

a\ 

29. a. 

80. 

5'"!- 

4-5’ 
a* • 

81. 

35 


82. 

2 |. 

88 . 

4 

XT. 

84. 



88 . 58j.- 


36. 

1 

1 * 

r/. 

2 

88 . 



+ys-2ya. 

' 2A» ’ 

^ 2h 

yi. 

> 

c=y2- 



41. 

c’log—. 
o 

42. 

k 

n-l' 

f_i_L 

4 

43. 

1 

(rt4-l)c' 

r-i 

1+2 j 

44. 

r*!!- 

s}’ 

1 



45. 

TCtb, 



47. 

(i)|l 

(H) »■; 

(iii) 

8 * 

(iv) 

' 16 


60. 

12 a 


ExerciBes. X Paor 100. 

7. (i)-§ A ; (Hi) I A. 11. lATa*. 12. | Afo*. 

18. iAfa*. lA Ar(|o»+c«). 18. 

19. (i) if®’; (U) M. Jtf®-+L’. 

18. (i) (ii) 5 ®w^(«»*+ 4A*). 19. (i) iMk*-, (U) lilfA*. 

21. 4SM10 fool-pottnds j 72*. 22. 7080 foot-poundB; «3* F. 



INTRODUCTION TO THE CALCULUS. 


SS, PA Note thet, by §40, examj)le 1 (6), the toicU wodt 

dona during adiabatic expansion and compresaiou ie aero; alee 
that, by §40, (ii) (lii), vjv^^vjvi. 


L 2oos2r. 

4. -28in(2a? + 5). 
7. ico 8 (|x+Jir). 
10 . 28in(3-2a?). 

13. ^co8^(ar+2). 

16. — ooe—{a?+6). 
a a ' 


Ezercisee. XL Paqb 107. 

3. - 28 in 2 x. 8 . 2co8(2a:4'5). 

5. ~co8(3-ar). 6, sin(3-ar). 

8 . - Ysin(^a; “f Jr). 9. ~2co8(3~2r). 

11. 6 coa 6 (a:-^r). 12. - 5 sin 6 (x - ^r). 


Vr ’Ir 

14. --^8in-^(x + 2). 

16. - —sin—(x-f6). 
a a 


17. 2co8 2xcosx-8m2x8iux. 18. cos 2x ooa x - 2 sin 2x sin x. 

19. moosmxcosnx-nainmxainnx 20. m coa mx sin nx + n sin mx coe fix, 


21. 3aec^3x-4). 

28. •~2co8ec(2x--3)cot(2x-3). 

25. 8inx+xco8X. 

27. 2r8inxH'X^co8X. 

29. xcoax, 80. xsinx. 

88. co8*x. 84. sin^x. 


22, - 3 co8ec®(3x - 4). 

24 3sec(3x-2)taii(3x~2). 
26. cos X - X sin x. 

28. 2xco8X~x^sinx. 

81. co8*x. 82. ain^. 

36. tan^. 


86 . tanx+xsec^. 
29 *^Qoax 

*^(TTamxp* 

42. ~ J^co8eo|oot|. 


coax stnx 


( 1 +cSixp^ 
48. x^sinx. 


ainx ooex 

X W 

2 


44 4xsiii2x. 


EzmrciBoo. XIL Paob iio. 

L •*>3ria(6x‘^4). 2. 12BiD*(4x-l)coa(4x-1>. 

8. -4aoos*(ax+6)iui{ax + 6). 4 namn^'^asc-^b)cm{ax+h). 

$. ^9^* B. 7. Zrinxcoe^e-Ssiu^oo^ 

2<s/aiiix ,Jcob2x 


2JSbl» * 

8 . 


- 2 eoex 


14 14- ate^ 
'ooiSi^’ 


iisrx coa^ 

Ilk StaaxMBiAe. 
li. ^UM(/im+b)ii^m+b). 


W* ■ 

aifi%B 

in «in”***x<i>t coa%+«ieiB%>> 
ooe*^^*ir~ ^ 

14 Osecfetanx. 

16L 2xta<ix(tatix4^#i8^b 



ANSWERa 


2&9 


IT^ 2a?ftm^+A^in22?. 18. 2scoo8’;c**3a^^coe^«iiia;. 

10 * niC*"'^BUi***^ar(8ma?+a?cofla:). 20. naf'''^coB""^x(coBX^ xBinx). 

21 . Min. when x^O, ir ; Max. when ar=sir/2, 3ir/2; InEexion when a?=ir/4, 

3r/4, 5r/4^ 7«‘/4. The period ia r, but in this and the following 
examples the values in the range from x^O to x:=s2ir are given. 

22. Max. when x=ir/2; Min. when x=3t/2; Inflexion when xs=0, 0*956, 

2*186, X, 4*097, 6*328. 

28. Min. when x=0, v; Max. when x=xx/2, 3x/2; Inflexion when x=x/3, 

2x/3, 4r/3, 6r/3. 

24. Max. when x=0, x ; Min. when x~x/2, 3x/2 ; Inflexion when x=x/4, 
3x/4, 5x/4, 7x/4. 

26. Max. when x=0, 2x; Min, when x=x; Inflexion when x=:0*616, x/2, 
2*626, 3*767, 3x/2, 6*668. 

26. Max. when x=0, x; Min. when X5=x/2, 3x/2; Inflexion when x=x/6, 

6x/6, 7x/6, llx/6. 

27. Min. when x=:0, x ; no point of inflexion. 

26. Inflexion when x=0, x ; no turning value. 

29. 2co82x. 39. ~2cos2x. 

81. 2se<At?(sec®x + 2tan^x), or 2(1-l'tan®x)(l +3 tan*x). 

82. -(348in6xco8 3x + 30cos5xsin3x), or -2(sm2x-f 16sin8x). 

88. -(34co8 6x8in«3x + 308in6xco8 3x), or 2(8in2x~ IflsinSx). 

84. 2»in oos mx cos nx~(m* 4* n*)8inmx sin «x, 

or ^(nt4-n)*co8(m4-n)x- ~ n)*co8(m- n)Xi 

36. -^2m»co8mx8innx~(w*4'n*)sinmxcos«x, 

or ~^(m4-M)®8in(wf 4-n)X‘-|^(m~«)*sin(w-ii)afc 

38. a**co8^ctX4-64-^y 

87. 2^~Uin^2x4-n-» l^y or -2»*“*co8^2x4-^^. 

M. |iin^a:+^^-^Biu^3a: + Y)- 

59. -2"’*»in^2!e+»-lg^, or 2*“’oos^2a.'+^^. 

40. 

40. 64*44'; 125*16'. 48. I. 40. a«0Mi*it. 

60. 1. 61. a«cos0t<. 60. 2. 

». |(6>a)>BSii*2i(. 61 2a*rin*tt. 86. 1/1 

EzerdBOl Xm. Faox 117 . 

1. 0*6400023. 

0 . 
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INTRODUCTION TO THE CALCULUS. 


»» . 13*’ 




( 2«)1 


2 120 “•••■*■' ^*"(k 4 j(2n+i)!'^"* 


3*"+»\ **•+» 

V(2 


(ii) ** 

(iii) l-2** + -g--... + (-l)"^j+-j-^^2^j, + ...; 

(iv) 3* -- ... +i( - l)-(4»-«+2’-+M ~yi 


■f .... 


9. 2. 


10 . 2 . 


11 . 1 . 


19. m/si 


Exercises. ZIV. Page 122. 


1 . - ^ C08 3 a?. 

2. 

C 08 (l -*x). 

8. 

“ 8 in(l -x). 

. a 2t. 

4. -^cos — (a?+ 6 ). 

2r a 

6. 

a . 2ir . 

g^s.n--(*+5). 

6. 

|-^»‘“ 2 (na:+oV 

7. ?4.i»m2(na?4-a). 

2 4 n 

8. 

tan X - X. 

9. 

^ sin^x. 

10. ~ ^ cos*ar. 

11. 

-J- tan^. 

18. 

- ^ coVhc, 

is 14. -. 

AO. g. 


T 

16. |. 16. 

T 

8* 

17. 

n 

IS 2 IS ?![ 


20. 0. 


21. 0. 

29. ?^a4 9Q Z.«4 

* 16 • 16 


81. ^a. 


82 —a*. 

as. ~a« 84. Ta. 


86. IT. 


86. |(6-a)*. 

# 7 . J+g. 88. 2ira’| 

\-e 

84. .— 8m"*cV; 

4Ta*. 

».g. 

40. (ii) ^»in®a? - ^mn^x 4* J 

sin*x; (iii) sin x -sin^; 

(iv) sin X - f sin^x 4- 

^8m®x. 



41. (i) ^ coe®x - co8*a?; 

(ii) 1 cos^x ~ 

\ cos’x -- 1 cotfix ; 

(iii) ^ co8*x - co« X ; 


(iv) |cos^x- 

cosx- 

^OOS^X. 


49. (ii) \ J tan’or 4* tan x-x; 

(iii) tan^a? - tan^a; + ^ tan’a? - tan x + x; 

(iv) ^ tan*a? - ^ tan^af 4- -J* tan®x - | tan*x 4- tan sc - a?. 


Exercises. ZV. Page 128. 

4. -B)^. '“'Vr^)' 
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(^) (ii) A)* 


6. 

(i) -^0 * 

(ii) Ar ; (iii) J5r. 

7. (-ir-j-. 

' r 

8. 

" r * 

9. 

cos rir - 
ja- 


10. 0. 

11. 

V. 

I.H 

1 

12. 

ir^cosnr ^ 2(cosnr - 1) 
r ^ r* ‘ 

IS. 

14. 


16. 

35ir 

256* 

16. 1?§. 
315 

« i 

18. 

35ir 

128* 

19. 

3t 

4* 

90. —. 

32 

“■ 1 

22. 

§ 

5t 

4096* 

28. 

16 

315* 

24. 

^ 217' 

25. ^ 

16- 

26. 

xa* 

2 • 

27. 

Sira* 

8 * 

28 ^ 

266* 

29. ira«. 

80. 

8xa* 

"T'* 


Exercises. XVI. Page 162. 


1. 26*42 + 24*57co8x+ l‘08cos2a?-20*S3co8 3a; + l*58cog4ar 

+1 *76 C 08 hx - 3*08 cos 6a: +15*19 sin x -13*42 sin 2a: 

+ 20* 17 sin 3a; ~ 3 03 sin 4a: - 5*02 sin 6a:. 

2. 7 *42 + 29*70 cos a:-0 08 cos 2a:-13*17 cos 3x - 6 *92 cos 4x-0*03 cos 6a? 

- 4*92 cos 6a: - 14*32 sin x -13*13 sin 2a: +18*33 sin 3a: 

-*6*21 sin 4x +4*15 sin 5a:. 

8. 0*076+4*54 cos a: 4-1 *27 cos 2a:+0*02 cos 3a: - 0*10 cos 4a:+0*09 cos 5a? 
+ 0*11 cos 6a:+ 7 *47 sin a:+ 1*79 sin 2a:+ 0*10 sin 3a: 

+ 0*12 sin 40? + 0*03 sin 5x. 

4. 1 *60+18*24 cos x+l*00co82a:-l*37co8 3a: - 0*20 cos 4x+0*23 cos 5a; 
+ 3*69 sin x + 0*06 sin 2a: - 0*40 sin 3a:+0*40 sin 4x + 0*11 sin 6a?. 


co8(2n + l)x , 




- T 4rcosx cos 3a; cos6x 

2-rl-W + -^ + -Sr- + -+ (2„+i)a 

S. sin {-x), or - sin X. 

^ 1 2rcosx cosSx , co8 5x cob 7a?. *1 i i a 

s-'jL't -ir+-5-‘•I"® 


10 . 2 r 


^^cos X - g cos 3x +1 cos 6x - ^co«7x+ 




tir. 


. sinx+'|BUi3x + |8ln5x+^sin7x+ 
5 o 7 


n 11111 
•J? - 2 ’ ~?5‘2* 


U. ^!^j^sin.i:-^sin6x+j^8in7«-|pSinllx+...J; 

Series represents x from x»0 to -g from to 

mat ; tmd -(r+x) from »=? ta»« 
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nmcoDucmoN to the calculus. 


I. j^wn*+g8in3»+gBm6*+. 


■ ^ 008 * - Hi008 2* + sa CO# 3ar - 74 COB 4» + 




(^ 4 ) 




8in3a;->*^8in4ar+. 
4 


-- T ar 


18. ^;putx^^. 


A i . 

7 ^ 

8 + 2x+2^ 

10 . xun*’^. 


Exerdaes. XVU. Paob 169. 
1 


"• ^{l-(ax + b)’‘y 

n. .y{3*f2a?-«*). 


^(2 + a: - 3C*)’ 

fi _iL_ 
2 ~ 2 aj+a^’ 

9. 8 m*'^a?. 

19. tan''^af-fr^ 


18. 

2a; ton 


14. 

8in“* 

te)- 

16. i«in->(§). 

16. 



17. 

|«V(3 - a*) + f 8in'»^^y 


18. 

W(7 



x^Z\ 

19. \x^(ll^-ah?)- 


99. 


*-3\ 

-T-j- 


91. 

^^/(6*- 

x®) + f sin* 


91 


^> 


98. 


-**)+gBin->{ ^ ). 

91 

|8in-* 



95. 

^22^^/(3+4a;-4a!»)+8ia-»^?2^Y 

96. 


7)+| 

rin-* 


97. 


91 

1 ^ 

^tan 

-‘(5> 



39 

*■ \ V8 

)• 

89. 





«r 

39. 

w 

3* 

81 


»L 

r 


M. r. 

36. 

w. 


BxardMto rnH Pads 


*• -sfe’ s'*«(Si)- 
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8 . 

nA>^ a 

1 

^, 5. 

1 

a 2<»(«>-x*) 

{a-x)sjx 




SC* 4 4 Cl* 

7. 

cot X. B, 

-tana;. 

9. 

2860 a;. 

10. -2cosec^ 

U. 

cos a; 

12 . 

1 4co8ar 

18. 

2coBa; 

14 sin a; 

a;4sina:‘ 

8ina;4cosa?' 

lA 

5 (sin a; 4 cos a;) 
sin a; 4 2 cos a;’ 

15. 

tan "'a;. 

16. 

a:®4a;4l 

a;=«-ar4i’ 

17. 

^(x®42r43). 

16. 

1 4 log a;. 

19. 

4 na;**^* log a;. 

20 . 

1 

1)‘ 

21. 

c*(a;4l). 

22 . 


28. 

a;*~^c*(a:4n). 

21 


- a?). 25. 

10*log«10. 

26. 

-10-*logel0. 

27. 

e*(8ina;4co8a;). 28. 

c*(cosa;-8ina;). 


2®. «“**{-38m(ia: + 5) + 4co8(4a; + 5)}. 

2D. ~e“'**{3co8(4x + 6)*i-4sin(4ar + 5)}. 

81. e**{a sin (6a;-fcj-f ft cos (&a; 4-c)}. 82. e“{aco8(6a; + c)-'68iii(6a;+c)}. 

* £ * £ 
as. |^{e*-e'*}. 84. ^(e*+e~“). 86. o"e“. 

S«. - 1 ; 2 (-l)"-Mn-l)l 48. iog(*+^/^l). 

a^* i* ** 


48. ^log{*+;v'(**+|)}. 44. log{a;+l+V(a;»+2«+2)}. 

{*+1 + V(^.§-5)}- «■ log {a:+a+v^(»*+2ax+6*)}. 

47. 1(2® - 3) V{(* - 1) (X - 2)} - ^ log[r -1+^{(x - l)(x -2)}], 

4- o),^(sc® 4 2aa; 4 6®) 41^(6* - a*) log {a: 4 a 4 4 2ax 4 6*)}. 

40, ^ic*Ioga?-* 

61. -i_x-+‘logX-r-iTtjX"+*. *“• 

tt+1 * (w+l)* 

68 . «*(®a-2x+2). 64. «*(*»-3x»+6x-6). 66. -e-*(*+l). 

66 . -«-*(a!*+2x+2). 67. -e-*(**+Sx»+6*+6>. 


68 , 

66 . 


(i) r,=r,r*^'; (U) r,= r,e-^'. 



NspIsrlAn 

liQgirithms. 

Common 

X^ogariUiins. 

2. 

0*69315 

0*3010 

a 

1-06861 

0-4771 

4. 

1^38629 

0*6021 

a 

1*60944 

0*6990 

a 

1*79176 

0*77^ 

7. 

1*94591 

0*8451 

a 

2*07944 

0*9031 

9. 

2*197^ 

0*95^ 

i(k 

280259 

1 
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INTBODUCTION TO THE CALCULUS. 


Exercises. XIX. Page 173. 

1 . 2 . |^c*( 8 inaj+coaaff). 

8 . -^e~*(8mic+co8a?). 4. ^c‘*(8maff-cosa;). 

6 . -^e'**(3 8m4a; + 4oo8 4a?). 6 . vyV«“‘^(38in 3x ~ 4co«3a:). 

7. xV^(5“"2sin2ar-cos2a:). 8 . ’*(2sin2a:-cos2a?-6). 

9. 1. 10. ^V<3co86-4sm5}=0 1875. 11. 


13. 


k sin a + n coa a 

— FTi? 


14. 


15. 


16. 1. 


4c?’ 


20 . (i) ^ ; (ii) ir. 
4 


Of ijttf ,2V+ka. 1 

27. a?=e ’^^-iacosn^-H— ^ —8in?!^>. 


12 . 


FT^ 

17. 1. 

21 . 

25F 


Exercises. XX. Page Isa 

1. a:ia:+yiy=iP; yiX-arjy^O. 

2. yiy=2a(a;4-a:i); yi(x-a;i)-f 2a(y-yi)=:0. 

y:r:xlt + at; y=-ea;-l- 2 a< + aC^. 

4. 

c? * a?! yi 

- costf+?8m^i= 1; -2^-. 

a o cos 9 sin 8 

6. P lies between K and L. 

9. Subtaogent=a(e« + «“ ») -r (e® -« ®) j 
a; 

Subnormal « *)» Normal = yV». 

a: cz^ 2 a 7 

10. Subtangent =h tan g ; Subnormal=§6 X* 

11 . (i) 2 ; (ii) 2 ; (iii) 2 a; (iv) 2 a. 

25 


«. (i)^; 


: <iv) 


2ft 


(l+a»)’ 


Exerdfles. ZXl. Paok 186. 
4 J»y=^IF(4**-12Z«»+91i%e-I,*). 


Ezwdaes. XXIT. Page 181 . 

-.5? 

i. *; i)/4-0‘368; iJi^»0'l3S‘, iflif<aO'QBO} <4/«)b0'01& 

». (i) 0} (U) j/vs. 
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14. 2137812. 


Exercises. XXin. Page 221. 

15. 0 739f)85. 16. 1*1656. 17. 2*58896a 


1 . 

3. 

5. 

7. 

9. 

11 . 

18. 

15. 

17. 

19. 

21 . 


Exercises. 

y(l+a: 8 )=rO(l-y®). 
logy+a;/j/ = C. 


XXIV. Page 234. 

2. y = Cx/{x-l). 

4. 1+u~r= (76^(1-tt+i?). 

6 . y* + 3j3®y=(7. 

8 . y^-x-Oy, 

10 . jr = J sin a; + C/sin a?. 


y=is/(l + ar*)pog{a? + s/(l-»-a::*)} + 0]. 12. y=a-hCJ{l-aff^), 

y = aina; + (7co8x. 14. pr + Jr^^C. 


x=:t + Ge-^. 
a:® + y® + a*=Gr. 

1/y = J(8in x + oos ar) -f Cfe*. 
x* + y®=:(A^4-0)^ 




25. 

27. 

29. 

80. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 
31. 
39. 


16. y®(l--a;*) + a:®-21oga?=C7. 

18. l/y=-a+CV(^~*®)* 

20 . x{C-t)=QoaL 

22 . y(a;-C)2=a(7». 

24. y=Ac"+J?e-^. 

c*« 


26. y = Ae2+^e-^ + ^ 


X =: A 28. y = A e** + c“*{B oos a? + 0 sin a;' - ^e*. 

y=«*“*( A 008 2jc-\' B sin 2x) -f- yV 2x + 4 ein 2a;). 

y=e~**(A oos 3a: + B sin 3a:) + 2 cos 3a: + 4 sin 3a:. 

y=A co 8 3a:+ Bsin Sar- 

y=A oosSx + BsinSa: -'garoosSjc. 

y=A oos a: 4* B sin a; 4-? a; sin a :008 3«, 

4 ID 

ya=s“^^A oo8^a;4-B8in^a?^~oosa;. 
af3=«~3»(A oo8 2^4-B8in 2^)+ (3 oos 2/4-4 sin 2^)* 

a: == A + Bs-®* - g ««*-» 4-i j <. 

y« A«**4-(B+C5 »)s*' 4 g a;»^^4-|a»-*. 
y «(A 4-Ba:)€“ 4“ ((74* Da;)«'^*4-a:* 2a? 4-O, 
y» Ae**^ 4-Bc~* -105*4“ g 
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40. 41. y=e*(i!inae-18ooBa»)/32B. 

48. y ssae''*^(m sin fu?+ 2n oob »u:)/(m* + 4mn^). 

48. y--i*.-*ooe*. 

46. (i) a;3= (adnp<)/(n* ~ ; (ii) a:=! - (aiftn) ooe iU* 

/-v_as~i*(;>8mnf + 2nooBn^) _ oe“’^(8in w< + 2ooiin<) 

46. (1) x=- + -S?- 

47. a?s:^(a4-0«“'^* ~e-‘^(oo8<4-28m<); joosi, 

46. X Si {a Bini - sin €U)/{a^-a); i(8in<~ ^oosO* 

60. x=JF{(a*+i(* -/>^)8inp< -2a^oo8iJ^}/{(«* +ft* -p*)*+4o^/i^}. 

# 1 . fce=log^ f ; ^{g/k). 

«*. teslog^^irin^+ooB^-^, ie=:^{g/h). 

6^ /^ss2y(oo8^* ooea). 

64. F=sil + B/r**'if n*^ 1; Faajl+-6logr if n=l. 

66 . - a"^). 


Miscellaaeoits Examples. Page 24a 
6. y 5= 405 *-Oj:*- 12a?+20. 8. {Zac-b^JSa. 4. 82 outs, x 18 oms. 

6. T.p. ( '2, - 13), Minimum ; p.i. ( «1, 9), grad. i*32; (I, 41), grad. »0. 
S. 0; kff^. 6. 4,^ (or 6*93) inches per min. 16. Const, s -2c. 
18. «y-yir»r*i, a:x + yy=ri^ ' (ri)*, arj'•yx=<f(i‘*J)/<i«. 


16. 60 nautical miles; after 3 hours. 

16. (ay - x^/(y* - ax). If z is always aero the equation is the equation oi 

a ourve, and dy/dx is the gradient at the point (x, y) on the curve* 

17. 4(x+2)/9(l-y); (I) (-2,-1), (-2, 3); (ii) (-5, 1), (I, 1). 

“• ®>' <*’ “'• <®' ®>* 

§a^. The origin is a multiple point at 
which both asee touch the curve. 


ift (i) {aw-,^-ai^)/s^(*4-a)j («) (y*+a*p-2»)/(3|f-ai*p-iri}. 

tt, (3t+2<*)/(2+<). 2a+<y*{»+0A(2+*J*. 

88 . 2log(x-2}-(12i^>3Sli!4‘89)/(«~2)*; ISIog^- 
88. I'ltaiv bat li98hi* more corrhet 87. 
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M. At K on HB, where HK~2'6S6 inches; 2~23S (inch units). 

29. 4A/7. 8*. |lfa*6*/(»*+6»). 94. 2138 cub. it.; 27600 ft.-lbs. 

8«. J^log,10*2M8. 87. ifc=27a/8. 

88. 9it*/4. 89. - (1+noos<)/a8in*<. 

40. OXi aal(b-a), -«o/(6+a). OF; -a«*/(a*+6*), <iw’/(a*+6*). 

41. seoO=^ ff=37°28'. 

44. log(2oosx+6Bina;); X=3, #‘=-1; Sj;- log{2oo8Ji+Osin*); 
■^»-|§log(3cosa!-28in*); . 

«. «. a™., «. 0 , « ^ ^ 

M- (bfl-T*)- *1- W3. 13/^/2. 

„ - 1 - 2 ** /««\ Vkatr fVlA ^ 




.; those differ by the constant 


54. ^ l/*«y(a 5 *-1) respectively ; y,^(800a-+1). 

68. ilogt»n(|+^taa-‘|); (|+§ 5 ) 


67. (i) 1-0136; (ii) 0-9863. 

sin”* (« - 1) 4- 8^(21: ~ st^. 
55. (i) 2irac; (ii) («• - 2) oc, 
51. 56*7; 19 rain. 60 sec, 

55. iacosfl. 

57. a; a:*+y*+2t»ya=0. 


or l+ 3 =- 3 =**; tan-V(»-l); 


55. Apply the method of § 44 
55. - tan5; Constantsa. 

55. -1-3. 

70. ktxb/2w^ densityslary; 


MifiCoUanooiu XntegralB. Paob 54a 


1 . 6 ^x«-a*)-atan”*is/(jB»-a»). 
a y{ 5 - 4 y( 5 »-a»)}/ 26 . 

7. ia+«»)log(l+a(*)- 4 *‘- 
•, ,^oosi-> “■*““**• 


S. 2 Uii->{«*)- 
4 tanix+k>g(l+cosx). 
a r. 
a l/24a« 
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10. (5-a)8m”*»)(&-*)}• 3ira*/32. 

18 . (»+2)/8- IS- iV(2oo8 6a5-3oo«4e-6cos2r). 

14. -*-**)-16. 4/26. 16. 

17. log{x-2+V(**-4*+3)}. 16. 


81. 7 tan”*( t tan*)- 

as. ^Bin-*(*»). 84. ir/2. 

86. -ar)oosa:+*8ina;}. 

88. 1+V2-^. 

60. J log [{(* -1) * - 3*+7 }*/(* - 2) (* - 6)*]. 


80 . - 17r/2. . 

' 88. ^ ws /2-»y(l 

86. a:tan“**-' 5 log(l+*®). 

87. ^(20-9 log 3). 



61 . .y 6 +.^^log{( 24 * tan •56)/(2 —tan 62 . */8. 

88. 25 ('^+|). 84 . |log{l-*»)+*8in->*/V(l-a»). 

86. 25ir/6912. 86. ^[*»+x^/(**-o*)-o»log{»+v/(a;»-a*)}]. 


87. |^tanx8eoa;+|log(tana;+8ecx). 88. t/^3. 89. 7/3* 

40. {log(aoo8®a: + 68in®-t:)}/2(6-a). 


41. (i) log(l + e®); (ii) tf-log(l + e®); (iii) e®-log(l-f e^); 
(i v) lag[l + e®) - ^ - €“® 

41. (8,+8);3!!rf. 44. 47. 

44. ^(n..t)K»-12.nill.). 4.. 


60. (1) 


/{!\ 1 w ( tnjlt* +n») + x^{m* - n*)) 
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Abdank Abakanowicz, 208. 

Acceteration, 49. 

Adiabatic expansion, 99. 

Anchor-ring, 87. 

Approximations, 42, 105. 
to areas, etc., 84. 

Arc, derivative of, 82. 
of circle, Huyglions’ approxima¬ 
tion, 116. 

Area, derivative of, 69. 
mterpretation of, 74. 
of surfaces, 83. 
sign of, 70, 72. 

Argument of a function, 3. 

Bending of a beam, 181. 

Binomial Theorem, 217. 

Catenary, common, 168, 184. 
of uniform strength, 108. 

Centre of curvature, 178. 
of gravity, inertia, mass, 89. 
of pressure, 92. 

Centroid. 89, 119, 203. 

Circle, area of, 1^. 
of curvature, 178. 

Circular functions, derivatives of, 
105, 155. 

integrals of, 119, 156. 

Complementary function, 228. 

Compound interest law, 160. 

Conoavitv, 13, 47. 

Cono, vofumo of, 86. 

Constant, 2. 
of intention, 59, 

Continuity, 13.148. 

Convergence of series, 210. 
ab«K>luto, 212. 
tests for, 211, 213, 214. 
Convexity, 13, 47. 


Cosine scries, 144. 
cos X, series for, 113, 217. 
Curvature, 177. 

centre, circle and radius of, 178. 
formula for, 179. 

Decreasing function, 7, 33. 

Definite integral, see Ini^raL 
Dependent variable, 2. 

Derivative, 27. 
higher, 44, 

of circular functions, 105, 165. 
of exponential function, 163. 
of function of fiuiction, 50. 
of logarithmic function, 163. 
of powers, 28. 
of product, 52. 
of quotient, 63. 
of sum, 28. 
partial, 237. 

Derived curve, 36, 196. 

function 27. 

DifTorential, 41. 
coefficient, 27. 

Differential equations, 61, 64, 109, 
172, 224 236. 

Differentiation, 27. 

See Derivative. 

Discontinuity, 13, 142. 

Divergence of series, 210. 

Durand, W. F., 208. 

Elasticity of volume of fluid, 49. 
Electricity, examples from, 188- 
193. 

Ellipse, are of, 88. 
area of, 76. 
curvature of, 179. 
nonn«d and tangent properties 
of, 176, 180. 


The ntmhire rrfer to paged. 
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Eh<nrgy, kinetic, 51, 12^ 

Ec^uaiton^ grwh of, 1. 

ExparuBoa of log (1 +a;), 1^. 
of COB sr, sin etc, 113, 117. 
of tan*“*a:, 153. 

Explicit function, 4. 

Enxmentlal lunotion, 161, 219. 
derivative of, 163. 
integral of, 164. 

Fluent, fluxion, 49. 

Forc^ 49, 51. 

Fourier series, 130*154. 

Function, 3. 
decreasing, 7, 33. 
even, 18. 
explicit, 4. 
graph of, 3. 
imi^cit, 4. 
inoreanng, 6, 33. 
inverse, S, 155. 
notation for, 14. 
odd, 18. 

of a function, 50. 
periodic, 143, 151. 
turning values of, 10, 33. 
oniformly varying, 6. 
variation of, 10, 32. 

Geometrical i^lioatioiks, 175. 

Gradient, 5, 29. 
average, 7. 
of a curve, 21. 
of a function, 27. 
vartatioa of, 11, 36. 

Graph of an equation, 1. 
ot a function, 3^ 

Graphical integration, 196-208. 

Harmonic motion, simple, 109. 
with decreasing ampiit^, 173. 

Harmonic series, 212. 

Hookers law, 50 

Huy^^m^ rule for circular are. 

Hyperbola, im, 181. 

Imi^t ibnetion, 4, 

liM^eai^ fbiteti^ 

6 . 

notaiioii lor, 15. 


IneHaa, centre of, 
moment of, 95. 

Infinite limit, 1*^. 

Inflexion, pednt of, 13, 3^ 45. 
Inflexional tangent, 13. 

Integral curve, 197. 

graphical construction of, 199. 
Intc^^raJ, 50. 
definite, 71. 
double, 193. 
general, 59. 

geometrical representation of 
71. 

indefinite, 59. 
limit of a sum, 77. 
standard forms, 60,119, 156,164. 
See Integration. 

Integrand, 59. 

Integraph, 208. 

Intonation, 58. 
by change of variable, 65, 73. 
by partial fractions, 61 
by parts, 125. 
constant of, 59. 
graphical, 196-208. 
of circular functions, 119, 156k 
of exponential functions, 164. 
of logarithmic functions, 164. 
of powers, 60. 

of trigonometric functions, 119^ 
156. 

5fee Integral 
Inverse function, 5, 155. 
Isothermal oxpansioa, 99. 

Johnstone, John Q., 208. 

Iieilmia, 81. 
limits, 22-25. 
of a definite integral, 71. 
infinite, oi integral 170. 
Logarithm, hyperbolic, or natural 
or Napierian, 163. 
Logarithmic decrement 173. 
Logarithmic function^ 163 
derivative oL 183. 
integral 164. 
mietto, 166. 

Hdblauiin^s Tlieonmi 
Maximiiin, 10^ 37f 45. 


Tim num^ Is jNigea 
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Utm yaloec, 124. 

MeoliAiiioSt appliofttions to, 4^-50, 

ad-m jfei-iss, 201 - 208 . 

iSmMMtim oi cammoQ solida, 

86 - 88 . 

Mioimam, 10, 3T» 45. 

Moment, bending, 97, 183. 
first, 89, 201. 

inertia, 95, 193, 205. 
ueoond, 95, 193, 205. 

Momentum, 49, 51. 

Napierian logarithm, 163. 

Newton, 49, 68, 81. 
rote for equations, 218. 

Normal, 175. 

Number «, 161. 
r, 159. 

Oblate ^hwoid, volume of, 87. 

Osoiliati^ aeries, 210. 

Pappus, theorems of, 92. 

Parabola, arc of, 88, 168. 
area of, 75. 76, 84. 
curvature of, 179. 
normal and tangent, 
properties of, 180. 
semi-cubical, 88, 180. 

Paraboloid, volume of, 87. 

Particular integral, 228, 231. 

Periodic functions, 143, 151. 

Pointy of inflexion, 13, 35, 45. 
turning, 9, 33. 

Power, dc^vative of, 28. 
integral of, 60. 

Pressure, at a pdnt in a fluid, 49. 
centre of, 92. 

Prolate spheroid, surface of, 88, 

123. 

volume of, 87. 

Badius of curvature, 178. 
of gyration, 95. 

Bates, 7, 32. 

Beinainder in series, 214 
in SnsrWs eeriest 220. 


Ser^ infinite, 209. 

Series, for cos sin x, etc, 113,216k 
for €*, 162. 219. 
for(l+a!r, 217. 
for 1^ (1 -i-x), 165. 
for Bm^^x, 217. 
for tsm-'a:, 158. 

Fourier, 130-154. 

Simple harmonic motion, 109. 
with decreasing amplitude, 173. 

Simpson’s rules, 84, 88. 

Sphere, surface of, 83, 123. 
volume of, 81. 

Spheroid, oblate and prolate, 87 
88. 123. 

Stationary value, 33. 

Subnormal, 176. 

Subtangent, 175. 

Surface, area and volume of, 81, 
83, 86. 

Tan^'a?, series for, 158. 

Tangent to a curve, 19. 

^uaiion of, 176. 
inflexional, 13. 
length of, 176. 

Taylor’s Theorem, 216, 220. 

Tore, 87, 100. 

Trigonometric functions, 
derivativos of. 105, 155. 
integrals of, 119. 156. 
scries for, 216, 221. 

Trigonometric series, 130. 

Turning point, 9, 33. 
value, 10, 3^ 

Value, stationaxT, 33. 
turning, 10, 33. 

Variable, change of, 54, 66, 73. 
dependent and independ^t, 2. 
of mtegration, 59. 

Variation of a faction, 10, 32. 

Velocity, 49, 65. 

Vibration, damped, 173. 

Vdumes, 81, 
of common solids, 86-88. 

Work, 50, 98-100. 


The numbers refers to pa^es. 


raufTsn m Oftaar Bsirani «nr soaSiiv MsetSHOSs ana oa tna 
TUX uuivxasttv rmsB, otaxtiow. 





